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PREFACE. 


The  present  work  contains  all  tlie  propositions  which 
are  usually  included  in  treatises  on  Plane  Trigonometry, 
together  with  about  a thousand  examples  for  exercise. 
The  design  has  been  to  render  the  subject  easily  intel- 
ligible, and  at  the  same  time  to  afford  the  student  the 
opportunity  of  obtaining  all  the  information  which  he  will 
require  on  this  branch  of  Mathematics.  The  work  is  di- 
vided into  a large  number  of  chapters,  each  of  which  is  in 
a great  measure  complete  in  itself.  Thus  it  will  be  easy 
for  teachers  to  select  for  pupils  such  portions  as  will  be 
suitable  for  them  in  their  first  reading  of  the  book.  Each 
chapter  is  followed  by  a set  of  examples ; those  which  are 
entitled  Miscellaneous  Examples , together  with  a few  in 
some  of  the  other  sets,  may  be  advantageously  reserved  by 
the  student  for  exercise  after  he  has  made  some  progress 
in  the  subject. 

As  the  text  and  the  examples  of  the  work  have  been 
tested  by  considerable  experience  in  teaching,  the  hope  may 
be  entertained  that  they  will  be  suitable  for  imparting  a 
sound  and  comprehensive  knowledge  of  Plane  Trigonometry, 
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together  with  readiness  in  the  application  of  this  knowledge 
to  the  solution  of  problems.  Any  suggestions  or  correc- 
tions from  students  and  teachers  will  be  most  thankfully 
received. 

The  Miscellaneous  Examples  at  the  end  are  arranged  in 
sets,  each  set  containing  ten  examples : the  first  hundred 
relate  to  the  first  eight  Chapters  of  the  hook;  the  second 
hundred  extend  to  the  end  of  the  sixteenth  Chapter;  and 
the  last  hundred  relate  to  the  whole  book. 

I.  TODHUNTER. 


Cambridge, 

August,  1874. 
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PLANE  TRIGONOMETRY. 


I.  MEASUREMENT  OF  ANGLES  BY  DEGREES 
OR  GRADES. 

1.  The  word  Trigonometry  is  derived  from  two  Greek  words, 
one  signifying  a triangle  and  the  other  signifying  I measure , and 
originally  denoted  the  science  in  which  the  relations  subsisting 
between  the  sides  and  the  angles  of  a triangle  were  investigated;  the 
science  was  called  plane  trigonometry,  or  spherical  trigonometry, 
according  as  the  triangle  was  formed  on  a plane  surface  or  on  a 
spherical  surface.  Plane  Trigonometry  has  now'  a wider  meaning, 
and  comprises  all  algebraical  investigations  with  respect  to  plane 
angles,  whether  forming  a triangle  or  not. 

2.  We  have  first  to  explain  how  angles  are  measured.  Some 
angle  is  selected  as  the  unit,  and  the  measure  of  any  other  angle 
is  the  number  of  units  whifth  it  contains.  Any  angle  might  be 
taken  for  the  unit,  as  for  example  a right  angle;  but  a smaller 
angle  than  a right  angle  is  found  more  convenient.  Accordingly 
a right  angle  is  divided  into  90  equal  parts  called  degrees ; and  any 
angle  may  be  estimated  by  ascertaining  the  number  of  degrees  which 
it  contains.  If  the  angle  does  not  contain  an  exact  number  of  de- 
grees we  can  express  it  in  degrees  and  a fraction  of  a degree.  A 
degree  is  divided  into  60  equal  parts  called  minutes,  and  a minute 
into  60  equal  parts  called  seconds;  and  thus  a fraction  of  a degree' 
may  if  we  please  be  converted  into  minutes  and  seconds. 

3.  Thus,  for  example,  half  a right  angle  contains  45  degrees ; 
a quarter  of  a right  angle  contains  22|  degrees,  which  we  may  write' 
in  the  decimal  notation  22 ’5  degrees,  or  we  may  express  it  as 
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22  degrees,  30  minutes.  Similarly,  if  a right  angle  be  divided  into 
16  equal  parts,  each  part  contains  5f  degrees,  that  is,  5 degrees, 
37  minutes,  30  seconds. 

4.  Symbols  are  used  as  abbreviations  of  the  words  degrees, 
minutes,  seconds.  Thus  5°  37'  30"  is  used  to  denote  5 degrees, 
37  minutes,  30  seconds. 


5.  The  method  of  estimating  angles  by  degrees,  minutes,  and 
seconds,  is  almost  universally  adopted  in  practical  calculations. 
Another  method  was  proposed  in  France  in  connexion  with  a 
uniform  system  of  decimal  tables  of  weights  and  measures.  In 
this  method  a right  angle  is  divided  into  100  equal  parts  called 
grades,  a grade  is  divided  into  100  equal  parts  called  minutes,  and 
a minute  is  divided  into  100  equal  parts  called  seconds.  On 
account  of  the  occurrence  of  the  number  one  hundred  in  forming 
the  subdivisions  of  a right  angle,  this  method  of  estimating  angles 
is  called  the  centesimal  method ; and  the  common  method  is  called 
the  sexagesimal  method  on  account  of  the  occurrence  of  the  num- 
ber sixty  in  forming  the  subdivisions  of  a degree.  The  centesimal 
method  is  also  called  the  French  method,  and  the  common  method 
is  called  the  English  method. 


6.  Symbols  are  used  as  abbreviations  of  the  words  grades, 
minutes,  and  seconds , in  the  centesimal  method.  Thus  5g  37'  30" 
is  used  to  denote  5 grades,  37  minutes,  30  seconds  in  the 
centesimal  method.  A centesimal  minute  and  second  are  not  the 
same  as  a sexagesimal  minute  and  second,  and  the  accents  which 
are  used  to  denote  centesimal  minutes  and  seconds  differ  from 
those  which  are  used  to  denote  sexagesimal  minutes  and  seconds. 


7.  In  the  centesimal  method  any  whole  number  of  minutes 
and  seconds  may  be  expressed  immediately  as  a decimal  fraction  of 

37 

a grade.  Thus  37  minutes  is  jTWj  of  a grade,  that  is  -37  of  a 


grade ; and  30  seconds  is 


30 


(100/ 


of  a grade,  that  is  ‘003  of  a grade. 


Hence  5g  37'  30"  may  be  written  5S,373;  and  since  a grade  is 
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one-hundredth  of  a right  angle,  5g-373  may  be  written  as  ‘05373 
of  a right  angle.  Notwithstanding  this  great  advantage  of  the 
centesimal  method,  the  sexagesimal  method  has  been  retained  in 
practical  calculations,  because  the  latter  had  become  thoroughly 
established  by  long  use  in  mathematical  works,  and  especially  in 
mathematical  tables,  before  the  former  was  proposed;  and  such 
works  and  tables  would  have  been  rendered  almost  useless  by  the 
change  in  the  method  of  estimating  angles.  The  centesimal  method 
is  not  practically  used  even  in  France.  Nevertheless  it  is  cus- 
tomary to  retain  in  works  on  Trigonometry  the  matter  which  we 
shall  give  in  the  next  two  Articles. 


8.  To  compare  the  number  of  degrees  in  any  angle  with  the 
number  of  grades  in  the  same  angle. 


Let  D be  the  number  of  degrees  contained  in  any  angle,  G the 
number  of  grades  contained  in  the  same  angle.  Then  since  there  are 

90  degrees  in  a right  angle,  ^ expresses  the  ratio  of  the  given  angle 

to  a right  angle ; and  since  there  are  100  grades  in  a right  angle, 

Gr  ~ ^ 

jqq  also  expresses  the  ratio  of  the  given  angle  to  a right  angle. 


Hence 

D G _ 
90“  100  j 

therefore 

and 

The  formula  B <=  G — ^ G gives  the  following  rule  : From  the 

number  of  grades  contained  in  any  angle  subtract  one-tenth  of  that 
number,  the  remainder  is  the  number  of  degrees  contained  in  the  angle. 

The  formula  G = D + ~ D gives  the  following  rule  : To  the  num- 
ber of  degrees  contained  in  any  angle  add  one-ninth  of  that  number, 
the  sum  is  the  number  of  grades  contained  in  the  angle. 
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9.  Again,  let  m be  the  number  of  English  minutes  contained 
in  any  angle,  //,  the  number  of  French  minutes  contained  in  the 
same  angle.  Then  since  there  are  90  x 60  English  minutes  in  a 

right  angle,  Q m n expresses  the  ratio  of  the  given  angle  to  a right 

angle ; and  since  there  are  100  x 100  French  minutes  in  a right 

angle,  ^qq  also  expresses  the  ratio  of  the  given  angle  to  a 

right  angle.  Hence 

m [jl 

90  x 60  = 100  x 100  ’ 

9x6  27 

m = lOTTO  ^ = 50  ^ 

50 


therefore 

and 


Similarly,  if  s be  the  number  of  English  seconds  contained  in 
any  angle,  and  cr  the  number  of  French  seconds  contained  in  the 
same  angle, 

s cr 


therefore 

and 


90x  60x  60  100  x 100  x 100  ’ 

81 

S“  250(r’ 

250 

cr  =gj  -s. 


10.  The  angles  considered  in  Geometry  are  in  general  less 
than  two  right  angles.  We  say  in  general , because  angles  greater 
than  two  right  angles  are  not  altogether  excluded.  For  we  may 
refer  to  the  proposition  that  in  equal  circles,  angles,  whether 
at  the  centres  or  at  the  circumferences,  have  the  same  ratio  as 
the  arcs  on  which  they  stand  have  to  one  another;  here  there 
is  • no  limit  to  the  magnitude  of  the  arcs,  and  consequently  no 
limit  to  the  magnitude  of  the  angles;  and  in  the  course  of  the  de- 
monstration given  by  Euclid,  an  angle  occurs  which  may  be 
any  multiple  whatever  of  a given  angle , and  so  may  be  as  great 
as  we  please. 
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11.  It  is  however  usual  in  works  on  Trigonometry  expressly 
to  state  that  there  is  to  be  no  restriction  with  respect  to  the  mag- 
nitude of  the  angles  considered.  Let  BAD  be  any  straight  line, 


CAE  a straight  line  at  right  angles  to  the  former.  Suppose  a 
straight  line  AP  to  revolve  round  one  end  A,  starting  from  the 
lixed  position  AB.  When  AP  coincides  with  AC,  the  angle  which 
has  been  described  is  a right  angle ; when  AP  coincides  with  AD, 
the  angle  which  has  been  described  is  two  right  angles  ; when  AP 
coincides  with  AE,  the  angle  which  has  been  described  is  three 
right  angles ; when  AP  coincides  with  AB,  the  angle  which  has 
been  described  is  four  right  angles.  Then  as  AP  proceeds  through 
a second  revolution,  the  angle  described  will  be  greater  than  four 
right  angles.  Thus  if  AP  be  situated  midway  between  AB  and 
AC,  the  angle  between  AB  and  AP  will  be  half  a right  angle  if 
AP  be  supposed  in  its  first  revolution;  the  angle  will  be  four 
right  angles  and  a half  if  A P be  supposed  in  its  second  revolution ; 
the  angle  will  be  eight  right  angles  and  a half  if  -IP  be  supposed 
in  its  third  revolution ; and  so  on. 

12.  The  straight  lines  CAE  and  BAD  form  by  their  intersec- 
tion four  right  angles;  these  are  called  quadrants.  BAG  is  called 


G 
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the  first  quadrant,  GAD  the  second  quadrant,  DAE  the  third  quad- 
rant, and  EAB  the  fourth  quadrant.  Now  suppose  any  angle 
formed  by  the  fixed  straight  line  AB  and  the  moveable  straight 
line  AP ; if  AP  is  situated  in  the  first  quadrant,  the  angle  BAP 
is  said  to  be  in  the  first  quadrant;  if  AP  is  situated  in  the 
second  quadrant,  the  angle  is  said  to  be  in  the  second  quadrant ; 
and  so  on. 


EXAMPLES. 

1.  The  difference  of  two  angles  is  10  grades  and  their  sum  is 
45  degrees ; find  each  angle. 

2.  Divide  two-thirds  of  a right  angle  into  two  parts,  such  that 
the  number  of  degrees  in  one  part  may  be  to  the  number  of  grades 
in  the  other  part  as  3 is  to  10. 

3.  Divide  half  a right  angle  into  two  parts,  such  that  the 
number  of  degrees  in  one  part  may  be  to  the  number  of  grades  in 
the  other  part  as  9 is  to  5. 

4.  Find  the  measure  of  1'  5"  in  decimals  of  a degree. 

5.  Divide  an  angle  of  n degrees  into  two  parts,  one  of  which 
contains  as  many  English  minutes  as  the  other  does  French. 

6.  If  one-third  of  a right  angle  be  assumed  as  the  unit  of 
angular  measure,  what  number  will  represent  75°  % 

7.  Determine  the  number  of  degrees  in  the  unit  of  angular 
measure  when  an  angle  of  66|  grades  is  represented  by  20. 

8.  The  number  of  the  sides  of  one  equiangular  polygon  is 
two-thirds  of  the  number  of  the  sides  of  another ; and  the  number 
of  grades  in  an  angle  of  the  first  equals  the  number  of  degrees  in 
an  angle  of  the  second  : find  the  angles. 

9.  Shew  that  an  angle  expressed  in  centesimal  seconds  will 
be  transformed  to  sexagesimal  by  multiplying  by  the  factor  -324. 

10.  Compare  the  angles  which  contain  the  same  number  of 
English  seconds  as  of  French  minutes. 

11.  Express  in  the  French  method  35°  10'  3". 

12.  Express  in  the  English  method  69s  22'  50". 
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II.  CIRCULAR  MEASURE  OF  AN  ANGLE. 

13.  We  have  explained  two  methods  of  estimating  angles, 
namely,  that  by  means  of  degrees  and  subdivisions,  and  that  by 
means  of  grades  and  subdivisions,  and  we  have  stated  that  the  for- 
mer method  is  that  which  is  most  commonly  used  in  practical  cal- 
culations. There  is,  however,  another  method  of  estimating  angles 
which  is  of  great  importance  in  the  theory  of  mathematics,  which 
we  shall  now  explain.  The  object  of  the  present  Chapter  is  to  es- 
tablish and  apply  the  following  proposition : If  with  the  point  of 
intersection  of  any  two  straight  lines  as  centre  a circle  be  described 
with  any  radius,  then  the  angle  contained  by  the  straight  lines  may 
be  measured  by  the  ratio  of  the  length  of  the  arc  of  the  circle  inter- 
cepted between  the  straight  lines  to  the  length  of  the  radius.  We 
shall  require  some  preliminary  propositions ; the  proposition  in 
Art.  14  is  sometimes  assumed,  and  the  beginner  may  adopt  this 
course  and  return  to  the  point  hereafter. 

1 4.  The  circumferences  of  circles  vary  as  their  radii. 

Let  R denote  the  radius  and  G the  circumference  of  one  circle  ; 
let  r denote  the  radius  and  c the  circumference  of  another  circle. 
In  each  circle  let  an  equilateral  polygon  of  n sides  be  inscribed, 
and  in  each  circle  draw  two  straight  lines  from  the  centre  to  the 
extremities  of  one  of  the  sides  of  the  inscribed  polygon ; thus 
we  obtain  two  similar  triangles.  Let  P denote  the  perimeter  of 
the  polygon  inscribed  in  the  first  circle,  and  p the  perimeter  of 
the  polygon  inscribed  in  the  second  circle.  By  similar  triangles 
a side  of  the  first  polygon  is  to  a side  of  the  second  polygon  as  the 
radius  of  the  first  circle  is  to  the  radius  of  the  second  circle; 
therefore  also 

P R 
p r ' 

Now  let  P = C — X and  p = c — x;  thus 
r (G  - X)  = R(c-x) ; 
therefore  rG  — Rc  — rX  — Rx. 
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Now  we  assume  that  by  making  n as  large  as  we  please,  the 
perimeter  of  each  polygon  can  be  made  to  differ  as  little  as  we 
'please  from  the  circumference  of  the  corresponding  circle ; thus  X 
and  x can  each  be  made  as  small  as  we  please,  and  therefore 
rX  — Rx  can  be  made  as  small  as  we  please.  Hence  rC  — Re  must 
be  zero ; for  if  it  had  any  value  a then  rX—Rx  could  not  be  made 
less  than  a , which  is  inconsistent  with  the  fact  that  rX  — Rx  can 
be  made  as  small  as  we  please.  Thus 

rC  — Rc=  0, 

, , G c 

therefore  -r  = - • 

it  r 

15.  Thus  the  ratio  of  the  circumference  of  a circle  to  its  radius 
is  constant  whatever  be  the  magnitude  of  the  circle ; therefore  of 
course  the  ratio  of  the  circumference  to  the  diameter  is  also  constant. 
The  numerical  value  of  the  ratio  of  the  circumference  of  a circle  to 
its  diameter  cannot  be  stated  exactly ; but,  as  we  shall  shew  here- 
after, this  ratio  may  be  calculated  to  any  degree  of  approximation 

22 

that  is  required ; the  value  is  approximately  equal  to  y , and  still 
355 

more  nearly  equal  to  1 the  value  correct  to  eight  places  of 
1 1 o 

decimals  is  3 T 41 5 9 265... The  symbol  tt  is  invariably  used  to  denote 
the  ratio  of  the  circumference  of  a circle  to  its  diameter ; hence,  if 
r denote  the  radius  of  a circle,  its  circumference  is  2irr  : and 
7T=  3-14159.... 

16.  The  angle  subtended  at  the  centre  of  a circle  by  an  arc 
which  is  equal  in  length  to  the  radius  is  an  invariable  angle. 
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With  centre  0 and  any  radius  OA  describe  a circle ; let  AB 
be  an  arc  of  this  circle  equal  in  length  to  the  radius.  Then,  since 
angles  at  the  centre  of  a circle  are  proportional  to  the  arcs  on 
which  they  stand, 


arc  AB 


four  right  angles 
therefore  ansde  A OB  = 


circumference  of  the  circle 

four  right  angles 
2k  ' 


r 

2kt 


2k 


Thus  the  angle  AOB  is  a certain  fraction  of  four  right  angles 
which  is  constant,  whatever  may  be  the  radius  of  the  circle. 

17.  Since  the  angle  subtended  at  the  centre  of  a circle  by  an 
arc  which  is  equal  to  the  radius  is  an  invariable  angle , it  may  be 
taken  as  the  unit  of  angular  measurement,  and  then  any  angle  will 
be  estimated  by  the  ratio  which  it  bears  to  this  unit. 

Let  AOC  be  any  angle;  with  0 as  centre  and  any  radius  OA 


describe  a circle;  let  AB  be  an  arc  of  this  circle  equal  in  length 
to  the  radius;  let  r denote  the  radius,  and  l the  length  of  the  arc 

AC. 

Then,  since  angles  at  the  centre  of  a circle  are  proportional  to 
the  arcs  on  which  they  stand, 

angle  AOC  AC  l 
angle  AOB  AB  r ’ 

therefore  angle  AOC  - “ x angle  AOB ; 

this  resuft  is  true  whatever  the  unit  of  angular  measurement  may 
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be,  the  same  unit  of  course  being  used  for  the  two  angles.  If  we 
take  the  angle  AOB  itself  for  the  unit,  then  this  angle  must  be 
denoted  by  unity ,* 

thus  angle  AOC  = - . 

° r 


18.  We  have  thus  proved  that  any  angle  maybe  estimated  by 
a fraction  which  has  for  its  numerator  the  arc  subtended  by  that 
angle  at  the  centre  of  any  circle , and  for  its  denominator  the  radius 
of  that  circle.  And  in  this  mode  of  estimating  angles  the  unit, 
that  is  the  angle  denoted  by  1,  is  the  angle  in  which  the  arc 
subtended  is  equal  to  the  radius.  We  have  shewn  that  this  angle 


four  right  angles . 


2tt 


j hence  the  number  of  degrees  contained  in  this 


angle  is  , that  is  . If  we  use  the  approximate  value  of  7r 
given  in  Art.  15,  we  shall  find  that  -^^  = 57,29577951...;  this 

7T 

therefore  is  the  number  of  degrees  contained  in  the  angle  which  is 
subtended  at  the  centre  of  a circle  by  an  arc  equal  to  the  radius. 


19.  Thus  there  are  two  methods  of  forming  an  idea  of  the 
magnitude  of  an  angle  which  is  estimated  by  the  fraction  arc 
divided  by  radius.  Suppose,  for  example,  we  speak  of  the  angle  -|; 
we  may  refer  to  the  unit  of  angular  measurement,  which  is  an 
angle  containing  about  57  degrees,  and  imagine  two-thirds  of  this 
unit  to  be  taken ; or  without  thinking  about  the  unit  at  all,  we 
may  suppose  an  angle  is  taken  such  that  the  arc  subtending  it  is 
two-thirds  of  the  corresponding  radius. 


20.  The  fraction  arc  divided  by  radius  is  called  the  circular 
measure  of  am  angle.  Since,  as  we  have  already  stated,  this  method 
of  measuring  angles  is  very  much  used  in  theoretical  investigations, 
it  is  sometimes  called  the  theoretical  method. 

21.  If  r denote  the  radius  of  a circle,  the  circumference  is  2u r ; 

2 7 TV 

hence  the  circular  measure  of  four  right  angles  is  — — , that  is  '2tt. 
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The  circular  measure  of  two  right  angles  is  t r;  the  circular  measure 

of  one  right  angle  is  ^ ; and  the  circular  measure  of  n right  angles 
A 

is  ^ , where  n may  be  either  integral  or  fractional. 

A 

22.  We  will  now  shew  how  to  connect  the  circular  measure 
of  any  angle  with  the  measure  of  the  same  angle  in  degrees. 

Let  x denote  the  number  of  degrees  in  any  given  angle,  0 the 
circular  measure  of  the  same  angle.  Since  there  are  180  degrees 

in  two  right  angles,  r-^r  expresses  the  ratio  of  the  given  angle  to 
loO 

two  right  angles.  And  since  tt  is  the  circular  measure  of  two  right 

Q 

angles,  - also  expresses  the  ratio  of  the  given  angle  to  two  right 

TT 


angles.  Hence 

x 6 

180  _ 7T  ’ 

thus 

1800 

X — 

TT 

and 

0=—  . 

180 

23.  For  example,  the  circular  measure  of  an  angle  of  one  degree 

is  ; the  circular  measure  of  an  angle  of  ten  degrees  is  j the 
1 oO  loO 

circular  measure  of  an  angle  of  half  a degree  is  x ^ ; the  cir- 

lot)  A 

cular  measure  of  an  angle  of  one  minute  is  : the  circular 

0 180  x 60 


measure  of  an  angle  of  one  second  is 


180  x 60  x 60 


; and  so  on. 


. 3 


Again  • if  the  circular  measure  of  an  angle  is  ^ , the  number  of 

3 180  3 

degrees  contained  in  the  angle  is  -r  . — , that  is  T of  57-29577951 . . . ; 

4 7T  4 J 

if  the  circular  measure  of  an  angle  is  10,  the  number  of  degrees 
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contained  in  the  angle  is  10 . , that  is  10  x 57*29577951 ; and 

so  on. 

The  student  is  recommended  to  pay  particular  attention  to 
these  points;  especially  he  should  accustom  himself  to  express 
readily  in  circular  measure  an  angle  which  is  given  in  degrees. 


24.  Similarly  we  may  connect  the  circular  measure  oj  any 
angle  with  the  measure  of  the  same  angle  in  grades. 

Let  y denote  the  number  of  grades  in  any  given  angle,  9 the 
circular  measure  of  the  same  angle ; then  the  ratio  of  the  given 

y 0 

angle  to  two  right  angles  is  expressed  by  -f-  and  also  by  - . 

ZOO  7 r 

Hence 

U & . 

200 


thus 


y = 


2000 


and 


e 


Tty 

200 


The  number  of  grades  in  the  angle  which  is  the  unit  of  circular 
measure  is  that  is,  63-661977... 


25.  In  Art.  17  we  proved  that 


angle  AOC  = - x angle  AOB  ; 

° r ° 

where  nothing  is  assumed  respecting  the  unit  of  angular  measure- 
ment, except  that  the  same  unit  is  to  be  employed  for  both  angles. 
Since  AOB  is  an  invariable  angle,  we  see  that  the  magnitude  of 
any  angle  A 00  varies  as  the  subtending  arc  directly , and  as  the 
radius  inversely.  Thus  we  may  say  that 


angle  AOC  = 


Jc  x arc 
radius  ’ 


when  Jc  is  some  quantity  which  does  not  change  with  AOC,  and  the 
value  of  which  depends  upon  the  unit  of  angular  measurement 
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which,  we  please  to  employ.  Suppose,  for  example,  that  we  wish 
to  take  the  half  of  a right  angle  as  our  unit ; then  we  require  that 
AOG  should  be  equal  to  1 when  the  arc  is  the  eighth  part  of  the 
circumference ; thus 

7 2rrr 

**-§-  4 

1 = — : therefore  k = - . 

r 7r 

Thus  the  formula 

angle  AOG  = - x - ^r.° 
it  radius 

gives  the  correct  estimate  of  the  magnitude  of  an  angle  when  the 
unit  is  half  a right  angle. 


EXAMPLES. 

1.  If  D,  G,  G be  respectively  the  number  of  degrees,  grades, 
and  units  of  circular  measure  in  an  angle,  shew  that 
D^G_  2 G 

90  ~ 100  ~ 7T  ‘ 


2.  Find  the  number  of  degrees  in  the  angle  subtended  at  the 
centre  of  a circle  whose  radius  is  10  feet  by  an  arc  9 inches  long. 

3.  Find  the  circular  measure  of  5°  37'  30". 

4.  Find  the  circular  measure  of  Is  1\ 


5.  There  are  three  angles ; the  circular  measure  of  the  first 


exceeds  that  of  the  second  by  , the  sum  of  the  second  and  the 
third  is  30  grades,  and  the  sum  of  the  first  and  the  second  is 


6.  Express  five-sixteenths  of  a right  angle  in  circular  measure, 
in  degrees  and  decimals  of  a degree,  and  in  grades  and  decimals 
of  a grade. 

7.  The  angles  of  a triangle  are  in  arithmetical  progression, 
and  the  greatest  is  double  the  least : express  the  angles  in  degrees, 
in  grades,  and  in  circular  measure. 
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8.  The  angles  of  a triangle  are  in  arithmetical  progression, 
and  the  number  of  degrees  in  the  least  is  to  the  circular  measure 
of  the  greatest  as  60  is  to  tt  : find  the  angles. 

9.  Find  the  circular  measure  of  an  angle  of  an  equiangular 
polygon  of  n sides. 

10.  Express  in  each  system  of  angular  measurement  the 
angle  between  the  long  hand  and  the  short  hand  of  a watch  at  a 
quarter  past  twelve. 


III.  TRIGONOMETRICAL  RATIOS. 

26.  Let  BAG  be  any  angle ; take  any  point  in  either  of  the 
containing  straight  lines,  and  from  it  draw  a perpendicular  to  the 


other  straight  line;  let  P be  the  point  in  the  straight  line  AC 
and  PM  perpendicular  to  AB.  Y/e  shall  use  the  letter  A to 
denote  the  angle  BAG . Then 

PM  ^ ,3  ca]]ed  fte  dm  tie  A 

AP  hypotenuse 

, that  is  is  called  the  cosine  of  the  angle  A : 

AP  hypotenuse 
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PM 

AM 


, that  is 


. perpendicular 


is  called  the  tangent  of  the  angle  A • 


foctss 

that  is 7r — 7 — , is  called  the  cotcmqent  of  the  angle  A ; 

perpendicular  ° ’ 


PM 

AP 

AM 

AP 


that  is 


, that  is 


. hypotenuse 


base 
hypotenuse 


, is  called  the  secant  of  the  angle  A ; 


7.  7 , is  called  the  cosecant  of  the  angle  A. 

PM  perpendicular 

If  the  cosine  of  A be  subtracted  from  unity,  the  remainder  is  called 
the  versed  sine  of  A.  If  the  sine  of  A be  subtracted  from  unity, 
the  remainder  is  called  the  coversed  sine  of  A ; the  latter  term 
however  is  rarely  used  in  practice. 

27.  The  words  sine,  cosine,  tangent,  cotangent,  secant , cosecant, 
versed  sine,  and  coversed  sine  are  usually  abbreviated  in  writing 
and  printing;  thus  the  above  definitions  may  be  expressed  as 
follows  : 

PM 


A = 


AP  ’ 


, AM 
oos  ^ = ZF  ’ 


tan  A — 


PM 
AM 3 


. , AM 
™iA  = PM’ 


sec  A = 


AP 

AM1 


AP 

cosec  A — , 

vers  A = 1 — cos  A, 
covers  A = 1 — sin  A. 


28.  The  sine,  cosine,  tangent,  cotangent,  secant,  cosecant,  versed 
sine,  and  coversed  sine  are  called  trigonometrical  ratios  or  trigo- 
nometrical functions ; sometimes  they  have  been  called  goniometrical 
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functions.  A large  part  of  Trigonometry  consists  in  the  investiga- 
tion of  the  properties  and  the  relations  of  these  functions  of  an 
angle.  These  functions  are,  it  will  be  observed,  not  lengths,  but 
ratios  of  one  length  to  another;  that  is,  they  are  arithmetical 
whole  numbers  or  fractions. 


29.  The  defect  of  any  angle  from  a right  angle  is  called  the 
complement  of  that  angle  ; thus  if  A denote  the  number  of  degrees 
contained  in  any  angle,  90  - A is  the  number  of  degrees  contained 
in  the  complement  of  that  angle.  This  affords  another  method  of 
defining  some  of  the  Trigonometrical  ratios ; after  defining,  as  in 
Art.  26,  the  sine,  tangent,  and  secant  of  an  angle  we  may  say 

the  cosine  of  an  angle  is  the  sine  of  the  complement  of  that 
angle ; 

the  cotangent  of  an  angle  is  the  tangent  of  the  complement  of 
that  angle ; 


the  cosecant  of  an  angle  is  the  secant  of  the  complement  of 
that  angle. 

For  in  the  triangle  PAM  the  angle  APM  is  the  complement  of 

the  angle  A ; and 

. perpendicular  AM  . 

sm  APM  - , 7.  =cosA  ; 

hypotenuse  AP 

. perpendicular  AM  , . 
tan  iruJUL^--.  = — = cot  A ; 

, _ , , hypotenuse  AP  , 

sec  APM  = = -Tj-TTj  = cosec  A. 

base  MP 


These  results  may  also  be  expressed  thus  : 

the  sine  of  an  angle  is  the  cosine  of  the  complement  of  that 
angle ; 

the  tangent  of  an  angle  is  the  cotangent  of  the  complement 
of  that  angle ; 

the  secant  of  an  angle  is  the  cosecant  of  the  complement  of 
that  angle. 
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30.  The  Trigonometrical  Ratios  remain  unchanged  so  long  as 
the  angle  remains  unchanged. 

Let  BAG  be  any  angle ; in  AC  take  any  point  P and  draw  PM 
perpendicular  to  AB ; also  take  any  other  point  P'  and  draw  P'M' 

PM  P’M' 

perpendicular  to  AB.  Then  by  similar  triangles  -j-p  = -jjsr  > that 
is,  the  sine  of  the  angle  A is  the  same  whether  it  be  formed  from 


the  triangle  APM  or  from  the  triangle  AP'M'.  * The  same  result 
holds  for  the  other  Trigonometrical  Eatios. 

Or  we  may  suppose  a point  P"  taken  in  AB,  and  P"M"  drawn 
perpendicular  to  AG ; then  the  triangles  APM  and  AP"M"  are 

, PM  P"M" 
similar,  and  . 


We  now  proceed  to  establish  certain  relations  which  hold 
among  the  Trigonometrical  Eatios. 

31.  We  have  immediately  from  the  definitions 

tan  A x cot  A = 1 : therefore  tan  A = — — T , cot  A = — . ; 

cot  A tan  A 

sec  A x cos  A = 1 : therefore  sec  A = — T , cos  A = — : 

cos  A sec  A 


cosec  A x sin  ,4  = 1:  therefore  cosec  A = — — , sin  A = 7 . 

sm  A cosec  A 


Also 


PM  _PM  AM  _ sin  A 
AM~  AP  1 AP  _ cos  A ’ 
AM  AM  PM  cos  A 
COt  A ~PM=  ~AP  ~AP  = sin  A ’ 


T.  T. 


2 
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32,  To  'prove  that  (sin  A)2  + (cos  A)2  — 1. 
In  the  right-angled  triangle  APM  we  have 
PM2  + AM3  = AP2; 


therefore 

PM2  + AM2  , 
AP2 

therefore 

/PM\B  ( AM\ * _ 

Up)  +(ap)=1’ 

that  is 

(sin  A)2  + (cos  A)2  = 1. 

33.  With  respect  to  the  preceding  proof  it  should  be  re- 
marked that  it  is  shewn  in  Euclid,  i.  47,  that  the  square  described 
on  the  hypotenuse  of  a right-angled  triangle  is  equal  to  the  sum 
of  the  squares  described  on  the  sides;  and  it  is  known  that  the 
geometrical  square  described  on  any  straight  line  is  measured  by  the 
arithmetical  square  of  the  number  which  measures  the  length  of 
the  straight  line.  From  combining  these  two  results  we  obtain 
the  arithmetical  equality 

PM2  + AM2  = AP2. 


It  must  be  observed  that  (sin  A)2  is  often  written  for  shortness 
thus,  sin2  A ; similarly  (sin  A)3  is  written  thus,  sin3  A.  The  same 
mode  of  abbreviation  is  used  for  the  powers  of  the  other  Tri- 
gonometrical Ratios,  and  so  the  result  obtained  in  Art.  32  is 
usually  written  thus, 

sin2  A + cos2  A = 1. 

34.  To  prove  that 

(sec  A)2  = 1 + (tan  A)2,  and  (cosec  A)2  = 1 + (cot  A)3. 

In  the  right-angled  triangle  APM  we  have 


therefore 


therefore 


AP2  = AM2  + PM2; 
AP2  PM2 

AM2  ~ 1 + AM2 ’ 
(AP  \ 2 (PM\2 

[amJ  ~ 1 + [am)  ’ 

(sec  A)2  = 1 + (tan  A)2. 


that  is 
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Again,  since  AP2  = PM2  + AM3, 

/ap\*  (4K Y 

\PMJ  ~ 1 + \PMJ  ’ 

that  is  (cosec  A)2  = 1 + (cot  A )3. 

The  results  here  obtained  are  usually  written  thus, 
sec3  A = 1 + tan2  A,  cosec3  A = 1 + cot2  A. 

35.  By  means  of  the  relations  established  in  Arts.  31... 34  we 
are  able  to  express  all  the  other  Trigonometrical  Batios  in  terms 
of  any  one  of  them;  thus,  for  example,  we  will  express  all  the 
rest  in  terms  of  the  sine  ; 

cos  A = J(1  - sin3  A)  (Art.  32) ; 
sin  A sin  A 


tan  A = 


cos  A 

y(l  - sin2  A) 

cos  A 

y(l  - sin2  A) 

sin  A 

sin  A 

1 

1 

cos  A 

1 

< 

h— 1 
1 

1 

(Arts.  31,  32)  ; 


sin  A — 


cosec  A = ■ j (Art.  31); 

vers  A = l-cosA  = l-  J(1  - sin3  A)  (Art.  32). 
Again,  we  will  express  all  the  rest  in  terms  of  the  tangent ; 
11  1 tan  A 


cosec  A y(l+cot 2 A)  If  1 \ 

\ + tan8A/ 


^(1  + tan3  A) 
(Arts.  31,  34); 


! A = 


sec  A + tan2  A)  (Art8,  31’  34^  ; 


cot  A = (Art.  31) ; sec  A = J(1  + tan2  A)  (Art.  3#) ; 

1 


cosec  A gir—;  = yersA  = l-cosA  = l- 

tanA  * 


1 

sin  A 


^(l+tanM)  * 
2—2 
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We  stall  now  proceed  to  determine  the  values  of  the  Trigono- 
metrical Ratios  for  some  specific  angles. 

36.  To  determine  the  values  of  the  Trigonometrical  Ratios  for 
an  angle  of  45°. 

Let  BAG  be  an  angle  of  45°;  take  any  point  P in  AC  and 


draw  PM  perpendicular  to  AB.  Since  PAM  is  half  a right 
angle  APM  is  also  half  a right  angle ; therefore  PM  = AM. 


C 


Now 

thus 


PM2  + AM2  = AP2 ; 
2PM2  = AP2-, 


therefore 


therefore 


PM  1 
AP~  J 2* 


Thus 
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37.  To  determine  the  values  of  the  Trigonometrical  Ratios  for 
an  angle  of  60°  and  for  an  angle  of  30°. 

Let  APB  be  an  equilateral  triangle,  so  that  the  angle  PAB 


contains  60  degrees ; draw  PM  perpendicular  to  AB,  then 
AM  = MB ; therefore  AM  = \AB  = \AP. 

Thus  cos  60°  = | ; 

sin  60°  = ^/(l  — cos® 60°)  = ^/(l  - j)  =y(|) 

0 sin  60°  J3  1 „n0  1 1 

tan60=SJW  = T^2='/3;  °°t60=i^w~j3; 

sec  60° ~ — ~2 • cosec  60°  — - 


cos  60° 


sin  60°  J3  ’ 


vers  60°  = 1 - cos  60°  = ^ • 

And  sin  30°  = cos  60°  = ^;  cos  30°  = sin  60°  = ~ ; 

A - A 


tan  30°  = cot  60°  = 4r ; cot  30°  = tan  60°  = ; 

sec  30°  = cosec  60°  = cosec  30°  = sec  60®  - 2 ; 


vers  30°  = 1 - cos  30°  = 1 


J3 
2 * 
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38.  The  student  should  render  himself  perfectly  familiar  with 
the  values  of  the  Trigonometrical  Ratios  for  an  angle  of  30°,  45°, 
or  60° ; as  they  will  be  perpetually  used  in  the  subject.  Thus,  for 
example,  if  an  angle  of  60°  occurs  it  may  be  necessary  to  have  the 
cosine  of  this  angle,  which  has  been  found  to  be  \.  And  con- 
versely, if  the  cosine  of  an  angle  is  known  to  be  and  the  angle 
is  less  than  a right  angle,  the  student  will  immediately  infer  that 
the  angle  contains  60°.  Should  there  be  any  difficulty  in  this  in- 
ference it  will  be  removed  by  the  remarks  made  hereafter,  in  which 
it  will  appear  why  we  introduce  the  restriction  that  the  (mgle  is 
less  than  a right  angle.  See  Art.  44. 

It  may  be  observed  that  if  an  angle  be  less  than  45°  the 
cosine  of  the  angle  is  greater  than  the  sine,  and  if  the  angle  be 
greater  than  45°  and  less  than  90°  the  cosine  is  less  than  the  sine ; 
these  results  follow  immediately  from  the  triangle  PAM  (see  figure 
in  Art.  26)  since  the  greater  side  in  a triangle  is  opposite  to  the 
greater  angle. 

EXAMPLES. 

3 

1.  The  sine  of  a certain  angle  is  - ; find  the  other  Trigono- 

0 

metrical  Ratios  of  the  angle. 

4 

2.  The  tangent  of  a certain  angle  is  find  the  other  Tri- 

o 

gonometrical  Ratios  of  the  angle. 

3.  The  cosine  of  a certain  angle  is  > find  the  other  Tri- 
gonometrical Ratios  of  the  angle. 

4.  Shew  that  sec2  9 cosec2  9 = tan*  9 + cot2  9 + 2. 

5.  Shew  that  sin20  tan  6 + cos2  9 cot  6 + 2 sin  6 cos  0 

— tan  6 + cot  9. 

6.  Shew  that  2 (sin®0  + cos60)  - 3 (sin40  + cos4  6)  + 1 = 0. 
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Obtain  solutions  of  the  following  equations : 

7.  2 sin2#  = 3 cos  #.  8.  sin  6 + cos  0=1. 

9.  cot  9 = 2 cos  9.  10.  sin2#  — 2 cos  6 + ^ = 0. 

4 

11.  3 sec4#  + 8=10  sec3#.  12.  tan  # + cot  # = 2. 

13.  Given  sin  (.4  - B)  = ^ , and  cos  (A  + B)  = ^ , find  A and  B. 

A A 

14.  Given  tan  (A  + B)  = J3,  and  tan  (A  — B)  = 1,  find  A and  B. 


IY.  APPLICATION  OP  ALGEBRAICAL  SIGNS. 

39.  In  the  preceding  Chapter  we  defined  the  Trigonometrical 
Ratios,  and  established  certain  relations  between  them ; we  con- 
fined ourselves  to  angles  not  exceeding  a right  angle.  "We  shall 
now  extend  the  definitions  so  as  to  render  them  applicable  to  an- 
gles of  any  magnitude ; the  relations  which  were  established  will 
then  also  be  found  to  be  true  for  angles  of  any  magnitude. 

40.  Let  0 be  a fixed  point  in  a fixed  straight  line,  and  sup- 
pose we  have  to  determine  the  positions  of  other  points  in  this 

M'  0 M 

straight  line  with  respect  to  0.  The  position  of  any  point  in  the 
straight  line  will  be  known  if  we  know  the  distance  of  the  point 
from  0,  and  also  know  on  which  side  of  O the  point  lies.  Now  it 
is  found  convenient  to  adopt  the  following  convention : distances 
measured  in  one  direction  from  0 along  the  fixed  straight  line  will 
be  denoted  by  positive  numbers,  and  distances  measured  in  the 
opposite  direction  from  0 will  be  denoted  by  negative  lumbers. 
Thus,  for  example,  suppose  that  distances  measured  from  0 towards 
the  right  hand  are  denoted  by  positive  numbers,  and  let  M be  a 
point  the  distance  of  which  from  0 is  denoted  by  2 or  + 2 ; then  if 
M'  be  as  far  from  0 as  M is,  and  on  the  other  side  of  0,  the  dis- 
tance of  M ' from  0 will  be  denoted  by  — 2. 
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41.  We  have  called  this  method  of  determining  position  by- 
means  of  numbers  affected  with  algebraical  signs  a convention;  we 
mean  by  this  word  to  indicate  that  it  is  not  absolutely  necessary 
to  adopt  this  method,  but  merely  convenient.  The  symbols  + and  — 
are  defined  in  the  beginning  of  elementary  works  on  Algebra  as 
indicative  of  the  operations  of  addition  and  subtraction  respectively. 
As  the  student  advances  in  Algebra  he  finds  that  the  symbols  + 
and  — are  also  used  as  indicative  of  the  qualities  of  quantities ; and 
that  no  contradiction  or  confusion  ultimately  arises  from  this  double 
mode  of  considering  the  symbols,  but  that  Algebra  gains  thereby 
considerably  in  power.  (See  Algebra , Chaps.  V.  and  XIY.) 

It  may  be  remarked,  that  we  are  at  liberty  to  take  either  of  the 
two  directions  from  0 as  that  which  will  be  indicated  by  positive 
numbers ; but  when  the  selection  has  been  made,  we  must  adhere 
to  it  throughout  the  investigations  on  which  we  may  be  engaged. 

42.  Let  OB,  OC  be  two  straight  lines  which  meet  at  right 


angles ; produce  BO  to  any  point  B'  and  GO  to  any  point  O'.  Let 
P be  any  point  in  the  plane  containing  the  two  straight  lines.  The 
position  of  P will  be  known  if  we  know  the  distance  of  P from 
each  of  the  straight  lines  BB!  and  CO',  and  also  know  on  which 


APPLICATION  OF  ALGEBRAICAL  SIGNS. 


25 


side  of  each  of  these  straight  lines  it  is  situated.  Draw  PM  and 
PN  perpendicular  to  the  straight  lines  BE'  and  CG'  respectively. 
We  shall  adopt  the  following  conventions  : the  distance  ON  or  PM 
will  be  denoted  by  a positive  number  when  P is  above  the  straight 
line  BB\  and  by  a negative  number  when  P is  below  the  straight 
line  BB'  \ the  distance  OM  or  PN  will  be  denoted  by  a positive 
number  when  P is  to  the  right  of  GC'f  and  by  a negative  number 
when  P is  to  the  left  of  CG'. 

43.  A similar  convention  may  conveniently  be  adopted  with 
respect  to  cmgular  magnitude. 

Let  a straight  line  AP  start  from  the  position  AB,  and  by  re- 
volving in  one  direction  round  A trace  out  the  angle  PAB , and 
let  this  angle  be  denoted  by  a positive  number;  then  if  the  straight 
line  AP  start  from  the  position  AB  and  by  revolving  round  A in 
the  opposite  direction  trace  out  the  angle  P'AB,  this  angle  may  be 
denoted  by  a negative  number.  If,  for  example,  each  of  the  angles 
BAP  and  BAP'  is  one-third  of  a right  angle,  and  we  denote  the 


former  by  the  positive  fraction  ^ , the  latter  may  be  denoted  by 
the  negative  fraction  - ^ . 


26  APPLICATION  OF  ALGEBRAICAL  SIGNS. 

44.  We  shall  now  give  our  extended  definitions  of  the  Trigo- 
nometrical Ratios. 


Let  AJ3,  AG  be  two  straight  lines  at  right  angles ; let  a straight 
line  revolve  round  the  point  A from  AB  towards  AG  and  come 
into  any  position  AP ; draw  PM  perpendicular  to  AB  or  AB  pro- 
duced. Then  consider  AP  always  as  positive;  consider  AM  an 
positive  or  negative  according  as  M \s,  on  the  same  side  of  AG  as 
B is,  or  on  the  opposite  side ; and  consider  PM  as  positive  or 
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negative  according  as  P is  on  tlie  same  side  of  AB  as  C is,  or  on 

the  opposite  side.  Let  the  angle  PAB  be  denoted  by  A,  then 

. . PM  . PM  . AP 

sm  A = -r-^  , tan  A , sec  A=  -7 T/ , 

AP  ’ AM  ’ AM  ’ 

.AM  AM  . AP 

cosJ-=ap’  cotA=m’cosecA=7M’ 

vers  A = 1 - cos  A,  covers  A = 1 - sin  A. 

Thus  the  Trigonometrical  Ratios  are  always  whole  numbers  or 
fractions  positive  or  negative. 

We  have  therefore  Trigonometrical  Ratios  for  any  positive 
angle  whatever  may  be  its  magnitude;  and  we  have  also  Trigono- 
metrical Ratios  for  any  negative  angle  by  adopting  the  convention 
that  the  Trigonometrical  Ratios  for  any  negative  angle  shall  be  the 
same  as  they  would  be  for  what  we  may  call  the  corresponding  posi- 
tive angle.  Thus,  for  example,  in  the  last  figure  we  may  consider 

BAP  as  a negative  angle,  the  magnitude  of  which  is  - ^ ; then  the 

O 

Trigonometrical  Ratios  will  be  the  same  as  for  the  angle  formed 
by  revolving  the  moveable  straight  line  AP  in  the  positive  direc- 
tion until  it  reaches  the  position  which  it  has  in  the  figure ; so 

that  the  Trigonometrical  Ratios  for  the  angle  — ^ will  be  the 

o 

TT 

same  as  for  the  angle  2tt  — - . 

01  o 

45.  It  follows  immediately  from  the  definitions,  that  if  two 
angles  differ  by  four  right  angles  or  by  any  multiple  of  four  right 
angles  the  Trigonometrical  Ratios  of  the  two  angles  are  the  same. 

46.  The  following  relations  which  have  been  already  esta- 
blished for  angles  not  exceeding  a right  angle,  will  now  be  seen  in 
like  manner  to  hold  universally  whatever  be  the  magnitude  of  an 
angle  positive  or  negative. 

tan  A x cot  A = 1,  secff  x cos  A = 1,  cosec  A x sin  A—  1, 
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It  must  be  observed  that  from  such  an  equation  as 
sin2  A + cos2  A = 1, 

we  can  infer  only  that  sin  A = =t=  J (1  — cos2  A),  or  that 
cos  .4  =±  ^(l-  sin2  A) ; we  shall  have  to  determine  in  any  parti- 
cular case  which  sign  must  be  ascribed  to  the  radical. 

47.  The  supplement  of  an  angle  is  its  defect  from  two  right 
angles.  Thus  if  A denote  the  number  of  degrees  in  any  angle, 
180  — .4  is  the  number  of  degrees  in  its  supplement;  if  0 be  the 
circular  measure  of  an  angle,  tt  — 6 is  the  circular  measwre  of  its 
supplement.  The  verbal  definition  of  the  word  supplement  might 
appear  to  limit  the  word  to  the  case  in  which  the  original  angle 
is  a positive  angle  less  than  two  right  angles ; but  the  word  is 
used  in  a wider  sense,  so  that  if  A be  any  number  positive  or 
negative,  the  angle  denoted  in  degrees  by  180  — A is  called  the 
supplement  of  that  denoted  in  degrees  by  A.  Similarly,  whatever 
6 may  be,  the  angle  whose  circular  measure  is  it  — 6,  is  called  the 
supplement  of  that  whose  circular  measure  is  0. 

48.  To  compa/re  the  Trigonometrical  Ratios  of  any  angle  a/nd 
of  its  supplement . 

Let  PAB  be  any  angle, produce  BA  to  B'  and  make  P' AB'  —P AB  \ 


take  AP'  = AP,  and  draw  PM  and  PM'  perpendicular  to  BB\ 

The  angle  FAB-  \W>-FAB'  = 180° -PXS;  thus  PAB  is 
the  supplement  of  PAB.  The  triangles  PAM  and  P1 AM'  are  geo- 
metrically equal  in  all  respects ; now 
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. A PM  . ( o PM 
smA  = Jf’  sm  (180  -A)  = } 

and  since  PM  and  P'M'  are  equal  in  magnitude  and  of  the  same 
sign , we  have 

sin  A = sin  (180°  — A). 

ai  a AM  AM' 

Also  cos  A = -j-p,  cos  (180°-  A)  > 


now  AM  and  AM'  are  equal  in  magnitude,  but  since  they  are 
measured  in  opposite  directions  from  A,  they  are  of  opposite  sign  ; 
thus 


cos  A — — cos  (180°  - A). 


The  other  Trigonometrical  Ratios  of  the  angle  A may  be  com- 
pared. with  those  of  the  supplement  either  by  direct  use  of  the 
figure,  or  by  employing  the  two  results  already  established ; thus, 
adopting  the  latter  method, 


tan  (180° -A) 


sin  (180°  -A) 
cos  (180°  -A) 


sin  A 
— cos  A 


= — tan  A, 


cot  (180°-  A)  = 
sec  (180°  - A)  = 


cos  (180°  -A)  —cos  A . 

— — OA0 — tt  = — • — t = - cot  A , 
sin  (180  -A)  smi 


cos  (180°— A)  —cos  A 


1 


1 


= cosec  A, 


cosec(180 °-A)=-.  nan0  - . A 
v ' sm  (180  — A)  smi 

vers  (180°  - A)  = 1 - cos  (180°  — A)  = 1 + cos  A. 


Thus  the  sine  and  the  cosecant  of  any  angle  are  respectively 
the  same  as  the  sine  and  cosecant  of  the  supplement  of  the  angle ; 
all  the  other  Trigonometrical  Ratios  of  any  angle,  except  the 
versed  sine,  are  numerically  equal  to  the  corresponding  Ratios 
of  the  supplement  of  the  angle,  but  are  of  opposite  sign. 
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49.  To  'prove  that  sin  (-  A)  = - sin  A and  cos  (—  A)  = cos  A. 


Let  PAB  be  any  angle;  draw  PM  perpendicular  to  BAB', 
and  produce  it  to  P'  so  that  MP'  may  be  equal  in  length  to  MP, 
and  join  AP’.  Then  the  angles  P’AB  and  PAB  which  are  measured 
in  opposite  directions  from  AB  are  numerically  equal,  and  if 
PAB  be  denoted  by  A,  then  P'AB  will  be  denoted  by  — A.  And 
..  PM  ....  P'M 
smA=Af’  sm ^~a^=~aF’} 

and  P'M  is  numerically  equal  to  PM,  but  of  opposite  sign ; thus 


Also 


sin  (-  A)  = - sin  A. 

. AM  AM  . 
cos  (-  A)  = -jp  = -Jp  = cos  A. 


tan  (-  A)  = 


sin  (—A)  — sin  A 

cos  (—A)  cos  A 


= - tan  A ; 


cos  (-  A)  cos  A 


cot  (—  A)  = -7— r — -jr  -■  _ _ cot  A ; 

v 7 sm  (-  A)  - sm  A 7 


sec  (~  ul)  = — "jr  = ~7  = sec  A ; 

v 7 cos  (-  A)  cos  A 


Moreover, 
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cosec  (-  A)  = — — l — t -r  = — J — r= - cosec  A : 
x ' sin  (-  A)  -smi 

vers  (-  A)  = 1 - cos  (-  .4)  = 1 - cos  A = vers  A. 

All  these  results  may  if  we  please  be  obtained  by  direct  use  of 

the  figure. 

50.  To  'prove  that 

sin  (180°  + A)  = - sin  A and  cos  (180°  +A)  = - cos  A. 

Let  TAB  be  any  angle,  produce  PA  to  P'  so  that  AP'  may  be 
equal  in  length  to  AP.  Draw  PM  and  P'M'  perpendicular  to 


BAP'.  Then  if  PAB  be  denoted  by  A,  the  angle  P'AB  measured 
in  the  same  direction  from  AB  will  be  denoted  by  180°  + A. 

The  triangles  PAM  and  TP  AM'  are  geometrically  equal  in  all 
respects ; 


and 


sin  A = 


cos  A = 


PM 
AP ; 
AM 
AP3 


P'M' 

sin  (180 ° + 

cos  (180”  + ^)  = ^. 


Now  PM  and  P'M'  are  numerically  equal  but  of  opposite  sign ; 
also  AM  and  AM'  are  numerically  equal  but  of  opposite  sign;  thus 
sin  (180°  + A)  = - sin  A , cos  (180°  + A)  = - cos  A ; 

moreover  tan (180% A)  =sin P = = tanA, 

cos  (180  +.4)  — cos  A 3 
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similarly  sec  (1 80°  + A)  = - sec  A,  cosec  (1 80°  + A)  =-  cosec  A. 

vers  (180°  + A)  = 1 — cos  (180°  + A)  = 1 + cos  A. 

All  these  results  may  if  we  please  be  obtained  by  direct  use  of 
the  figure. 

It  is  obviously  only  another  mode  of  expressing  the  two  funda- 
mental results  if  we  write 

sin  A = - sin  (A  — 180°),  cos  A = — cos  (A  — 180°). 

51.  The  results  of  Arts.  48,  49,  and  50,  are  true  whatever 
be  the  magnitude  of  the  angle  A , and  whether  A be  positive  or 
negative.  This  the  student  should  carefully  notice.  First  con- 
sider Art.  49;  whatever  the  magnitude  of  A may  be,  positive  or 
negative , we  shall  always  have  PMP'  forming  a straight  line,  and 
the  points  P and  P’  equally  distant  from  M and  on  opposite  sides 
of  it ; and  the  angles  PAB  and  P'AB  will  be  numerically  equal 
but  of  opposite  sign.  Thus  we  become  certain  of  the  universal 
truth  of  Art.  49.  Next  consider  Art.  50;  the  essential  points  of 
the  demonstration  are  that  M and  M'  should  be  equally  distant 
from  A and  on  opposite  sides  of  it,  and  that  P and  P'  should  be 
equally  distant  from  the  straight  line  BAP  and  on  opposite  sides 
of  it;  and  the  figure  assures  us  that  these  essential  points  are 
always  secured.  If  PAB  be  any  positive  angle,  then  by  adding 
to  it  an  angle  of  180°  we  obtain  the  angle  formed  by  AB  and  AP'. 
If  P'AB  be  any  negative  angle,  then  by  adding  to  it  an  angle  of 
180°  we  obtain  the  angle  formed  by  AP  and  AB.  Thus  we  be- 
come certain  of  the  universal  truth  of  Art.  50.  The  universal 
truth  of  Art.  48  may  be  made  to  depend  on  that  of  Art.  49  and 
that  of  Art.  50.  For  we  have 

sin  A — — sin  ( A — 180°),  universally,  by  Art.  50, 
sin  ( A — 180°)  = — sin  (180°  — A ),  universally,  by  Art.  49, 
therefore  sin  A = sin  (180°  — A)  universally. 

Again  cos  A — — cos  (A  — 180°),  universally,  by  Art.  50, 
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cos  (A  - 180°)  = cos  (180°  — A),  universally,  by  Art.  49, 
therefore  cos  A = — cos  (180°  - A),  universally. 

52.  To  'prove  that  sin  (90°+^4)  =cosA,  and  cos  (90°+u4)=— sinA 


Let  TAB  be  any  angle ; let  AP'  be  at  right  angles  to  AP  and 
so  situated  that  a moveable  straight  line  can  pass  from  the  position 
AP  to  the  position  AP'  by  revolving  round  A in  the  positive 
direction  through  a right  angle.  Then  if  PAB  be  denoted  by  A 
we  can  denote  P'AB  by  90°  + A.  Take  AP'-  AP  and  draw  PM 
and  P'M'  perpendicular  to  BAB'.  Then  the  angle  PAM  is 
geometrically  equal  to  the  angle  AP'M',  and  the  triangles  PAM 
and  PAM'  are  geometrically  equal  in  all  respects.  And 


V'M' 

sin  (90°  + A)  = 


cos  A = 


AM 

AP 


now  P'M'  is  numerically  equal  to  AM  and  both  are  of  the  same 
sign  (Art.  42) ; thus 


sin  (90°  -f  A)  = cos  A. 


A • /nno  a\  AM'  . . PM 

Again  cos  (90°  + A)  = , sin  A = — ^ ; 

now  AM'  and  PM  are  numerically  equal  but  of  opposite  sign 
(Art.  42) ; thus 

cos  (90°  + A)  = - sin  A. 

53.  In  order  to  prove  that  the  proposition  in  the  preceding 
Article  is  universally  true,  we  must  examine  the  different  cases 
T.  T.  3 
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that  can  occur ; the  figure  in  the  preceding  Article  supposes  that 
A is  a positive  angle  terminated  in  the  first  quadrant.  The  an- 
nexed three  figures  shew  AP  in  the  second,  third,  and  fourth 
quadrants  respectively. 

In  every  case  it  will  be  seen  that  the  triangles  PAM  and 
PfAM'  are  geometrically  equal  in  all  respects;  also  P'M’  and  AM 
are  of  the  same  sign,  and  AM'  and  PM  are  of  opposite  sign.  Thus 
the  proposition  may  be  seen  to  be  true  if  A be  any  positive  angle. 
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The  four  figures  of  this  and  the  preceding  Article  will  also  shew 
the  truth  of  the  proposition  for  any  negative  angle ; the  last  figure 
for  example  applies  when  A is  between  0 and  — 90°,  the  third  figure 
when  A is  between  — 90°  and  - 180°,  the  second  figure  when  A is 
between  — 180°  and  — 270°,  and  the  first  figure  when  A is  between 
- 270°  and  - 360°. 

54.  If  A be  the  number  of  degrees  in  any  angle,  then  the 
angle  which  is  expressed  in  degrees  by  90  - A is  called  the.  com- 
plement of  the  angle  A\  so  %,  — Q is  the  circular  measure  of  the 
A 

complement  of  the  angle  whose  circular  measure  is  6.  The  term 
complement  of  an  angle  has  already  been  introduced  (Art.  29),  but 
the  angle  contemplated  then  was  a positive  angle  less  than  a right 
angle.  This  restriction  however  will  be  no  longer  retained.  We 
may  now  shew  universally  that  the  sine  of  an  angle  is  equal  to  the 
cosine  of  its  complement , and  the  cosine  of  an  angle  is  equal  to  the 
sine  of  its  complement . These  propositions  may  be  proved  by 
examining  different  cases  as  in  Arts.  52  and  53 ; or  they  may  be 
deduced  from  results  already  established.  Thus,  for  example,  we 
have  proved  that 

sin  (90°  + A)  = cos  A,  universally  (Arts.  52,  53), 
also  sin  (90°  + A)  = sin  (180°  - 90°  - A),  universally  (Art.  51), 
therefore  sin  (90°  — A)  = cos  A,  universally. 


3—2 
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Then  if  we  suppose  90 ° — A=A'  we  have  ^ = 90°-^';  thus 
sin  A!  = cos  (90°  — A'),  universally. 


55.  It  will  now  be  found  that  we  are  able  to  express  any 
Trigonometrical  Ratio  of  any  angle  whatever  in  terms  of  the 
same  Trigonometrical  Ratio  of  some  positive  angle  not  exceeding 
a right  angle.  For  in  the  first  place  by  the  formulae  sin  (-.4) 
= — sinJ.  and  cos  (—  A)  = cos  A,  and  those  which  follow  from 
these  (see  Art.  49),  we  can  make  the  Trigonometrical  Ratios  of 
any  negative  angle  depend  upon  those  of  the  corresponding  posi- 
tive angle;  and  so  we  need  only  consider  positive  angles  if  we 
please.  By  Art.  45  any  multiple  of  four  right  angles  may  be 
rejected ; thus,  so  far  as  its  Trigonometrical  Ratios  are  concerned, 
we  may  replace  any  angle  whatever  by  an  angle  less  than  four 
right  angles.  Then  by  the  formulae  sin  (180°  + A)  = — sin  A,  and 
cos  (180°  + A)  = - cos  A,  and  those  which  follow  from  these  (see 
A_rt.  50),  we  may  make  the  Trigonometrical  Ratios  of  any  angle 
depend  upon  those  of  an  angle  not  exceeding  two  right  angles. 
Lastly,  by  the  formulae  sin  (180°  — A)  = sin  A and  cos  (180°  - A) 
= - cos  A,  and  those  which  follow  from  these  (see  Art.  48),  we  may 
make  the  Trigonometrical  Ratios  of  any  angle  depend  upon  those 
of  an  angle  not  exceeding  a right  angle. 

For  example, 

sin  600°  = sin  (360°  + 240°)  = sin  240°  = sin  (1 80°  + 60°)  = - sin  60°. 

Tan  (- 1000°)  = - tan  1000°  = - tan  (720°  + 280°)  = - tan  280° 

= - tan  (180°  + 100°)  = - tan  100°  = - tan  (180°  - 80°)  = tan  80°. 


56.  To  trace  the  changes  in  the  sine  of  an  angle  as  the 
angle  varies. 

Let  BAB'  and  GAG'  be  two  straight  lines  at  right  angles,  and 
suppose  a straight  line  AP  of  constant  length  to  revolve  round 
one  end  A from  the  fixed  position  AB  so  that  P traces  out  the 
circle  BGB'G'.  From  any  position  of  P draw  PM  perpendicular 
to  BAB' ; then 


sin  PAB : 


PM 

AP 
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When  AP  coincides  with  AB  the  perpendicular  PM  vanishes  ; 
thus  when  the  angle  is  zero  so  also  is  its  sine.  While  AP  moves 
through  the  first  quadrant  PM  is  positive,  and  continually  in- 
creases until  AP  coincides  with  AG,  and  then  PM  is  equal  to  AP] 
thus  as  the  angle  increases  from  0 to  90°  the  sine  increases  from 
0 to  1.  While  AP  moves  through  the  second  quadrant  PM  is 
positive,  and  continually  decreases  until  AP  coincides  with  AB' 
and  then  PM  vanishes ; thus  as  the  angle  increases  from  90°  to 
180°  the  sine  diminishes  from  1 to  0.  While  AP  moves  through 
the  third  quadrant  PM  is  negative,  and  increases  numerically 
until  AP  coincides  with  AC1;  thus  as  the  angle  increases  from 
180°  to  270°  the  sine  is  negative  and  increases  numerically  from 
0 to  — 1.  While  AP  moves  through  the  fourth  quadrant  PM  is 
negative,  and  decreases  numerically  until  AP  coincides  with  AB ; 
thus  as  the  angle  increases  from  270°  to  360°  the  sine  is  negative 
and  decreases  numerically  from  ~ 1 to  0. 
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■57.  To  trace  the  changes  in  the  cosine  of  an  angle  as  the  angle 
varies. 

With  the  figure  of  the  preceding  Article  we  have 

pjp  AM 
cos  PAB  = . 

Ar 


At  first  AT  coincides  with  AB  and  then  AM  = AT  ; thus  when 
the  angle  is  zero  the  cosine  is  1.  While  AT  moves  through  the 
first  quadrant  AM  is  positive  and  continually  decreases  until  AT 
coincides  with  AO  and  then  AM  vanishes;  thus  as  the  angle  in- 
creases from  0 to  90°  the  cosine  diminishes  from  1 to  0.  While  AT 
moves  through  the  second  quadrant  AM  is  negative  and  increases 
numerically  until  AT  coincides' with  AB thus  as  the  angle  increases 
from  90°  to  180°  the  cosine  is  negative  and  increases  numerically 
from  0 to  — 1.  While  AT  moves  through  the  third  quadrant  AM 
is  negative  and  decreases  numerically  until  AT  coincides  with  AC) 
thus  as  the  angle  increases  from  180°  to  270°  the  cosine  is  negative 
and  decreases  numerically  from  — 1 to  0.  While  AT  moves  through 
(he  fourth  quadrant  AM  is  positive  and  continually  increases  until 
AT  coincides  with  AB ; thus  as  the  angle  increases  from  270°  to  360° 
the  cosine  is  positive  and  increases  from  0 to  1. 


58.  To  trace  the  changes  in  the  tangent  of  an  angle  as  the 
angle  varies. 


tzxiTAB-- 


TM 

AM' 


At  first  AT  coincides  with  AB  and  then  TM  vanishes  and 
AM  =■  AB ; thus  when  the  angle  is  zero  so  also  is  its  tangent. 
While  AT  moves  through  the  first  quadrant  TM  and  AM  are 
positive ; TM  continually  increases  and  AM  continually  decreases 
until  AT  coincides  with  AC ; thus  as  the  angle  increases  from  0 to 
90°  the  tangent  increases  from  0 without  limit,  so  that  by  taking 
an  angle  sufficiently  near  to  90°  we  can  make  the  tangent  as  great 
as  we  please ; this  is  usually  expressed  for  the  sake  of  abbreviation 
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thus,  the  tcmgent  of  90°  is  infinite.  While  AP  moves  through  the 
second  quadrant  PM  is  positive  and  AM  is  negative;  PM  con- 
tinually decreases  and  AM  increases  numerically  until  AP  coincides 
with  AB’j  thus  as  the  angle  increases  from  90°  to  180°  the  tangent 
is  negative  and  decreases  numerically  from  an  indefinitely  large 
value  to  zero.  While  AP  moves  through  the  third  quadrant  PM 
and  AM  are  negative;  PM  increases  numerically  and  AM  de- 
creases numerically  until  AP  coincides  with  AC';  thus  as  the  angle 
increases  from  180°  to  270°  the  tangent  is  positive  and  increases 
from  0 without  limit,  so  that  by  taking  an  angle  sufficiently  near 
to  270°  we  can  make  the  tangent  as  great  as  we  please;  this  as 
before  is  abbreviated  into  the  tangent  of  270°  is  infinite.  While 
AP  moves  through  the  fourth  quadrant  PM  is  negative  and  AM 
is  positive;  PM  continually  decreases  numerically  and  AM  in- 
creases until  AP  coincides  with  AB ; thus  as  the  angle  increases 
from  270°  to  36 09  the  tangent  is  negative  and  decreases  numerically 
from  an  indefinitely  large  value  to  zero. 

Similarly  the  changes  in  the  cotangent  of  an  angle  may  be  traced. 

59.  To  trace  the  changes  in  the  secant  of  an  angle  as  the  angle 
varies. 

The  changes  in  the  secant  of  an  angle  may  be  traced  by  means  of 
the  figure  in  the  same  way  as  those  of  the  sine,  cosine,  and  tangent; 

or  we  may  use  the  formula  sec  PAB  = ^ „ , and  infer  the 

J cos  PAB 9 

changes  in  the  secant  from  the  known  changes  in  the  cosine ; we 
will  adopt  the  latter  method.  As  the  angle  increases  from  0 to  90° 
the  cosine  diminishes  from  1 to  0 ; thus  the  secant  increases  from 
1 without  limit,  so  we  may  say  the  secant  of  2 0°  is  infinite.  As 
the  angle  increases  from  90°  to  180°  the  cosine  is  negative  and  in- 
creases numerically  from  0 to  — 1 ; thus  the  secant  is  negative  and 
decreases  numerically  from  an  indefinitely  large  value  to  — 1.  As 
the  angle  increases  from  180°  to  270°  the  cosine  is  negative  and 
decreases  numerically  from  — 1 to  0 ; thus  the  secant  is  negative 
and  increases  numerically  from  — 1 to  infinity.  As  the  angle 
increases  from  270°  to  360°  the  cosine  is  positive  and  continually 
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increases  from  0 to  1 ; thus  the  secant  is  positive  and  diminishes 
from  infinity  to  1. 

Similarly  the  changes  in  the  cosecant  of  an  angle  may  be  traced. 

60.  Since  vers  A = 1 — cos  A,  as  the  angle  increases  from  0 to 
180°  the  versed  sine  increases  from  0 to  2,  and  as  the  angle  in- 
creases from  180°  to  360°  the  versed  sine  diminishes  from  2 tp  0. 

61.  Thus  we  see  that  the  sine  and<  the  cosine  may  have  any 
value  between  — 1 and  + 1 ; the  tangent  and  the  cotangent  may 
have  any  value  between  — oo  and  4-  oo  ; the  secant  and  the  cosecant 
may  have  any  value  between  - oo  and  - 1 and  between  + 1 and  + oo  . 
And  it  will  be  found  on  examination  that  no  Trigonometrical 
Ratio  changes  its  sign  except  when  it  passes  through  the  value 
zero  or  the  value  infinity.  The  versed  sine  is  always  positive  and 
may  have  any  value  between  0 and  2. 

62.  The  following  table  of  the  values  of  the  Trigonometrical 
Ratios  of  certain  angles  is  formed  from  the  results  of  the  preceding 
Chapter  and  the  present  Chapter. 
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EXAMPLES. 

1.  Determine  the  values  of  the  Trigonometrical  Ratios  for  an 
angle  of  585°. 

2.  Also  for  an  angle  of  690°. 

3.  Also  for  an  angle  of  930°. 

4.  Also  for  an  angle  of  6420°. 

5.  Find  all  the  angles  between  0 and  900°  which  satisfy  the 
relation  tan  6 = 1. 

6.  Find  all  the  angles  between  0 and  900°  which  satisfy  the 
relation  cos2  6 = 

7.  Find  all  the  values  of  versin  ^ where  n is  any  integer. 


8.  Find  all  the  values  of  sin 
integer. 


( n-JT  . _ . 7T 

lT+(-1)  6. 


where  n is  any 


9.  Solve  sin3  6 + cos3  0 = 0. 

10.  Solve  2 sin2  6-5  cos 0-4  = 0. 

11.  Trace  the  changes  in  the  sign  and  value  of  cos  6 — sin  0 
as  6 changes  from  0 to  2tt. 


12.  Also  of  cos2  6 - sin2  6. 

1 3.  Also  of  tan  6 + cot  6. 


14. 
equal  % 


Is  sec20  = 


4 ah 
(a+b)2 


a possible  equation  if  a and  b are  un- 


15.  Shew  that  tan  (J.  + 90°)  = — cot  A,  cot  (A  + 90°)  = - tan  A, 
sec  (A  + 90°)  = — cosec  A}  cosec  ( A + 90°)  = sec  A, 

vers  (A  + 90°)  = 1 + sin  A. 

1 6.  Shew  that  sin  (270°  - A)  = - cos  A , cos  (27 0°  - A)  = - sin  A 

17.  Shew  that  sin  (270°  + .4)  = - cos^l,  cos  (270°  + A)  = sin  A. 

18.  Shew  that  sin  (360°  - A)  = - sin  A,  cos  (360°  - .4)  = cos  A. 
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Y.  ANGLES  WITH  GIYEN  TRIGONOMETRICAL 
RATIOS. 

63.  To  construct  an  angle  with  a given  sine  or  cosine. 


Required  an  angle  the  sine  of  which  is  a given  quantity  a. 
Describe  a circle  with  unity  for  its  diameter,  and  take  any  diameter 
AB  of  this  circle ; with  centre  B and  radius  a describe  a circle ; let 
C be  one  of  the  points  where  this  circle  meets  the  former  circle ; 
join  AG  and  BG. 

Then  ACB  is  a right  angle,  by  Euclid,  in.  31,  and  the  sine  of  BAG 
BG 

is  -j-p,  that  is  a;  therefore  BAG  is  such  an  angle  as  is  required. 

A.  JtS 

If  the  cosine  of  the  required  angle  is  to  be  a,  then  the  same 
construction  may  be  made,  and  ABG  will  be  such  an  angle  as  is 
required. 

64.  To  construct  an  angle  with  a given  tangent  or  cotangent. 
Required  an  angle  the  tangent  of  which  is  a given  quantity  a. 
Take  a straight  line  AB  the  length  of  which  is  unity ; draw 
BG  at  right  angles  to  AB  and  equal  in  length  to  a , and  join  GA. 
BG 

Then  the  tangent  of  BAG  is  ^ a > therefore  BAG  is  such 

an  angle  as  is  required. 
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If  the  cotangent  of  the  required  angle  is  to  be  a then  the  same 
construction  may  be  made,  and  ACB  will  be  such  an  angle  as  is 
required. 


65.  If  an  angle  is  required  to  have  a given  cosecant,  then 
since  the  cosecant  is  the  reciprocal  of  the  sine,  the  angle  must 
have  a known  sine;  therefore  the  angle  may  be  found  by  Art.  63. 
Similarly  if  an  angle  is  required  to  have  a given  secant,  or  a given 
versed  sine,  then  the  cosine  of  the  angle  is  known  and  the  angle 
may  be  found  by  Art.  63. 

"We  shall  now  proceed  to  find  expressions  which  include  all  the 
angles  which  have  a given  Trigonometrical  Ratio.  In  the  re- 
mainder of  this  Chapter  we  shall  express  all  the  angles  that  occur 
in  circular  measure. 

66.  To  find  an  expression  for  all  the  angles  which  have  a 
given  sine. 

Let  BAG  be  the  least  positive  angle  which  has  the  given  sine  ; 


denote  this  angle  by  a.  Produce  BA  to  any  point  B'  and  make 
the  angle  B'A  O'  = BA  G ; then  BA  C'  = n-  — a. 

How  it  is  obvious  from  the  figure  that  the  only  positive  angles 
which  have  the  same  sine  as  a are  7r  — a,  and  the  angles  formed  by 
adding  any  multiple  of  four  right  angles  to  a or  to  tt  — a;  that  is, 
angles  included  in  the  formulae  2mr  + a and  2mr  + tt  — a,  where  n is 
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zero  or  any  positive  integer.  Also  the  only  negative  angles  which 
have  the  same  sine  as  a are  — (jr  4-  a),  and  — (2-tt  — a),  and  the  angles 
formed  by  adding  to  these  any  multiple  of  four  right  angles  taken 
negatively;  that  is  angles  included  in  the  formulae  2mr  — (tt  + o), 
and  2mr  — ( 2ic  — a),  where  n is  zero  or  any  negative  integer.  All 
the  angles  which  have  been  indicated  will  be  found  on  trial  to 
be  included  in  the  formula  mr+  (—  1)"  a,  where  n is  zero,  or  any 
integer  positive  or  negative.  Also  all  the  angles  included  in  this 
formula  will  be  found  among  the  angles  which  have  been  indi- 
cated. 

Thus  the  formula  mr  + (—  l)”a  includes  all  the  angles  which 
have  the  same  sine  as  a,  and  all  the  angles  which  it  includes  have 
the  same  sine  as  a. 

This  formula  also  determines  all  the  angles  which  have  the  same 
cosecant  as  a. 

67.  To  find  an  expression  for  all  the  angles  which  have  a given 
cosine. 

Let  BAG  be  the  least  positive  angle  which  has  the  given  cosine; 
denote  this  angle  by  a.  Make  the  angle  BAG ' -BAG. 


Now  it  is  obvious  from  the  figure,  that  the  only  positive  angles 
which  have  the  same  cosine  as  a are  2i r — a,  and  the  angles  formed 
by  adding  any  multiple  of  four  right  angles  to  a or  to  2-tt  — a; 
that  is,  angles  included  in  the  formulse  2mr  + a and  2nir  + 2v  — a, 
where  n is  zero  or  any  positive  integer.  Also  the  only  negative 
angles  which  have  the  same  cosine  as  a are  — a,  and  — (2v  - a),  and 
the  angles  formed  by  adding  to  these  any  multiple  of  four  right 
angles  taken  negatively ; that  is,  angles  included  in  the  formulse 
2nx  — a and  2mr  - {2x  — a),  where  n is  zero  or  any  negative  integer. 
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All  the  angles  which  have  been  indicated  will  be  found  on  trial  to 
he  included  in  the  formula  2nir  ± a,  where  n is  zero  or  any  integer 
positive  or  negative.  Also  all  the  angles  included  in  this  formula 
will  be  found  among  the  angles  which  have  been  indicated. 

Thus  the  formula  2mr  ± a includes  all  the  angles  which  have 
the  same  cosine  as  a,  and  all  the  angles  which  it  includes  have  the 
same  cosine  as  a. 

This  formula  also  determines  all  the  angles  which  have  the 
same  secant  or  the  same  versed  sine  as  a. 

68.  To  find  an  expression  for  all  the  angles  which  have  a given 
tangent. 

Let  BAG  be  the  least  positive  angle  which  has  the  given  tan- 
gent ; denote  this  angle  by  a.  Produce  BA  to  any  point  B'  and 
CA  to  any  point  O'. 


Now  it  is  obvious  from  the  figure  that  the  only  positive  angles 
which  have  the  same  tangent  as  a are  tt  + a,  and  the  angles  formed 
by  adding  any  multiple  of  four  right  angles  to  a or  to  ir  + a ; that 
is,  angles  included  in  the  formulse  2mr  + a and  2mr  + ir  4-  a,  where 
n is  zero  or  any  positive  integer.  Also  the  only  negative  angles 
which  have  the  same  tangent  as  a are  — (n-  — a),  and  — (2 tt  — a),  and 
the  angles  formed  by  adding  to  these  any  multiple  of  four  right 
angles  taken  negatively ; that  is,  angles  included  in  the  formulse 
2mr  — (tt  — a)  and  2nir  — (2ir  — a),  where  n is  zero  or  any  negative 
integer.  All  the  angles  which  have  been  indicated  will  be  found 
on  trial  to  be  included  in  the  formula  rnr  + a,  where  n is  zero,  or 
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any  integer  positive  or  negative.  Also  all  the  angles  included  in 
this  formula  will  be  found  among  the  angles  which  have  been 
indicated. 

Thus  the  formula  nir  + a includes  all  the  angles  which  have 
the  same  tangent  as  a,  and  all  the  angles  which  it  includes  have 
the  same  tangent  as  a. 

This  formula  also  determines  all  the  angles  which  have  the 
same  cota/ngent  as  a. 

69.  In  Art.  66  we  shewed  that  if  a be  the  least  positive  angle 
which  has  a given  sine,  the  formula  nir  + ( - 1)"  a includes  without 
excess  or  defect  all  the  angles  which  have  the  same  sine  as  a • it 
was  convenient  for  distinctness  in  the  demonstration  to  suppose  a 
the  least  positive  angle  which  has  the  given  sine.  But  this  restric- 
tion can  be  removed,  for  we  can  shew  that  if  (3  be  any  angle,  the 
formula  mr  + ( — l)"/3  will  include  without  excess  or  defect  all  the 
angles  which  have  the  same  sine  as  (3.  For  suppose  a to'  be  the 
least  positive  angle  which  has  its  sine  equal  to  sin  (3 ; then,  from 
what  has  been  proved,  we  know  that  j3  must  be  one  of  the  angles 
included  in  the  formula  mir  + ( - 1)"*  a where  m is  zero,  or  any  in- 
teger positive  or  negative.  Suppose  then  (3  = rir  + (-l)r  a]  there- 
fore nir  + ( — 1)”  [3  — nir  + ( — l)n  T7r  + ( — l),,+r  a ; and  all  we  have  to 
prove  is,  that  this  formula  includes  without  excess  or  defect  all  the 
angles  included  in  the  formula  mir  + ( - l)m  a.  If  n be  even  the 
formulse  correspond  by  taking  m = n + r‘,  if  ^ be  odd,  the  formula; 
correspond  by  taking  m-n-r.  The  formula  mr  + (-  V)n  (3  will 
of  course  also  include  without  excess  or  defect  all  the  angles  which 
have  the  same  cosecant  as  (3. 

70.  Similarly  we  may  shew  that  if  (3  be  any  angle,  the  angles 
which  have  the  same  cosine  or  secant  or  versed  sine  as  (3  will  be 
included  without  excess  or  defect  in  the  formula  2mr  ± [3 ; and  that 
the  angles  which  have  the  same  tangent  or  cotangent  as  (3  will  be 
included  without  excess  or  defect  in  the  formula  nir  + (3. 

71.  Before  leaving  this  part  of  the  subject  we  will  recur  to  the 
definitions  of  the  Trigonometrical  Ratios ; we  considered  them 
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as  ratios  formed  by  comparing  the  sides  of  a right-angled  triangle, 
but  formerly  they  were  differently  defined,  and  it  is  advisable  to 
notice  the  old  definitions  in  order  that  the  student  may  understand 
allusions  to  them  which  will  occur  in  his  reading. 


Let  A be  the  centre  of  any  circle,  AB  a radius,  BP  any  arc ; 
draw  the  radius  AG  at  right  angles  to  AB,  and  draw  tangents  to 
the  circle  at  the  points  B and  G ; produce  AP  to  meet  the  first 
tangent  at  T and  the  second  tangent  at  t ; draw  PM  perpendicular 
to  AB.  Then  the  old  definitions  are  as  follows,  in  which  the 
straight  lines  of  the  figure  are  considered  to  be  functions  of  the 
arc  BP.  PM  is  the  sine  of  the  arc  BP,  AM  is  its  cosine,  BT  is 
its  tangent,  Gt  is  its  cotangent,  AT  is  its  secant,  At  is  its  cosecant, 
BM  is  its  versed  sine ; also  the  straight  line  joining  B and  P is  the 
chord  of  the  arc  BP.  Thus  the  terms  sine,  cosine,  <fec.,  formerly 
denoted  certain  straight  lines  and  not  certain  ratios.  On  the  old 
system  the  lengths  of  the  sine,  cosine,  &c.  depended  on  the  radius 
of  the  circle  considered,  so  that  it  became  necessary  to  state  what 
length  was  ascribed  to  this  radius  in  any  investigation. 
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72.  It  is  easy  to  connect  the  values  of  the  old  and  new  Trigo- 
nometrical Functions ; for 

PM 


sine  of  the  angle  PAB  = 


AP 


sine  of  the  arc  PB  — PM ; 

thus  sine  of  the  arc  - radius  of  circle  x sine  of  the  angle, 
sine  of  the  arc 


and  sine  of  the  angle  ■■ 


radius  of  circle ' 


Similar  results  hold  for  all  the  other  Trigonometrical  Functions. 
Thus  from  any  formula  in  the  modern  system  which  involves  Func- 
tions of  angles,  we  can  deduce  the  corresponding  formula  in  the 
ancient  system  which  will  involve  Functions  of  arcs,  and  vice  versa. 

For  example,  if  A denote  any  angle,  we  have  (Art.  32) 
sin2  A + cos2  A = 1. 

How  let  a denote  the  arc  corresponding  to  A in  a circle  of 
radius  r ; then,  using  the  old  definitions, 

sin2  a + cos2  a 
r 2 r2  ~ ’ 


so  that 


sin  a + cos  a = r . 


Suppose  the  straight  line  PB  drawn ; then  the  sine  of  half  the 

ipB  JPJB 

angle  PAB  = 2 . ■ ■ = A ~r ; and  therefore  the  chord  of  an  arc 
° AB  2 AB’ 

= radius  of  circle  x twice  the  sine  of  half  the  angle. 

73.  Since  the  sine  of  an  arc  is  equal  to  the  radius  of  the  circle 
multiplied  by  the  sine  of  the  angle,  it  follows  that  if  the  radius  of 
the  circle  be  unity  the  numerical  value  of  the  sine  is  the  same  in 
both  systems ; and  a similar  result  holds  for  the  other  Trigonome- 
trical Functions.  Thus  any  formula  expressed  in  the  ancient 
system  may  be  immediately  converted  into  a formula  expressed 
in  the  modern  system  by  supposing  the  radius  of  the  circle  to  be 
equal  to  unity. 


EXAMPLES.  CHAPTER  V. 
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74.  The  old  definitions  give  some  indications  of  the  origin  of 
the  terms  sine,  cosine,  &c.  The  word  sine  seems  derived  from  the 
Latin  word  sinus  a bosom,  the  arc  is  supposed  to  represent  a bow, 
and  thus  gets  its  name,  and  the  string,  half  of  which  represents  the 
sine  of  half  the  arc,  would  come  against  the  breast  of  the  archer. 
The  words  tangent  and  secant  are  naturally  derived  from  the  old 
definitions.  (See  the  English  Cyclopaedia;  article  Trigonometry .) 

75.  The  modem  method  has  now  completely  superseded  the 
ancient  method  in  English  works ; it  was  introduced  by  Dr  Peacock. 
(See  Peacock’s  Algebra,  Yol.  n.  page  157.)  It  may  however  be 
observed,  that  it  is  stated  by  Professor  De  Morgan  ( Trigonometry 
and  Double  Algebra,  page  18),  that  “Rheticus,  who  gave  the  first 
complete  Trigonometrical  table,  and  invented  the  secant  and  cose- 
cant to  complete  it,  used  the  method  of  ratios.” 


EXAMPLES. 

1.  Write  down  the  general  value  of  6 when  tan  0 = 1. 

2.  Write  down  the  general  value  of  0 when  sin  0=1. 

3.  Write  down  the  general  value  of  0 when  cos  0=1. 

4.  Write  down  the  general  value  of  0 when  cos  0=  — ^ 

Ji 

5.  Find  all  the  values  of  0 which  satisfy  sin20  = sin2  a. 


6.  Write  down  the  general  value  of  0 when  cosec2  0 = - . 

O 

7.  Find  all  the  values  of  0 which  satisfy  cos20  = cos2a. 

8.  Write  down  the  general  value  of  0 when  sec20=  2. 

9.  Find  all  the  values  of  0 which  satisfy  tan20  = tan2  a. 

10.  Write  down  the  general  value  of  0 when  tan20  = ~ . 

11.  Shew  that  all  the  angles  which  have  both  the  same  sine 
and  the  same  cosine  as  a,  are  included  in  the  formula  2nir  + a. 

12.  Write  down  the  general  value  of  0 which  satisfies  both 


sin  0 = - and  cos  0 • 

U 


JS 
2 ' 


T.  T. 
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VI.  TRIGONOMETRICAL  RATIOS  OF  TWO  ANGLES. 

7 6.  To  express  the  sine  cmd  the  cosine  of  the  sum  of  two  angles 
in  terms  of  the  sines  and  the  cosines  of  the  amgles  themselves. 


Let  the  angle  GOD  be  denoted  by  A,  and  the  angle  DOE  by 
B ; then  the  angle  COE  will  be  denoted  by  A + B.  In  OE  take 
any  point  P,  draw  PM  perpendicular  to  00,  and  PN  perpendicular 
to  OD ; draw  NR  perpendicular  to  PM  and  NQ  perpendicular 
to  00. 

Then  the  angle  NPR  is  the  complement  of  PNR , and  is 
therefore  equal  to  RNO,  which  is  equal  to  NOG  or  A. 


. . , . PM 

Now  sm  (A  +B)= 

NQ 


RM+PR 

OP 


NQ  PR 
~ OP  + OP 
PN 


ON  PR 

~ ON  ' OP  + PN  * OP 
= sin  A cos  B + cos  A sin  B. 


cos  (A  + B)  = 


OM  OQ-QM 
OP 


OP 

OQ  ON_NR 
ON  'OP  NP'  OP 


OQ 

'OP 

NP 


NR 

OP 


= cos  A cos  B - sin  A sin  B. 
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77.  To  express  the  sine  and  the  cosine  of  the  difference  of  two 
angles  in  terms  of  the  sines  and  the  cosines  of  the  angles  themselves. 


Let  the  angle  COD  be  denoted  by  A,  and  the  angle  DOE  by 
B • then  the  angle  C OE  will  be  denoted  by  A —B.  In  OE  take 
any  point  P,  draw  PM  perpendicular  to  OG  and  PN  perpendicular 
to  OD ; draw  NR  perpendicular  to  MP  produced  and  NQ  perpen- 
dicular to  00. 

Then  the  angle  NPR  is  the  complement  of  PNR,  and  is 
therefore  equal  to  DNR  which  is  equal  to  DOG  or  A, 


Now  sin  (A  - B)  = 


PM 

~0P 


RM-RP  NQ 
OP  ~0P 


RP 

OP 


_ NQ  ON  RP  PN 
~ ON'  OP  PN’  OP 
= sin  A cos  B — cos  A sin  i?. 


OM  OQ  + QM 

coB(A-£)  = -ffF=—5p— 


_0Q  NR 
~ OP  + OP 


OQ  ON  NR  PN 
~0N‘  OP  + PN’  OP 
= cos  A cos  B sin  A sin  B. 
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78.  To  assist  the  student  in  remembering  the  preceding 
demonstrations,  we  may  observe  that  the  point  P is  taken  in  the 
straight  line  which  bounds  the  compound  angle  we  cure  considering; 
thus,  in  proving  the  formulse  for  sin  (A  + B)  and  cos  (A  + B)  the 
point  P is  taken  in  the  straight  line  which  bounds  the  angle 
A + B,  and  in  proving  the  formulse  for  sin  ( A — B)  and  cos  (A  — B) 
the  point  P is  taken  in  the  straight  line  which  bounds  the  angle 
A— B.  After  the  construction  is  completed,  the  principal  step 
consists  in  shewing  that  the  angle  NPR  is  equal  to  A ; it  will 
be  seen  from  the  construction  that  this  is  the  case,  for  the  straight 
lines  PN,  PR  are  respectively  perpendicular  to  the  straight  lines 
which  form  the  angle  A}  and  thus  form  an  angle  equal  to  A. 

79.  The  formulse  established  in  Arts.  76  and  77  are  tine 
whatever  may  be  the  size  of  the  angles  A and  B • the  student  may 
exercise  himself  by  going  through  the  construction  and  demon- 
stration in  different  cases ; it  will  be  found  that  the  only  variety 
which  occurs  in  the  construction  consists  in  the  circumstance  that 
the  perpendiculars  sometimes  fall  on  certain  straight  lines  and 
sometimes  fall  on  those  straight  lines  produced.  We  will,  as  an 
example,  prove  the  formulse  in  Art.  76,  when  each  of  the  angles  A 
and  B is  less  than  a right  angle,  and  their  sum  greater  than  a 
right  angle. 


E 


Let  the  angle  GOD  be  denoted  by  A,  and  the  angle  DOE  by 
then  the  angle  COE  will  be  denoted  by  A + B.  In  OE  take 
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any  point  P,  draw  PM  perpendicular  to  CO  produced  and  PN 
perpendicular  to  OB ; draw  NR  perpendicular  to  PM  and  NQ 
perpendicular  to  OC. 

Then  the  angle  NPR  is  the  complement  of  PNR , and  is  there- 
fore equal  to  RNO , which  is  equal  to  NOC  or  A. 


Now  sin  (A  + B)  = 


PM  MR  + PR  NQ  PR 
OP  ~ OP  ~ OP  + OP 


NQ  ON  PR  PN 
” ON' OP  + PN'  OP 


= sin  A cos  B + cos  A sin  B. 


Also  cos  (A  + B)  = 


OM 

OP’ 


here  we  must  remember  that  OM  being  measured  to  the  left  of  0 
is  a negative  quantity,  and  we  may  put  for  it  OQ  - QM,  that  is 
0Q-  NR;  thus 


cos  (A  + B)  = 


OQ-NR  OQ  NR 
OP  “ OP  OP 


OQ  ON  _NR  PN 
~ ON'  OP  PN'OP 
= cos  A cos  B - sin  A sin  B. 

80.  The  formulae  established  in  Arts.  76  and  77  may  be  con- 
sidered the  fundamental  formulae  of  the  subject;  it  is  important 
therefore  that  they  should  be  shewn  to  be  universally  true.  As 
we  have  intimated  in  the  preceding  Article,  the  student  might 
convince  himself  of  their  universal  truth  by  examination  of  all 
the  cases  that  can  occur;  but  we  may  arrive  at  the  required  result 
more  decisively  by  making  use  of  some  theorems  which  have  al- 


ready been  completely  established. 

The  formulae  we  have  to  prove  are 

sin  (A  + B)  = sin  A cos  B + cos  A sin  B (1). 

cos  (A  + B)  = cos  A cos  B - sin  A sin  B (2). 

sin  {A  - B)  = sin  A cos  B - cos  A sin  B (3). 

cos  (A  - B)  = cos  A cos  B + sin  A sin  B (4). 
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Now  in  Arts.  76  and  79  we  have  shewn  that  (1)  and  (2)  hold  for 
all  positive  values  of  A and  B,  which  do  not  exceed  a right  angle  ; 
and  in  Art.  77  we  have  shewn  that  (3)  and  (4)  hold  for  all  positive 
values  of  A and  B which  do  not  exceed  a right  angle,  provided  A 

he  greater  than  B.  We  shall  first  shew  that  the  restriction  of  A 

being  greater  than  B may  be  removed  from  (3)  and  (4). 

By  Art.  49,  sin  (A  — B)  = - sin  (B  - A), 

and  cos  (A  — B)  = cos  ( B-A ) ; 

if  then  we  know  that 

sin  (B  - A)  = sin  B cos  A-cosB  sin  A, 
and  cos  (B  -A)  = cos  B cos  A + sin  B sin  A ; 

we  know  also  that 

sin  (A  — B)  = sin  A cos  B - cos  A sin  B, 
and  cos  (A  — B)—  cos  A cos  B + sin  A sin  B. 

Therefore  if  (3)  and  (4)  hold  for  values  of  A and  B comprised 
between  any  limits  when  A is  greater  than  B,  they  hold  for  values 
of  A and  B comprised  between  the  same  limits  when  A is  less 
than  B. 

Thus  we  know  that  the  four  formulae  are  all  true  for  any 
positive  value  of  each  angle  between  zero  and  a right  angle.  We 
shall  next  shew  that  if  all  the  formulae  are  true  for  values  of  A and 
B comprised  between  certain  limits,  these  limits  may  be  increased 
by  a right  angle.  For  by  Art.  52, 

sin  (90°  + A + B)  = cos  {A  + B)  = cos  A cos  B - sin  A sin  B 
= sin  (90°  + A)  cos  B + cos  (90°  + A)  sin  B; 

in  this  way,  from  the  truth  of  (2)  for  any  limits,  we  can  infer  the 
truth  of  (1)  with  an  increase  of  90°  in  the  limits  of  either  angle. 
Similar  considerations  apply  to  all  the  other  formulae;  and  thus 
the  limits  become  as  large  as  we  please. 

Lastly,  the  truth  of  the  formulae  for  any  negative  angles  may 
be  established ; suppose  A and  B both  negative,  let  A = - A'  and 
B = — A';  thus 
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sin  (A-\-B)  = sin  ( — A'  — B')  = - sin  (A'  + B'),  by  Art.  49, 
= — (sin  A'  cos  Bf  + cos  A'  sin  B') 

= sin  (—  A')  cos  (-  B')  + cos  (-  A')  sin  (—  B') 

= sin  A cos  B + cos  A sin  B. 


Similarly  all  the  other  formulae  may  be  shewn  to  be  true  when  both 
the  angles  are  negative,  or  when  one  of  the  angles  is  negative. 

81.  From  the  four  fundamental  formulae  a large  number  of 
other  formulae  may  be  deduced ; we  shall  give  some  examples  of 
such  deductions. 


82.  In  the  expressions  for  sin  {A  + B)  and  cos  [A  + B)  put 
B = A j thus 

sin  2 A = 2 sin  A cos  A • 

cos  2 A = cos2  A - sin3 .4  = 1-2  sin2  A = 2 cos2  A - 1. 


Thus 


and 

Also 

83. 


1 + cos  2.4  = 2 cos2  A, 
1 - cos  2A  = 2 sin3  A, 


1 - cos  2 A 
1 + cos  2 A 


= tan3  A. 


sin  2.4  . sin  2 A 

■= = tan  A,  = 

1 + cos  2 A 1 - cos  2 A 


= cot  A. 


Sin  (A  + B)  sin  {A  - B) 

= (sin  A cos  B + cos  A sin  B)  (sin  A cos  B — cos  A sin  B) 
= sin2  A cos2  B - cos2  A sin2  B 


= sin3  A (1  - sin2  B)  - (1  - sin2  A)  sin2  B 
= sin2  A — sin2  B.  ~ . ^ 

This  result  is  very  important. 


And  cos  {A  + B)  cos  (A-B) 

= (cos  A cos  B - sin  A sin  B)  (cos  A cos  B + sin  A sin  Li) 
= cos2  A cos2  B - sin2  A sin2  B 


= cos2  A (1  - sin2  B)  — (1  - cos2 .4)  sin2  B 
= cos2  A - sin2  B - cos2  B — sin2  A. 
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84.  From  the  four  fundamental  formulae  we  have 
sin  {A  + B)  + sin  (A  — B)  = 2 sin  A cos  B, 
sin  (A.  + B)  — sin  (A  - B)  = 2 cos  A sin  B , 
cos  (A  + B)  + cos  (A  — B)  = 2 cos  A cos  B, 
cos  (A  — B)  — cos  ( A + B)  = 2 sin  A sin  B. 

Let  A + B = 0 and  A-B-B)  therefore 

A=l(C  + B)  and  B = ^(C  — B);  thus 


. „ . n „ . C + D G-B 

sm  C + sm  B = 2 sm  — - — cos  — , 


. „ . „ „ C+B  . C-B 

sm  G - sm  B - 2 cos  — ^ — sm  — 


„ n 0 G + B C-B 
cos  C+  cos  B = 2 cos  — — cos  — 

2i  A 


cos  B - cos  C = 2 sin 


(7  + 2?  . 


2 SU1 


G-B 
2 ‘ 


These  formulae  will  be  found  to  be  extremely  useful  in  mathe- . 
matical  investigations ; they  enable  us  to  put  the  sum  or  the  dif- 
ference of  two  sines  or  two  cosines  in  the  form  of  a product;  or  to 
replace  the  product  of  a sine  or  a cosine  into  a sine  or  a cosine 
by  half  the  sum  or  half  the  difference  of  two  such  Ratios. 


85. 


Tan  (A  + B)  = 


sin  (A  +B ) sin  A cos  B + cos  A sin  B _ 
cos  (A  + B)  ""  cos  A cos  B — sin  A sin  B ’ 


divide  both  numerator  and  denominator  of  the  last  expression  by 


cos  A cos  B ; thus  we  get 


sin  A sin  B 

cos  A cos  B 

j sin  A sin  B ’ 
cos  A cos  B 


therefore 


tan  {A  + B)  = 


tan  A + tan  B 
1 - tan  A tan  B ' 
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Suppose  B = A)  thus  we  obtain 
tan  2 A = 


2 tan  A 


1 — tan2  A ' 

Tan  (A  — B)  — s*n  “ •#)  _ sin  A cos  B - cos  A sin  B 
' ' cos  (A  — B)  cos  A cos  B + sin  A sin  B 


(A  — B)  cos  A cos 
sin  A sin  B 

cos  A cos  B 


1 + 


_ tan  A — tan  B 
sin  'A  sin  B ~ 1 + tan  A tan  B 
cos  A cos  B 


Suppose  for  example  that  B - 45°,  so  that  tan  B=  1 ; then  we 
shall  obtain 

, , , . K0\  1 + tan  A tan  A — l 

v ’ 1 — tan  A v ’ tan  A + l 

on  n j.  / a 75\  cos  (-4  + B)  cos  A cos  B — sin  A sin  B 

86.  Cot  (A  + B)  = . ) — A = - — 1 B *—r-. — _ 

sm  (A  +B)  sml  cos  B + cos  A sm  B 


1 


cos  A cos  B 

sin  A sin  B 

cos  A cos  B 
+ 


cot  A cot  B - 1 
cot  A + cot  B 


sin  A sin  B 

Suppose  B = A • thus  we  obtain 


Similarly 


cot  2 A - 


cot  (-4  - B)  = 


cot2 .4  — 1 
2 cot  A 

cot  A cot  B + 1 
cot  B — cot  A 


87.  Sin  2 A = 2 sin  A cos  A = ^ ^ ^ C— (Arts.  82  and  32) ; 

A. 


' A + cos’ 

divide  both  numerator  and  denominator  of  the  last 
2 sin  A 


ky 


cos2  A ; thus  we  get 


cos  A 


1 + 


'A3 


therefore  sin  2 A = 


cos2  it 

2 tan  A 
1 + tan2  A ' 
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Also  cos  2 A = cos*  A - sin2  A = cos^  s*no  "f  (Axts.  82  and  32) 


cos2  A + sin3  A 


1- 
1 + 


sin2  A 

cos2  A 1 _ tan2  A 
sin2  A “ 1+tan3^' 
cos'5  A 


88. 


„ . A + B A-B 

. i . n 2 sin  — cos  — ~ 

sin  A + sm  B 2 2 

Bm^-sin-S~2cos£+^sill^-g( 


A + B 

tan  2 

-~~rrs> 

tan  — 

„ 1+-B  A-B 

. p 2 cos  — cos 
cosA  + cosi?  2-  2 


cos  B-  cos  A 
sin  A + sin  B 

~ . A+B 

2 sm — - — 
A 

- cot A + B cot 

b.  A-B 
sm  2 

A-B 

A 

O • 

2 SIT) 

2 ' 
A-B 

" sm  2 

cos  2 

cos  A + cos  B 

A-B 

2 cos  — - — 
A 

cos  2 

. 

sin  A — sin  B 

2 COS  — ^ — 

sm  2 

cosi?  — cos  A 


= tan 


A + B 


A+B 

. A + ,8  . A— B~ cot  “2“ 
sm 


89.  Tan  A + tan  B = 


2 2 

sin  A sin  B sin  A cos  B + cos  A sin  B 
cos  A cos  B ~ 


cos  A cos  B 


sin  (A  + B) 
cos  A cos  B ’ 
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Similarly  tan  A - tan  B = 


sin  (A  - B) 


cos  A cos  B ’ 


90.  Tan  A + cot  A = 


cos  A sm  A sin  A cos  A 


1 


2 


2 


sin  A cos  A 2 sin  A cos  A sin  2 A 


cos  A sin2  A — cos2  A 


cos  A 


sin  A sin  A cos  A 


cos  2 A 


sin  A cos  A 


91.  Sin  3 A = sin(2 A +A)=sin2A  cos  A +cos 2A  sinA  (Art.  76) 
= 2 sin  A cos3  A + (1  — 2 sin3  A)  sin  A 
= 2 sin  A (1  - sin3  A)  + (1  - 2 sin2  A)  sin  A 
= 3 sin  A - 4 sin8  A. 

cos  3 A = cos  (2  A + A) = cos  2 A cos  A -sin  2 A sin  A (Art.  76) 
=’  (2  cos 2 A - 1)  cos  A - 2 cos  A sin2  A 
= (2  cos2  A — 1)  cos  A - 2 cos  A (1  - cos2  A) 

=.  4 cos3  A - 3 cos  A. 

0 , sin  3A  3sinA-4sin3A 

Hence  tan  3A  = — -5-7  = r — — « T . 

cos  3A  4 cos  A - 3 cos  A 

Divide  both  numerator  and  denominator  by  cos3A ; thus 


tan  3A  = 


3 tan  A 
cos8  A 


— 4 tan?  A 


3 tan  A (1  + tan2  A)  - 4 tan3  A 
4 - 3 (1  + tan2  A) 


3 tan  A — tan3  A 


1 — 3 tan2  A 
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92.  To  find  fae  values  of  the  Trigonometrical  Ratios  for  an 
angle  of  15°  and  an  angle  of  75°. 


sin  15°  = sin  (45°  - 30°)  = sin  45°  cos  30°  - cos  45°  sin  30°  = 


V3-1 

V2  ' 


cos  15°  = cos  (45°  - 30°)  = cos  45°  cos  30°  + sin  45°  sin  30 0 = ^ * - ; 

2 


15°  = 


1 


cos  15 


2v/2  1K0  1 2^2 

- ; cosec  15  = - — ^ = - /0 

J3  + 1 ’ sin  15°  ffd  - 1 


And  sin  75°  = cos  15°  = ; 

2 ffz 


cos  75°  = sin  15°=  ^ * ; 

£ IS]  “ 


tan  75°  =cot  15°  = 2 + ^/3  ; cot  75°  = tan  15°  = 2 - ^3  ; 


sec  75°  = cosec  15°  = 


2*/2 

v/3-1 


cosec  75p  = sec  15°  = 


2^/2 

V3  + r 


93.  If  sin  ^4  = sin  B and  cos  A = cos  B,  then  either  A and  B 
are  equal,  or  they  differ  by  some  multiple  of  four  right  angles. 

For  cos  (A  — B)  = cos  A cos  B + sin  A sin  B 

= cos2  A + sin2  A = 1 


therefore  A — B = 0,  or  a multiple  of  four  right  angles  taken  posi- 
tively or  negatively.  (Art.  67.) 

94.  If  cos  A — cos  B and  sin  A = - sin  B,  then  A + B is  zero, 
or  a multiple  of  four  right  angles  positive  or  negative. 

For  the  given  relations  may  be  written 

cos  A = cos  (-  B),  sin  A = sin  (-  B).  (Art.  49.) 

Hence  by  the  preceding  Article  A — (-  B),  that  is  A + B,  is  zero  or 
some  multiple  of  four  right  angles  taken  positively  or  negatively. 
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EXAMPLES. 

Prove  the  following  identities  : 
cos  4 + sin  4 


7. 

8. 
9. 

10. 

11. 

12. 

13. 

M. 

15. 

16. 

17. 

18. 

19. 

20. 
21. 
22. 


. = tan  2 A + sec  2 A. 

cos  A — sin  A 

2 sin* 2 .4  sin2i?  + 2 cos8 .4  cos2  B = 1 + cos  2A  cos  2 B. 
tan  (45°  + 4)  - tan  (45°  — 4)'=  2 tan  2.4. 

sin  3 A cosec  A — cos  3 A sec  A = 2. 

3 sin  A - sin  34  = 2 sin  A (1  - cos  2.4). 

sin  A + 2 sin  3.4  + sin  5.4  _ sin  3.4 

sin  3 A + 2 sin  5 A + sin  7.4  sin  5 A ’ 

sin  B sin  (24  +B)  . 

- — 7 = \ — 7 — L - 2 cos  (A  + B).  s 

smi  sin  A v 

sin  4.4  = 4 sin  A cos3 4 * * *  4 - 4 cos  A sin34. 

cos  A - cos  34 


sin  34  — sin  4 
cos  24  - cos  44 


= tan  24. 
tan  34. 


sin  44  - sin  24 
cosec  24  + cot  44  = cot  4 — cosec  44. 
cos2  (4  — B)  + cos 2B  - 2 cos  (4  — B)  cos  4 cos  B = sin2  4. 
sin2  (4  — B)  + sin2  B + 2 sin  (4  — B)  sin  B cos  4 = sin2  4. 
1-W(45°  — A) 
l+tans(45°-^j  8m2^- 
4 tan  4 (1  — tan24)  . A A 
(1  + tan24)2  = Sm 

sin  4 (1  + tan  4)  + cos  4 (1  + cot  4)  = sec  4 + cosec  4. 
sin  34  + cos  34  1 + 2 sin  24  , . . K0, 

Sm3^-cos3l  = l-2sm2^ta]1^-4g)- 
cos  4 + cos  (120°  — 4)  + cos  (120°  + 4)  = 0. 

4  sin  4 sin  (60°  - 4)  sin  (60°  + 4)  = sin  34. 

4 cos  4 cos  (60°  — 4)  cos  (60°  + 4)  = cos  34. 

tan  4 tan  (60°  + 4)  tan  (120°  + 4)  = - tan  34. 

tan  4 + tan  (60°  + 4)  + tan  (120°  + 4)  = 3 tan  34. 
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23. 

24. 


25. 

26. 


27. 
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cot  4 + cot  (60°  + A)  + cot  (120°  + 4)  = 3 cot  3.4. 

cot  .4  cot  (60°  + .4)  + cot  (60°  + A)  cot  (120°  + A) 

+ cot  (120 0 + 4)  cot  A = — 3. 

sin3 4.  + sin3  (120°  + A)  + sin3  (240°  + A)  = - f sin  34. 

sin  34  sin34  + cos  34  cos34  = cos3  24. 

. , sin  34  . 3 . cos  34  sin  44 

cos  4 - + sin  4 — - — = — . 


28.  cos  nA  cos  (n  + 2)  4 - cos2  (n  + 1)  4 + sin24  = 0. 

sin  4 ±sinw4  +sin  (2n—  1)  4 , 

29.  -A -A = tan  nA. 

cos4  =±=  cos  nA  + cos  ( 2n  -1)4 


30.  sin  nA  cosec24  sec  4 - cos  nA  sec24  cosec  4 

= 4 sin  (n  — 1)  4 cosec2  24. 

31.  cos  104  + cos  84  + 3 cos  44  + 3 cos  24  = 8 cos  4 cos3  34. 

32.  cot  4 + cot  24  + cot  44 

= cosec  44  (2  + 2 cos  24  + 3 cos  44). 

__  . 2 sin  24  + 2 cos  24 

3 3.  cosec  4 = -A . — — : r— s-. . 

cos  4 — sin  4 - cos  34  + sm  34 

34.  cos2  24  = (cos  4 - sin  34)2  + 2 cos  4 sin  34  (cos  4 - sin  4)2 

35.  cos6  4 — sin64  = cos  24  (1  - ^ sin2 24). 

36.  sin  54  = 5 sin  4 — 20  sin3  4 + 16  sin5  4. 

Solve  the  following  equations  : 

37.  tan  ^ - 0^  + cot  0 - 0^  = 4.  38.  sin  40  + sin  0 = 0. 

1 


40.  sin  0 + cos  0-—^  . 


39.  sin  70  - sin  0 = sin  30. 

41.  sin  50  = 16  sin6 0.  42.  cos  30  + cos  20  + cos  0 = 0. 

43.  sin  30  + sin  20  + sin  0 = 0.  44.  tan  0 + tan  Q|  + 0^=2. 

45.  tan  20=  8cos20- cot  0.  46.  tan  ^ + 0^=3  tan^—0^. 
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VII  FORMULAE  FOR  THE  DIVISION  OF  ANGLES. 


95.  In  Art.  82  change  A into  ^ ; thus  we  obtain 
Z 


cos  A = 1 - 2 sin2  — = 2 
Z 


-i; 


therefore  sin 


• A -r  n 

m2  _ V 


cos  A 


a n 

2 “V 


+ cosff 

~~2 


96.  Since  we  may  suppose  either  the  positive  or  negative  sign 
to  be  placed  before  the  radical  quantities  in  the  preceding  Article, 
we  see  that  corresponding  to  one  value  of  cos  A (there  are  two  values 
A A\ 

of  sin—  and  two  values  of  cos — ; and  the  reason  of  this  may 
Z Zf 

be  assigned.  For  if  a be  an  angle  which  has  a certain  cosine,  then 
the  formula  2mr  ± a includes  all  the  angles  which  have  the  same 

cosine ; therefore  any  expression  which  gives  the  value  of  sin  ^ 

in  terms  of  cos  a may  be  expected  to  give  the  value  of  the  sine  of 
every  angle  included  in  the  formula  (2 mr  =±=  a).  Now 

. / a\  a .a  . a . a 

sm  { mr  =±*  ^ ) = sm  W7r  cos  ^ * cos  n7r  sm  9 = =*= cos  W7r  sir  - = =*=  sm  - ; 

thus  two  values  occur  which  differ  only  in  sign.  Similarly,  any 
expression  which  gives  the  value  of  cos  * in  terms  of  cos  a may  be 

z 

expected  to  give  the  value  of  the  cosine  of  every  angle  included  in 
the  formula  ^ (2mr  =*=  a).  Now 

/ a\  a 

cos  ( mr  ^ 2)  ~ C0S  nrr  cos  2 ^ SU1  U7r  z 

thus  two  values  occur  which  differ  only  in  sign. 


cos  mr  cos  ± ( 

z 


Such  an  explanation  as  we  have  here  supplied  of  an  ambiguity 
in  sign  is  applicable  in  many  cases  in  Trigonometry ; for  example, 
in  Art.  46  : we  shall  see  other  instances  in  the  present  Chapter. 
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97.  If  cos  A only  be  given  and  nothing  more  be  known 
respecting  A,  then  the  ambiguity  of  sign  which  occurs  in  Art.  95 

cannot  be  removed.  If  however  A itself  be  given,  then  — is  a 

A 

A 

known  angle,  and  therefore  we  know  whether  sin  — is  positive  or 

A 

A 

negative ; and  also  whether  cos  is  positive  or  negative ; thus  we 
A 

know  which  sign  is  to  be  taken  with  each  radical  quantity.  Or  if 

A 

we  merely  know  in  which  quadrant  the  angle  -x  lies,  we  can 

A 

A 

determine  the  proper  signs ; for  example,  if  — is  an  angle  between 

A 

180°  and  270°,  both  its  sine  and  cosine  must  be  negative  quantities. 


98. 

A A 

By  Art.  82  sin  H = 2 sin  — cos  — , 
A A 

also 

1 -2^  2^ 

1 =sm  g + cos  2 ’ 

thus 

( . A A\2  . , 

Ism  + cos  - j = 1 + sm  A, 

and 

f . A Av»  . . 

(sin  ^ - cos  ^ ) = 1 — sm  A ; 

therefore 

sin  ^ + cos  ^ -t/(  1 + sin  A) 

A A 

(1), 

and 

sin  ^ - cos  j =tj(l  - sin  A) 

(2); 

therefore 

2 sin  ^ = $(1  + sin  A)  + J(l  - sin  A), 

and 

j 

2 cos  j =4/(1  + sin  A)  T /(I  - sin  A). 

99.  Since  we  may  suppose  either  the  positive  or  negative  sign 
to  be  placed  before  each  of  the  radical  quantities  in  equations  (1) 
and  (2)  of  the  preceding  Article,  we  see  that  corresponding  to  one 

A 

value  of  sin  A there  are  four  values  for  cos  -x  and  four  values  for 

A 
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siiw , and  the  reason  of  this  may  he  assigned.  For  if  a be  an  angle 
A 

which  has  a certain  sine,  then  the  formula  nir  + (-  1)"  a includes  all 
the  angles  which  have  the  same  sine;  therefore  any  expression 

which  gives  the  value  of  sin  ^ in  terms  of  sin  a may  be  expected 

to  give  the  value  of  the  sine  of  every  angle  included  in  the 
formula  ^{nir  + (-1)"  a}. 

First  suppose  n even  and  equal  to  2m ; then 


dn  ^ [nir  + (—  1)"  a}  = sin  (mir  + — ^ = si 


a . a 

sm  mir  cos  ^ + cos  mir  sm  ^ 
A A 


. a . a 

= cos  mir  sm  - = =*=  sm  - . 

A A 


Next  suppose  n odd  and  equal  to  2m  + 1 ; then 

•w  / i\«  i . ( ir—a\  . 7 r— a . ir-a 

sm^{mr+(— 1)  a}=sm(  W7T  + — l=smm7rcos  +cosm7rsm— — 


. 7T  — a . it  — a a 

= cos  mir  sm.  ■ = ± sm  — ^r—  = ± cos  - . 

A A A 

Thus  four  values  occur  for  the  sine  of  half  an  angle  when  the  sine 
of  the  angle  is  given. 

Similarly  any  expression  which  gives  the  value  of  cos  ~ in 

A 

terms  of  sin  a,  may  be  expected  to  give  the  value  of  the  cosine  of 
every  angle  included  in  the  formula  [mr  + (—  1)"  a}. 

First  suppose  n even  and  equal  to  2m ; then 


J {nir  + (-  1)"  a } = cos  (mir  + ^ - 


a .a 

cos  mir  cos  — — sm  mir  sm  - 
A 2 


= cos  rrnr  cos 


cos2  * 


Next  suppose  n odd  and  equal  to  2m  + 1 ; then 


cos|{w7r+(-l)Ba}=cos  [mir  + 


7T— a\ 

“2/ 


it— a . . ir-n. 

cos  mir  cos  — — sm  mir  sm  — 
2 2 


it  — a it  — a .a 

cos  mir  cos  — - — = ± cos  — - — = ±sm- 


T.  T. 


6 
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Thus  four  values  occur  for  the  cosine  of  half  an  angle  when  the 
sine  of  the  angle  is  given. 

100.  If  sin  A only  he  given  and  nothing  more  he  known 
respecting  A,  then  the  ambiguities  of  sign  which  occur  in  Art.  98 
cannot  he  removed.  If  however  A itself  he  given,  or  if  we  merely 
know  in  which  quadrant  the  angle  A lies,  we  can  determine  the 
proper  signs;  for  in  any  particular  case  we  may  proceed  thus. 
We  have 

A A 


sm-+cos-2 


sin  w-— cos  = ± J(l 


V(1  + sin  A) 


A). 


(1)> 

(2). 

A 


Now  suppose,  for  example,  that  A lies  between  0 and  90°,  then 

A A 

lies  between  0 and  45°;  therefore  cos  and  sin-^  are  both  positive 

A A 

A A 

and  cos  — is  greater  than  sin  — ; hence  the  left-hand  member  of  (1) 
A A 

is  a positive  quantity,  and  we  must  therefore  take  the  positive  sign 

in  (1),  and  the  left-hand  member  of  (2)  is  a negative  quantity,  and 

we  must  therefore  take  the  negative  sign  in  (2).  Therefore  if  A 

lies  between  0 and  90°,  we  have 

A A A A 

sin  - + cos  - = + J(  1 + sin  A),  sin  — - cos  - = - x/(l  - sin  A) ; 

A 

therefore  2 sin  = + ^(1  + sin  A)  - J(1  — sin  A), 

A 

2 cos  jr  = + 1 + sin  A)  + 1 - sin  A). 

A 

For  another  example,  suppose  that  A lies  between  270°  and  360°, 

A A 

then-  lies  between  135°  and  180°;  therefore  cos— is  negative, 

A A . A 

and  sin  -jr  is  positive,  and  cos  -jr  is  numerically  greater  than  sin—  ; 
A A £ 

hence  the  left-hand  member  of  (1)  is  a negative  quantity,  and  we 

must  therefore  take  the  negative  sign  in  (1),  and  the  left-hand 
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member  of  (2)  is  a positive  quantity,  and  we  must  therefore  take 
the  positive  sign  in  (2).  Therefore  if  A lies  between  270°  and  360°, 
we  have 

A A A A 

sin  — + cos  — — — J(l  + sin  A\  sin  — - cos  = + J(1  - sin  A) ; 

A 

therefore  2 sin  — = — $/(l  + sin  A)  + J(1  — sin  A\ 

A 

A 

2 cos  y = - */(l  + sin  A)  - J(l  - sin  .i). 

101.  It  is  easy  to  give  general  formulas  for  determining  the 

A A A A 

signs  of  sin  + cos  — and  sin  — — cos  . 

A A A A 

. A A /I  .A  1 .4\  . . (A  tt\ 

For sm  2 + cos  T=  J2  (-^ sm  j + cos  j j = J 2 sm^  + jj  ; 

now  sin  A-  + is  positive  if  ~ ^ lies  between  2ns-  and  (2  n + 1)tt, 

A t r 

and  negative  if  — + - lies  between  (2 n + 1)  tt  and’  (2n  + 2)  tt,  where 

A A 

n is  zero  or  any  integer  positive  or  negative.  Thus  sin  — + cos  - 

A 7T  37T 

is  positive  if  lies  between  2mr  — T and  2mr  + — , and  negative  if 
A 4 4 

lies  between  2mr  + ^ and  2mr  +~  . 

2 4 4 

Similarly  sin  ~ — cos  ~ — J2  sin  ; and  hence  we  can 

infer  that  sin^j-  - cos  ^ is  positive  if  ~ lies  between  2ra-7r  + ^ and 

2m7r  + and  negative  if' ^ lies  between  2rmr  and  2m-7r  + 

where  m is  zero  or  any  integer  positive  or  negative. 

We  will  apply  this  to  an  example  : required  the  limits  between 

A 

which  must  lie  in  order  that 


2 sin  — = - J(l  4 sin  A)  - J(l  ~ sin  A). 


5—2 
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To  obtain  this  result  the  lower  sign  must  he  taken  in  (1)  and 

in  (2)  of  Art.  100;  thus  from  (1)  we  infer  that  — must  lie  between 

A 

2mr  + and  2mr  4-  — ; and  from  (2)  we  infer  that  ~ must  lie 
4 4 ; w 2 

between  2 mir  + ^ and  2mir  + ~ : hence,  combining  these  results, 

we  see  that  must  lie  between  2mr  + ~ and  2mr  + , where  n 

2 4 4 

is  zero  or  any  integer  positive  or  negative. 

2 tan  j 

1 02.  By  Art.  85,  tan  A = i 

1-tan2^ 

A 

A A 

put  c for  tan  A ; thus  c tan2  — + 2 tan  — — c = 0 ; 

therefore  tan  ^ = A1  * ^ + O . 

2 c 


103.  The  reason  why  two  values  occur  in  finding  the  tangent 
of  half  an  angle  when  the  tangent  of  the  angle  is  given,  may  be 
assigned  as  before.  For  if  a be  an  angle  which  has  a certain  tan- 
gent, then  the  formula  mr  + a includes  all  the  angles  which  have 
the  same  tangent;  therefore  any  expression  which  gives  the  value 


of  tan  - in  terms  of  tan  a may  be  expected  to  give  the  value  of  the 
A 

tangent  of  every  angle  included  in  the  formula  (mr  + a). 

First  suppose  n even  and  equal  to  2m ; then 


tan  L (mr  + a)  = tan  (mitt  + ^ = tan  ^ . 

Next  suppose  n odd  and  equal  to  2m  + 1,  then 

w . , / 7r  + a\  , 7T  + a , (1 r a\  a 

tan \(mr+  a)  = tan(  mrr  + — ) - tan  — ^ — = tan  l7)  4-  - l=-cot^. 

rFhus  two  values  occur  for  the  tangent  of  half  an  angle  when  the 
tangent  of  the  angle  is  given. 
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104.  If  tan  A only  be  given  and  nothing  more  be  known 
respecting  A,  then  the  ambiguity  of  sign  which  occurs  in  Art.  102 
cannot  be  removed.  If  however  A itself  be  given,  or  if  we  merely 
A ^ 

know  in  which  quadrant  ~ lies,  we  know  whether  tan  — is  positive 
or  negative,  and  thus  we  know  which  sign  we  must  take. 


105.  By  Art.  91, 


. . , A 0 A 

cos  A = 4 cos  -g  - 3 cos  — . 


Thus  if  cos  A be  given  we  have  a cubic  equation  for  determining 

A 

cos  — ; and  the  reason  for  this  may  be  assigned  as  before.  Bor  if  a 
o 

be  an  angle  which  has  a certain  cosine,  then  the  formula  2mr  ± a 
includes  all  the  angles  which  have  the  same  cosine  ; therefore  any 

expression  which  gives  the  value  of  cos  ~ in  terms  of  cos  a may  be 

O 

expected  to  give  the  value  of  the  cosine  of  every  angle  included  in 
the  formula  £ (2mr  =fe  a).  How  n is  of  one  of  theforms  3 m,  3m  4 1, 
3 m - 1. 

First  suppose  n = 3m ; then 

cos  g (2mr ±a)  = cos  ^2 nnr  =t  0 = cos  ^ . 


Hext  suppose  n=  3m  + 1 ; then 

l/n  \ (n  2ir  =*=  a\ 

cos  L (2  mr  =^a)  = cos  [2mir  H ^ — J = < 

Lastly  suppose  n = 3m  — 1 ; then 

COS  1}  (2w7T  ± a)  = COS  (^m-rr  - = 1 


27 T = 


Thus  three  values  occur,  namely  cos  ~ , cos  ^ - * a , cos  ^ - a , 

o o o 


106.  By  Art.  91,  sin  A = 3 sin  w - 4 sin3  ^ . 

o o 

Thus  if  sin  A be  given,  we  have  a cubic  equation  for  determining 
A 

sin  ^ ; and  the  reason  for  this  may  be  assigned  as  before. 
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EXAMPLES. 

A 

1.  Shew  that  2 sin— =—  ^/(l  + sin  A)  - */(l  - sin  A),  when  A 
lies  between  450°  and  630°.  4 

A A 

2.  Obtain  cos  in  terms  of  sin  A when  --  lies  between  405® 
and  495°. 

A A 

• 3.  Obtain  sin  — in  terms  of  sin  A when  — lies  between  — 45° 
and  - 135°. 

• 4.  Determine  the  limits  between  which  A must  lie  in  order 
that  2 sin  A = — J{\  + sin  2 A)  + J(1  — sin  2 A). 

5.  Determine  the  limits  between  which  A must  lie  in  order 

that  2 cos  A - - ^(1  + sin  2.4)  + 1 - sin  2.4). 

6.  Determine  the  limits  between  which  A must  lie  in  order 
that  2 sin  A — J(l  + sin  24.)  — J(l  — sin  24). 

, 7.  Divide  a given  angle  into  two  parts  whose  sines  shall  be 
in  a given  ratio. 

8.  Divide  a given  angle  into  two  parts  whose  cosines  shall  be 
in  a given  ratio. 

9.  Divide  a given  angle  into  two  parts  whose  tangents  shall 
be  in  a given  ratio. 

A 

10.  Given  tan  = 2 - J3,  find  sin  4. 

11.  Given  sin  210°  = — find  cos  105°. 

A 

24 

12.  Given  tan  24  = — — , find  sin  4 and  cos  4. 

13.  Fiijd  tan  165°  from  the  known  value  of  tan  330®. 
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■t  a ax,  , i , , 2 -4  2 sin  .4  - sin  2 J. 

1 4.  Shew  that  tan  = rr— r — : — . 

2 2 sin  A + sm  2 A 

non.  a\  o 180°  +J.  180°-^ 

f lo.  vers  (180  — A)  = 2 vers - vers ^ . 

A A 

A-B 


2 ' 
A-B 


1 G.  (cos  A + cos  B)2  + (sin  A + sin  B)2  — 4 cos! 

17.  (cos  A — cosB)2+  (sin.4  — sin  B)2  = 4 sin£ 

A 

18.  Shew  that  sin  221°  = ^ ~ 


v/(2+V2) 

2 


^ , cos  22^ 

and  tan  22|°  = J2  — 1. 

19.  (tan  A + cot  A)  2 tan  - ^1  - tan2  = ^1  + tan2  ^ . 


20.  tan2 


sec  A + tan  A 


sec  A — tan  A ' 

0,  . /7T  0\  (tt  6\  sin# 

21.  ■“(i-5)  + ~(i-S)-|^, 

Shew  that  4 sin2 1 ^1  - sin  0 = {1  - J{  1 + sin  0)}2. 


22 


23.  cos4  - + 

O 


37T  . 57T  . 7 7T  3 

g- 4-cos  — + cos  -g-  = 2 • 


24.  tan  7^°  = a/6  — ^3  + ^/2  — 2. 

25.  tanl42i°  = 2+v/2-s/3-v/6. 


26.  If  tan  a’  = (2  + ^/3)  tan  ^ , find  the  value  of  tan  x. 

o 

27 . If  a = (n  + ^ ± 7r,  where  n is  any  integer,  find  the  value 

of  tan  a + cot  a. 


oo  T £ Tf  XX  J A.X.  1 /•  cos  a COS  13  a 

28.  If  a = — , find  the  value  of  . 

17  cos  3a  + cos  5a 


r ia 


29.  If  sec  (cjj  + a)  + sec  (<£  — a)  = 2 sec  «£,  then  cos  <f>  =J2  cos 

30.  If  tan  ~ = fv-^) 3 tan  ~ , shew  that  cos  6 = -C0S-- — 

2 \\-cJ  2 1 - c cos  </> 


ts=)|  S 
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VIII.  MISCELLANEOUS  PROPOSITIONS. 


107.  To  find  the  sine  and  the  cosine  of  an  angle  of  18°. 

Let  A denote  an  angle  which  contains  18°,  then  2 A contains 
36°  and  3 A contains  51°;  hence,  by  Art.  29,  sin  2 A=  cos  3 A, 
therefore  2 sin  A cos  A = 4 cos3  A - 3 cos  A ; 

divide  by  cos  A,  thus  2 sin  A = 4 cos3  A — 3 = 1 - 4 sin3  A, 
therefore  4 sin3 -4  + 2sinA-l  = 0; 
by  solving  this  quadratic  equation  we  obtain 

• , -W5 

sin  A = — . 

4 

Since  the  sine  of  an  angle  of  18®  is  a 'positive  quantity  we  must 
take  the  upper  sign,  therefore 

sin  18°= 


and 


cos  18°: 


V(1  - sin3 18°)  = V(1Q  + V5) 


108.  To  find  the  sine  and  the  cosine  of  an  angle  of  36°. 

cos  36°=  1 - 2 sin3 18°  = 1 -2 

3-75  _ 1 + 75 
4 4 ’ 

sin  36”  = 7(1  - cos”  36”)  = ^(10~V5) 

109.  Hence  the  values  of  the  Trigonometrical  Ratios  for 
angles  of' 5 4°  and  72°  are  known;  for 

sin  54°  = cos  36°,  cos  54°  = sin  36°,  sin  72°  - cos  18°,  cos  72°  = sin  18°. 

110.  The  reason  why  more  than  one  result  was  obtained  in 
Art.  107,  is  that  the  equation  sin  2 A = cos  3 A is  true  for  some 
other  values  of  A besides  18°.  This  equation  may  be  written 

cos  (90°  - 2^1)  = cos  3A 
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Hence  we  conclude  that  90°  — 2 A must  either  be  equal  to  3.4 
or  to  one  of  the  angles  which  have  the  same  cosine  as  3 A ; thus 
every  admissible  value  of  A will  be  found  from  the  equation 
90° -2A=?b.  360°  =±=  3.4 ; 


where  n is  zero  or  any  integer  positive  or  negative  ; 


thus 


A = 


90°  — n.  360° 
2±~3 


For  example,  if  n = 0 and  we  take  the  lower  sign  in  the  de- 
nominator, we  obtain  A = — 90°;  this  value  of  A makes  cos  A = 0, 
and  thus  we  see  a reason  for  the  appearance  of  the  factor  cos  A _ 
which  was  removed  by  division  in  Art.  107.  Again,  if  we  put 
n — 1 and  take  the  upper  sign  in  the  denominator,  we  obtain 

A _ _ _ 540.  anq  (—  54°)  = — sin  54°=-cos  36°  = — ^ + ; 

5 J v ' 4 J 

and  thus  we  see  a reason  for  the  appearance  of  the  other  root  in  the 

quadratic  equation  of  Art.  107,  besides  the  root  which  we  used. 

111.  To  find  the  sine  and  the  cosine  of  an  angle  of  9°,  and 
of  an  angle  of  81°. 

By  Art.  100, 

sin  9°  + cos  9°  = J(  1 + sin  18°)  = -^3  „ v'5)  , 

£ 

sin  9°  - cos  9°=  - J(  1 - sin  18°)  = - ■ 

therefore  sin  ^ 

4 

4 

And  sin  81°  = cos  9°,  cos  81°  = sin  9°. 

We  have  now  found  expressions  for  the  sines  and  the  cosines 
of  the  following  angles,  9°,  15°,  18°,  30°,  36°,  45°,  54°,  60°,  72°,  75°, 
81°.  (See  Arts.  36,  37,  92,  107,  108,  111.) 

Since  30=18°-15°,  we  can  obtain  the  sine  and  the  cosine  of  3° 
from  those  of  18°  and  15°  by  Art.  77  ; and  then  by  means  of 
Art.  76  combined  with  results  already  obtained,  we  can  easily  find 
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the  sine  and  the  cosine  of  any  angle  comprised  in  the  series 
3°,  6°,  9°,  12°,... 


112.  In  Arts.  82  and  91  we  have  given  expressions  for  sin  2 A, 
cos  24,  sin  3 A,  and  cos  3A  in  terms  of  sin  A and  cos  A • we  may 
also  express  the  sines  and  cosines  of  4 A,  5 A,...  in  a similar  way. 
For  sin  (n  + 1)A  + sin  ( n — 1)A  = 2 sin  nA  cos  A • 
therefore  sin  (n  + 1)A  = 2 sin  nA  cos  A — sin  (n  — 1)A ; 

let  n = 3 ; thus  sin  4 A = 2 sin  3.4  cos  A — sin  2 A ; 

let  n = 4 ; thus  sin  5 A = 2 sin  4 A cos  A — sin  3A  ; 

and  so  on;  thus  we  can  find  in  succession  sin  4 A,  sin 5A,... , in 
terms  of  the  sine  and  cosine  of  A. 


Similarly,  the  formula 

cos  (n  + 1)  A + cos  (n,  — 1)  A = 2 cos  nA  cos  A, 
may  be  used  to  find  in  succession  cos  4=  A,  cos  5 A,... 

This  subject  will  be  considered  again  hereafter,  and  we  shall 
then  give  general  formulae  for  the  sine  and  the  cosine  of  nA  in 
terms  of  the  sine  and  cosine  of  A for  any  integral  value  of  n. 

113.  It  is  easy  to  find  expressions  for  the  Trigonometrical 
Ratios  of  any  compound  angle  in  terms  of  the  Ratios  of  the  com- 
ponent angles.  For  example, 

sin  ( A + B + G)  = sin  (A  + B)  cos  C + cos  (A  + B)  sin  C 
= sin  A cos  B cos  G + sin  B cos  G cos  A 

+ sin  G cos  A cos  B — sin  A sin  B sin  G. 

Cos  (^4  + B + C)  = cos  ( A + B)  cos  G — sin  (A  + B)  sin  G 
= cos  A cos  B cos  G - cos  A sin  B sin  G 


— cos  B sin  A sin  G — cos  G sin  A sin  B. 


Tan  (A  + B + G)  = 


sin  (A  + B + G) 
cos  (A +B+C) 


sin^cosRcosC+sinRcosC'coSil+sinCcos^cosR  - sin.4 sin B sin C _ 
cos  A cos  B cos  G — cos  A sin  B sin  G —cos  A sin  A sin  G — cos  G sinA  sin  7?  ’ 


divide  both  numerator  and  denominator  of  the  last  expression  by 
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cos  A cos  B cos  G ; thus  we  obtain 

tan  A + tan  B + tan  C — tan  A tan  B tan  C 
ban  ( + + ) — j _ 2an  ft  tan  G — tan  G tan  A - tan  A tan  B ' 

Suppose  B and  G each  equal  to  A ; thus  we  hare,  as  in  Art.  91, 
3 tan  A - tan 3 A 


tan  3 A — 


1 — 3 tan 2 A 


V 


114.  When  three  or  more  angles  are  connected  by  some 
elation,  we  may  often  find  that  some  simple  relation  exists  among 


For  example,  if  A + B + G = 180°,  then  will 

sin  2 A + sin  2B  + sin  2 G = 4 sin  A sin  B sin  G. 

For  sin  2A+  sin  2B  = 2 sin  (A  + B)  cos  (A  - B)  = 2 sin  G cos  (A-B) 
md  sin  2G  = 2 sin  G cos  G = — 2 sin  G cos  ( A + B),  (Art.  48) ; 
therefore 

sin  2 A + sin  2B  + sin  2G  = 2 sin  G {cos  (A-B)-  cos  (yt  + A)} 

= 4 sin  G sin  A sin  B. 

Again,  if  A + B+G  = 180°,  then  will 

„ A . B . C 

cos  A + cos  B + cos  G = 1 + 4 sm  — sin  sm  - . 


„ . 7?  o A + B A—B 

For  cos  A + cos  B = 2 cos  — - — cos  — H — = 


o • G A-B 
2 sm  g cos  2 \ 


md 


(j 

cos  G = 1 — 2 sin2  ^ ; therefore 
A 


cos  A + cos  B + cos  (7=1  + 2 sin  — ( cos 


= 1 + 2 sin  ^ 


A-B 


A-B 
2 

A + B\ 
2 / 


. A . B . G 
2 Sm  2 SU1  2 ’ 

Again,  if  A + B + G = 180°,  then  will 

tan  A + tan  B + tan  G = tan  A tan  B tan  G. 

For  tan  180°  = 0,  therefore  tan  (A  + B + G)  = 0;  and  therefore  by 
Art.  113,  tan  A + tan  B + tan  G - tan  A tan  B tan  (7  = 0. 
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Again,  by  Art.  113, 

1 - tan  B tan  G — tan  G tan  A — tan  A tan  B 
cot  ( + + ) - tan  £ + ^ + tan  G — tan  A tan  B tan  G 3 

now  cot  90°  = 0 ; hence  if  A + B + G = 90°,  then  will 

1 = tan  B tan  G + tan  G tan  A + tan  A tan  B. 

The  relations  which  have  been  obtained  in  the  present  Article, 
hold  whether  A,  B,  and  G are  positive  or  negative  provided  that 
A + B + G = 180°;  thus  they  hold  if  A,  B,  and  G are  the  angles  of 
a triangle : but  this  is  of  course  a particular  case,  as  the  angles  of  a 
triangle  are  all  positive  quantities. 

Any  relation  which  has  been  found  on  the  supposition  that 
A + A + (7=180°  will  also  hold  when  we  change  A,  B,  and  G re- 
A B G 

spectively  into  90°  - ^ , 90°  — - , and  90°--^  : for  on  the  suppo- 
A A A 

sition  adopted  the  sum  of  the  last  three  angles  is  equal  to  180°. 

115.  For  another  example,  suppose  we  have  to  investigate 
what  relation  must  exist  among  the  angles  A,  B,  C,  in  order  that 

cos2  A + cos2  B + cos 2 G + 2 cos  A cos  B cos  G - 1 may  be  zero. 
cos2  A + cos aB  + cos2  G + 2 cos  A cos  B cos  G — 1 
= (cos  A + cos  B cos  C)2  + cos2  A 4-  cos2  G — 1 — cos2jB  cos2  G 
= (cos  A + cos  B cos  Gy  — (1  — cos2  A)  (1  - cos2  G) 

= (cos  A + cos  B cos  C)2  - sin2  A sin2  G 

= (cos  A + cos  B cos  C + sini?  sin  C)  (cos  A + cosB  cos  G - sin B sin  G) 

= {cos  A + cos  (B-G)}  {cos  A + cos  (B  + G)} 

, A+B-G  A-B+G  A+B+G  B+G-A 
= 4 cos H cos cos „ cos . 


Hence  in  order  that  the  proposed  expression  may  be  zero,  one  of 
the  four  cosines  last  written  must  be  zero,  and  thus  one  of  the  four 
compound  angles  must  be  some  odd  multiple  of  a right  angle. 
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Prove  the  following  formulse  : 

1.  C°S  + ^ -+—  = 1 - tan  j 8 tan  y — tan  y tan  a - tan  a tan  B. 

cos  a cos  p cos  y ' 

_ sin  (a  + B + y)  , „ , , n i 

2.  — — = tan  a + tan  p + tan  y - tan  a tan  p tan  y. 

cos  a cos  p cos  y ' 

3.  sin  (a  - (3)  + sin  (/5  - y)  + sin  (y  - a) 

. . a- B . B-y  . y- a 
+ 4 sm  - sin  Q ' srn  - = 0.  — 

2t  A 2i 


4.  4 sin  ( 9 — a)  sin  (m6  — a)  cos  ( 6 — mQ) 

= 1 + cos  (2 0 — 2m6)  — cos  (29  — 2a)  — cos  (2m6  — 2a). 

=5.  sin  (a  +/3)  cos/?  — sin(a  + y)  cos  y = sin (/3  — y)  cos(a+(3  + y). 

6.  cos  (a  + (3  + y)  + cos  (a  + (3  — y)  + cos  (a  + y — (3) 

+ cos  ((3  + y — a)  = 4 cos  a cos  (3  cos  y. 

7.  cos  2a  + cos  2/5  + cos  2y  + cos  2 (a  + (3  + y) 

= 4 cos  (a  + (3)  cos  ((3  + y)  cos  (y  + a). 

g sin  a + sin  (3 

sin  (a  — (3)  sin  (a  — y)  sin  (/5  - y)  sin  (/ 3 — a ) 

+ sin?  -Q. 

sin  (y  - a)  sin  (y  - /5) 

9.  cos  (a  + /5)  sin  (3  — cos  (a  + y)  sin  y 

= sin  (a  + (3)  cos  /5  — sin  (a  + y)  cos  y. 

10.  sin  (a  + (3  — 2y)  cos  (3  - sin  (a  4-  y - 2/3)  cos  y 

= sin  ((3-  y)  {cos  ((3  + y - a)  + cos  (a  + y - /5)  + cos  (a  + (3  - y)}. 

11.  sin  (a  + (3  + y)  sin  (3  = sin  (a  + (3)  sin  ((3  + y)  - sin  a sin  y. 

12.  sin  a sin  (3  sin  (/5  — a)  + sin  f3  sin  y sin  (y  — /5) 

+ sin  y sin  a sin  (a  - y)  + sin  (/ 5 - a)  sin  (y  - /5)  sin  (a  -y)  = 0. 

1 3.  cos  (a  + (3)  sin  (a  - (3)  + cos  (/5  + y)  sin  (/ 5 — y) 

+ cos  (y  + 8)  sin  (y  - 8)  + cos  (8  + a)  sin  (8  - a)  = 0. 

' <&><  - ~ ~ - 


78 


EXAMPLES.  CHAPTER  VHI. 


14. 

Ifi 

example 

15. 

16. 

17. 

18. 

19. 

20. 

21. 

22. 

23. 

24. 

25. 

26. 

27. 

28. 

/ 29. 

K 30. 
value  if 


sin  (8  — /3)  sin  (a  - y)  + sin  (/ 3 — y)  sin  (a  - 8) 

+ sin  (y  — 8)  sin  (a  — /?)  = 0. 

+ 2?  +,  C = 7r,  prove  the  following  formulae  contained  in  the 

s from  15  to  35  inclusive. 

A B C A B a 
eot  - + cot  + cot  - = cot  - cot  - cot  ^ . 

I A A AAA 

. A ’ T>  ' A A B 0 

sin  A + sm  B + sin  C = 4 cos  ~ cos  - cos  s . 

AAA 

• a ~ . . A B . (7 

sm  A — sm  B + sm  (7  = 4 sm  - cos  tj  sm  - . 

AAA 

cos  2A  + cos  22?  + cos  2(7  + 4 cos  A cos  B cos  (7  + 1 = 0. 
cos  4.4  + cos  42?  + cos  4(7  + 1 = 4 cos  2A  cos  22?  cos  2<7. 

-B  7T-0 
4 003  — 4 


A B C . w-A 
cos  2 + cos  ^ + cos  g = 4 cos  — - — cos 

A B 0 . rr  + A 

cos  -s  - cos  — + cos  — = 4 cos  — — cos 
AAA  4 

. A . B . G . . . . 7r  — ^4 

sm  - + sm  - + sm  - - 1 = 4 sm — £ 


-2?  tt  + (7 
4 4 

TT  — B . 7T  - C 
a 4 sm  4 * 

sin3  d + sin2  2?  + sin2  (7  - 2 cos  J.  cos  B cos  (7  = 2. 
sin2  2J.  + sin2  2B  + sin32(7  + 2 cos  2A  cos  2B  cos  2(7  = 2. 

+ .4.  B , 5 G + (7,  .4  . 

A A A A A A 

sin  A + sin  B — sin  (7  A , B 

— — 1 : — D • — ?y  = tan  tan  - . 

sm  A + sm  2?  + sm  6 2 2 

1 + cos  A cos  B cos  (7  = cos  .4  sin  B sin  G + cos  B sin  A sin  C 
+ cos  C sin  A sin  B. 

cot  A + cot  B + cot  (7  = cot  A cot  B cot  (7 
+ cosec  A cosec  B cosec  0. 

. 8 (7  (sin  B + sin  0 — sin  A)  (sin  C + sin  A — sin  B) 

2 4sinALsin2? 

The  expression  cot  A + . a 'will  retain  the  same 

r sm  2?  sm  6 

any  two  of  the  quantities  A,  B,  C,  be  interchanged. 
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0 


31. 


. A.  B.  G 

. a , -n  , n tan tan  — tan  h- 
tan  A + tan  B + tan  G _ 2 2 2 

(sin  A + sin  B + sin  C )2  2 cos  A cos  B cos  (j  * 

nA 

T 2 


on  • . • -n  • sv  a • wjt  wC' 

\ 32.  sm  tiH  + sin  wl?  + sm  w(7  = 4 sm  — cos  cos  — cos 


if  n be  an  integer  of  the  form  Am  + 1 or  Am  + 3. 

. , . t>  • n a mr.nA.nB.nG 

33.  smnA  + smnB+smnG  ==  — Acos-^-  sm  — sm  — sm— , 

if  n be  an  integer  of  the  form  Am  or  Am  + 2. 

A B 0 A B + G A + G A + B 

34.  cos  — + cos  + cos  -x  = 4 cos  — - — cos  — - — cos — " 

2 2 2 4 4 4 

•)  ~ / -a-  / 

^ tan  A tan  B + tan  G tan  A ^ tan  B ^ tan  G 

tan  B tan  G tan  A tan  G tan  A tan  B 

^ -)  jLc  X.L 

= sec  A sec  B sec  G — 2. 

36.  y If  the  sum  of  four  angles  be  two  right  angles,  the  sum  of 
their  tangents  is  equal  to  the  sum  of  the  products  of  the  tangents 
taken  three  and  three.  £~(a.  +a)  - 


37/  If  ^an  ^ B)  + ^-0 prQye  ^ ^ 

tanH  sm  i r 

nn  . tan2  a cos  B (cos  x — cos  a) 

38.-t  Given  - — ^ ; — , 

tan'  p cos  a (cos  x — cos  /3) 

P 


shew  that 


tan2  ^ = tan2  ~ tan2  , 
A A A 


} — • X 


on  ri?  s/i  C0Sa  s/i/  cos  a'  j tan0 

39.  Ifcos20  = x,  cos3 9 = 5,  and 

cos/3  cos  ft’ 


tan  a 
tan  & _ tan  a! 


tan2  ~ tan2  ^ = tan2  ^ . 
A A A 


shew  that 

40.*  If  cos  a = cos  /3  cos  </>  = cos  (3'  cos  </>',  and 


sin  a - 2 sin  ^ sin  , shew  that  tan2  ~ = tan2  ^ tan3  ~ . 

A A AAA 

,,  T„  sin  (a  — B)  sin  (a  + 6)  , , 

41.'  If  — — = • shew  that 

sm  p sm  0 

cot  /3  - cot  0 = cot  (a  + 6)  + cot  (a  - /3). 


(A  A 
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42.  /If  - p*S)‘.  W a - Wft  then  cos  6 . 

\sin  0 tan  6J  tana 

43.  > If  tan  <j>  = cos  6 tan  a,  and  tan  a = tan  6 sin  <£, 

tlien  one  value  of  tan2  ^ is  tan  °—2--  tan  — a . 

2 2 2 

44.  Find  the  relation  between  the  angles  a,  (3,  y,  when  the 
cosines  are  connected  by  the  relation 

1 - cos2a  - cos 2/3  — cos2y  + 2 cos  a cos  / 3 COS  y = 0. 

^ 45.  If  tan(e  + tt>  = ten^  + ^ = , then  will 

a;  y z 

— sin2  (a  — 0)  + - sm  (0  - y)  + — sm2  (y  - a)  = 0. 

. « T„  tan2  6 tan2  <&  _ , sin  9 sin  <h 

, 46.  If  - — — 4-  - — ~ = 1,  and  - — = -r—k , 

tan  a tan  (3  sm  a sm  (3 


shew  that 


sin  0 = 


*/(!=*=  cos  a cos (3)  ' 


sin  (0  - a)  a . cos  (9  - a)  a! 

47.  If  - — 77T — X7  = t and  v — Sf  — 


then 


sin  (0-  (3)  b cos  ( 6 — (3)  b" 

j , act { + bb’ 

cos  (a  - /3)  = -p 77-. 

v ab  + ab 


48.  Having  given  tan  <h  = ^ ^ cos  ^ gbew  that  one  of  the 
° ° r sm^  + cos 6 


dj  . 0 

values  of  tan  - is  tan  - tan 


G-8- 


49.  Given  cos  6 = cos  a cos  (3,  cos  O'  = cos  a cos  (3, 

6 O'  3 

tan  ^ tan  - = tan  ^ , shew  that  sin2/3  = (sec  a — 1)  (sec  a — 1 ). 
2 2 2 


'''50.  r Having  given  that  sin  (B  + C — A),  sin  (C  + A - B),  and 
sin  (A  + B — C)  are  in  arithmetical  progression,  shew  that  tan  A, 
tan  B and  tan  G,  are  in  arithmetical  progression. 


51.  If  the  sines  of  the  angles  of  a triangle  be  in  arithmetical 
progression,  the  cotangents  of  the  half  angles  are  also  in  arith- 
metical progression. 
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^52.  If  the  sum  of  the  squares  of  the  cosines  of  the  angles  of  a 
triangle  = 1,  the  difference  between  the  greatest  and  least  angle  is 
equal  to  the  mean  angle. 


O 53.  If  A + B + C = 180°,  and  sin 


“ (A+i) 


n sin  — , 
2 


shew  that 


, A , B 
tan  -x-  tan  — 
2 2 


n—  1 
n-t  1 * 


/ ■ KA  T n . r,  ~ ,OAO  , smA  sm  B sm  G 

' 54.  If  A + £ + 0 = 180°,  and = = , 

x y z 

C A B 

then  (x  - y)  cot  — + (y  — z)  cot  + (z  — x)  cot  - 0. 

o'  55.  4i  A+B  + G — m-Tv  where  m is  any  integer,  then 

tan  A + tan  B + tan  G = tan  A tan  B tan  G. 

O 56.  Shew  that  if  a,  /3,  y,  and  x are  any  angles 

sin  (2a  + x)  + sin  ( 2/3  + x)  + sin  (2y  + x)  — sin  (2a  +.2/3  + 2y  + 3x) 

= 4 sin  (a  + /3  + x)  sin  (/?  + y + x)  sin  (y  + a 4-  x). 

O'  57.  From  the  preceding  result  deduce  two  special  cases  by 

supposing  respectively  that  x = 0 and  that  x ; and  from  these 

A 

cases  obtain  the  first  two  relations  of  Art.  114. 

^58.  If  a,  (3,  y be  any  angles,  shew  that 

. n . a ft  y 

sina  + sin|8  + sm  y — 4 cos  A cos  ~ cos  jr 
AAA 

= 2 sin  °±PpLZj  (cos  3*-/i-7-±5  + cos  3/?-«-y  + ir 
4(4  4 

3y  -a- B-\ 

+ cos  — — — 

4 

^59.  Express  cos  59  in  terms  of  cos  9. 

y 60.  Shew  that  sin  69  = 2 sin  9 (16  cos*  9-  16  cos8  9+  3 cos  9). 


a + (3  + y — i r) 

4 i 


T.T. 


6 
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IX.  CONSTRUCTION  OF  TRIGONOMETRICAL 
TABLES. 

116.  If  9 be  the  circular  measure  of  a 'positive  angle  less  than 
a right  angle , 9 is  greater  than  sin  9 and  less  than  tan  9. 

Let  AOB  be  an  angle  less  than  a right  angle  and  let  OB  = OA ; 
from  B draw  BM  perpendicular  to  OA  and  produce  it  to  C so  that 
MG  — MB ; draw  BT  at  right  angles  to  OB  meeting  OA  produced 
at  T,  and  join  CT  and  00.  Then  the  triangles  MOG  and  MOB 
are  equal  in  all  respects,  so  that  the  angle  TOG  = the  angle  TOB ; 
therefore  the  triangles  TOG  and  TOB  are  equal  in  all  respects,  so 
that  TGO  is  a right  angle,  and  TO  = TB. 

With  centre  0 and  radius  OB  describe  an  arc  of  a circle  BAG ; 
this  will  touch  BT  at  B and  GT  at  G. 

Now  we  assume  as  an  axiom  that  the  straight  line  BO  is  less 
than  the  arc  BAG ; thus  BM  the  half  of  BC  is  less  than  BA  the 

half  of  the  arc  BAG ; therefore  is  less  than  pyjf,  that  is,  the 
sine  of  AOB  is  less  than  the  circular  measure  of  AOB. 


B 


G 


C 


Again,  we  assume  as  an  axiom  that  the  arc  BAG  is  less  than 
the  sum  of  the  two  exterior  lines  BT  and  TG ; thus  BA  is  less  than 
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BT ; therefore  ^ is  less  than  ^ ; that  is,  the  circular  measure  of 

A OB  is  less  than  the  tangent  of  AOB. 

Hence  sin  9,  9,  and  tan  9 are  in  ascending  order  of  magnitude 

if  9 he  less  than  ^ . 


117.  We  have  assumed  two  axioms  in  the  preceding  Article; 
the  first  is  so  obvious  that  it  will  be  readily  admitted;  but  the 
second  is  more  difficult.  The  student  is  recommended  to  postpone 
this  point  for  future  consideration.  It  is  however  easy  to  shew 
that  the  assumption  may  be  made  to  depend  upon  another 
almost  identical  with  that  which  we  have  already  been  compelled 
to  make  in  Art.  14.  For  divide  the  arc  BAG  into  any  number  of 
arcs  and  draw  tangents  at  the  points  of  division;  then  from  the  fact 
that  two  sides  of  a triangle  are  greater  than  the  third,  it  follows 
that  the  perimeter  of  the  portion  of  a polygon  thus  formed,  is  less 
than  the  sum  of  BT  and  TO  by  a finite  difference.  Moreover 
this  perimeter  diminishes  as  the  number  of  points  of  division  is 
increased.  How  assume  as  in  Art.  14  that  the  perimeter  of  the 
polygon  can  be  made  to  differ  as  little  as  vie  please  from  the  arc 
BAG  by  sufficiently  increasing  the  number  of  sides  and  diminishing 
the  length  of  each  side;  thus  it  follows  that  the  arc  BAG  is  less 
than  the  sum  of  BT  and  TG. 


118.  The  limit  of  — ^ - when  9 is  indefinitely  diminished  is 
unity. 

For  sin  9,  9 , and  tan  6 are  in  ascending  order  of  magnitude ; 
0 1 

divide  by  sin  9 : therefore  1,  — — - , and x are  in  ascending  order 

J sm  0 cos  9 

0 1 

of  magnitude.  Thus  — — - lies  in  value  between  1 and ; but 

° sm  9 cos  9 

when  9 is  zero,  cos  9 is  unity;  hence  as  9 diminishes  indefinitely 
^ q approaches  the  limit  unity.  Therefore  also  approaches 
the  limit  unity. 


6—2 
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And 


1 


tan  0 sin  9 

~T 

indefinitely  diminished  is  also  unity, 


ir  x cost? f tlie  of  -~jir  w^en  ^ is 


119.  From  the  preceding  Article  we  see  that  the  limit  of 


m sin  — when  m increases  indefinitely  is  a. 

m & ..  6 c.  . ' / f, 

For  m sin  ——a  sin  — — ; and  when  m is  indefinitely  great 

m mm  J ° 

. a . a.  &.1-  O f *<■%,*%,  / 

sm  — - — is  unity. 
mm 


-J 


Similarly  the  limit  of  m tan  — when  m increases  indefinitely  is  a. 


It  must  he  carefully  remembered  that  in  the  important  propo- 
sition of  the  preceding  Article,  6 is  the  circular  measure  of  the 
angle  considered.  If  any  other  unit  of  angular  measurement  be 
adopted  instead  of  the  unit  of  circular  measure,  the  limit  under 
consideration  will  not  be  unity.  For  example,  let  us  find  the  limit 

of  Sm  — when  n is  indefinitely  diminished.  - Let  6 be  the  circular 
n 


measure  of  an  angle  of  n degrees,  then  6 =^577;  thus 

loU 


sin  n°  _ sin  6 

n ="L80“ 

1) 

TV 


ir  sin  6 
18Q ' 6~  * 


Now  when  n diminishes  indefinitely,  6 does  so  also,  and  the  limit 

of  S^—  is  unity : hence  the  limit  of  ^ n-  when  n is  diminished 
6 n 

indefinitely  is  , which  is  the  circular  measure  of  an  angle  of 

one  degree.  Similarly  we  may  prove  that  the  limit  of  S1^  U ■ when 

n is  indefinitely  diminished  is  the  circular  measure  of  an  angle  of 
one  minute;  and  so  on.  Thus  we  shall  find  that,  whatever  be  the 
unit  of  angular  measurement,  the  limit  of  the  ratio  of  the  sine  of 
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an  angle  to  the  angle,  when  the  angle  is  indefinitely  diminished, 
is  the  circular  measure  of  the  unit. 

120.  If  6 he  the  circular  measure  of  a positive  angle  less  than 

6Q 

a right  angle , sin  9 is  greater  than  9 - . 

6 6 6 6 

For  sin  9 = 2 sin  ^ cos  ^ ; and  tan  - is  greater  than  -x , therefore 
A A A A 

6 6 6 

sin  ^ is  greater  than  ^ cos  ^ ; therefore  sin  0 is  greater  than 
AAA 

6 6 6 

2 - cos2  -x  , that  is  greater  than  9 cos2  - , that  is  greater  than 
A A A 

(6\  6 /$\2 
1 — sin2  -J  . And  sin2  - is  less  than  f ^ J j therefore  a fortiori 

f 62\  6s 

sin  9 is  greater  than  9 ( 1 — ^ ) ; that  is,  sin  9 is  greater  than  9 — ^ . 

121.  Thus  we  see  that  if  9 lie  between  zero  and  a right 

63 

angle  sin  9 is  less  than  9 and  greater  than  9 — j : and  therefore 

**  ^ 

. 9. 

sin  ^ is 
A 


than  and  greater  than  | 


9 / 9\ 2 

Now  cos  0=1  — 2 sin2  - . Thus  cos  9 is  greater  than  1 - 2 j 

6 2 /Q 

that  is  greater  than  1 - Also  cos  9 is  less  than  1-2  f-  - — J , 

92  Qi  { 9^\ 2 

that  is  less  than  1 ~ 2 + 16  ~ 2 (32)  > tlierefore  & fortiori  cos  9 is 
9 2 9 4 

less  than  1 — 9 + Jg  • 


122.  To  calculate  approximately  the  sine  of  10''. 

107T 


The  circular  measure  of  10"  is 


180  x 60  x 60 


, that  is 


64800 


therefore  the  sine  of  10"  is  less  than 


a* 


64800 


and  greater  than 
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^oo  — \ (eiioo)  * ^ we  ^or  77  appr0x^ma^e  vaiue 

= •000048481368110...;  the 


64800 

3-141592653589793. ..we  find 


64800 

sine  of  10"  is  therefore  less  than  this  decimal  fraction.  And 


64800 


is  less  than  *00005,  therefore  a fortiori , sin  10"  is  greater  than 

•000048481368110 - (-00005)3;  that  is,  sin  10"  is  greater 

than  -000048481368078 

We  have  thus  found  two  decimal  fractions  between  which 
sin  10"  must  lie,  and  these  decimal  fractions  agree  in  their  first 
twelve  figures ; therefore  we  may  say  that 

sin  10"-  -000048481368 


and  we  are  certain  that  the  error  is  less  than 


1 

llF  * 


The  value  of  cos  10"  may  then  be  found  approximately  since  it 
is  ^/(l  — sin2 10");  or  we  may  make  use  of  the  results  established 
in  Art.  121.  Thus  it  will  be  found  that  as  far  as  thirteen  places 
of  decimals  we  have 


cos  10"  =-9999999988248, 


123.  It  appears  from  the  preceding  Article  that  as  far  as 
twelve  places  of  decimals  we  have  sin  1 0"  = the  circular  measure 
of  10";  and  in  the  same  way  we  may  shew  that  sin  1"  = the  cir- 
cular measure  of  1"  very  approximately.  And  if  n be  any  small 
number  of  seconds,  we  shall  have  approximately  sin  n"  = the  circular 
measure  of  n"  = n times  the  circular  measure  of  f = »x  sin  1". 

_ the  circular  measure  of  n"  . ' , . 

Thus  n = sinT" approximately;  that  is  the 

number  of  seconds  in  any  small  angle  is  found  approximately  by 
dividing  the  circular  measure  of  that  angle  by  the  sine  of  one 
second. 


124.  We  shall  now  shew  how  to  calculate  the  sines  of  angles 
which  form  an  arithmetical  progression  having  1 0"  for  the  common 
difference. 
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Let  a denote  any  angle,  then 

sin  (n  + 1)  a + sin  (n  — 1)  a = 2 sin  na  cos  a; 
suppose  2 cos  a = 2 — k,  then 

sin  (n  + 1)  a + sin  (n  — 1)  a = (2  — k)  sin  na, 
therefore  sin  (n  + 1)  a — sin  na  - sin  na  — sin  (n  — 1)  a — k sin  na. 

Now  suppose  a = 10",  then  sin  a is  known  and  cos  a is  known, 
and  therefore  k is  known;  we  put  n-  1,  and  thus  we  obtain  the 
value  of  sin  2 O''  — sin  10",  and  thence  the  value  of  sin  20";  next 
we  put  n—2,  and  thus  we  obtain  the  value  of  sin  30"  — sin  20", 
and  thence  the  value  of  sin  30" ; next  we  put  n = 3,  and  so  on. 
It  will  be  seen  that  the  only  laborious  part  of  this  operation 
consists  in  the  multiplication  by  k of  the  sines  as  they  are  suc- 
cessively found;  but  from  the  value  of  cos  10"  it  follows  that 
k = -0000000023504. ..and  the  smallness  of  k facilitates  the  process. 

12-5.  When  the  sines  of  angles  up  to  45°  have  been  calculated, 
those  for  the  remainder  of  the  quadrant  might  be  deduced  by  the 
theorem 

sin  (45°  + A)  — sin  (45°  -A)  = 2 cos  45°  sin  A = J2 . sin  A ; 
this  would  require  the  multiplication  of  the  sines  already  found  by 
the  approximate  value  of  J2.  If  however  we  calculate  the  sines 
of  angles  up  to  60°,  those  for  the  remainder  of  the  quadrant  may 
be  very  easily  found  from  the  theorem 

sin  (60  ° + A)  — sin  (60°  -A)  = 2 cos  60°  sin  J.  = sin  A. 

126.  WLien  the  values  of  the  sines  of  all  the  proposed  angles 
in  the  first  quadrant  are  known  the  values  of  the  cosines  are  also 
known,  for  the  cosine  of  any  angle  is  equal  to  the  sine  of  the  com- 
plement of  the  angle.  The  values  of  the  tangents  can  be  found  by 
dividing  the  sine  of  every  angle  by  the  cosine  of  that  angle.  The 
tangents  of  angles  greater  than  45°  may  be  easily  inferred  from 
those  of  angles  less  than  45°  by  the  theorem 

tan  (45°  + A)  - tan  (45°  -A)  =2  tan  2 A, 
tan  (45°  + A)  = tan  (45°  - A) + 2 tan  2^t. 


which  gives 
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The  cotangents  are  known  since  the  cotangent  of  any  angle  is  equal 
to  the  tangent  of  the  complement  of  the  angle.  The  cosecants  may 
be  obtained  by  calculating  the  reciprocals  of  the  sines ; they  may 
however  be  obtained  more  simply  from  the  tables  of  tangents  by 
the  theorem 


cosec  A = ^ \ tan  ^ + cot ' 


The  secants  are  known  since  the  secant  of  any  angle  is  equal 
to  the  cosecant  of  the  complement  of  the  angle. 


127.  In  the  method  adopted  for  calculating  the  sines  of  angles, 
the  sine  of  10"  was  first  obtained  to  twelve  places  of  decimals,  and 
then  the  values  of  sin  20",  sin  30",  ...  were  deduced  in  succession. 
It  will  not  however  follow  that  the  values  of  the  sines  of  all  the 
angles  are  correct  to  twelve  places  of  decimals,  and  it  is  therefore 
useful  to  be  able  to  test  the  extent  to  which  the  results  are  correct; 
and  moreover  it  is  essential  to  be  able  to  test  the  correctness  with 
which  the  calculations  are  performed.  We  may  for  this  purpose 
compare  the  value  of  the  sine  of  any  angle  obtained  in  the  manner 
which  has  been  explained  with  its  value  obtained  independently. 


Thus,  for  example,  we  know  that  sin  18°  = 


yg-i. 


; hence  the  sine 


of  1 8°  may  easily  be  calculated  to  any  degree  of  approximation,  and 
by  comparison  with  the  value  obtained  in  the  tables  we  can  judge 
how  far  we  can  rely  upon  the  tables.  There  are  however  two 
formulae  which  are  usually  called  formulae,  of  verification  from  the 
fact  that  they  can  be  easily  used  to  verify  any  part  of  the  calculated 
tables.  These  formulae  are 


sin  A + sin  (72°  + A)  - sin  (72°-^t)  = sin  (36°+ A)  - sin  (3  6°  —A), 
cos  A + cos  (72°  + A)  + cos  (72°  — A)  = cos  (36°  + A)  + cos  (36°  — A) ; 


they  may  be  readily  demonstrated;  for 

sin  (72°  + A)  - sin  (72°  - A)  = 2 cos  72°  sin  A = — ■ ^ * sin  A, 

sin  (36°  + A)  - sin  (36°  -A)  = 2 cos  36°  sin  A sin  A, 
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therefore  sin  A + sin  (72°  + A)  - sin  (72°  - A)  = sin  A + ^-sin  A 

- ^ + 1 sin  A - sin  (36°  + A)  - sin  (36°  - A). 

A 

Similarly  the  second  formula  may  be  demonstrated;  or  it  may  be 
deduced  from  the  first  by  changing  A into  90°  — A. 

Then  if  we  ascribe  any  value  to  A,  and  take  from  the  tables 
the  values  of  the  sines  and  cosines  of  the  angles  involved,  these 
values  must  satisfy  the  formulae  of  verification  to  a certain  number 
of  places  of  decimals,  if  the  tables  have  been  correctly  calculated  to 
that  number  of  decimal  places. 


128.  Some  further  remarks  upon  Trigonometrical  Tables  will 
be  given  in  Chapter  XI.,  in  which  we  shall  explain  the  method 
of  using  such  tables.  We  will  add  here  two  theorems  which  will 
extend  the  results  obtained  in  Art.  121 ; these  theorems  will 
furnish  interesting  examples  although  not  of  any  immediate  prac- 
tical importance. 


*)C  x x x 

129.  The  limit  of  cos ^ cos T cos  5... cos—  when  the 
A 4 o A 


n is  indefinitely  increased  is 


For  sin  x = 2 sin  ^ cos  ^ 

2 2 

. . X X X 

= 4:  sm  cos  t cos  — 

4 4 2 


_ . x x x x 
= 8 sm  - cos  - cos  T cos  -- 
8 8 4 2 


r\n  . X X X X 

= 2 sm  — cos  — cos  - cos  - 

A A O 4: 


Therefore 


xxx 
cos  - cos  - cos  ^ • 
A 4 o 


X 

cosr  = 


2"  sin  — 


(aM~  I 1^ 
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And  the  limit  of  2"  sin  — when  n is  indefinitely  increased  is  x,  by 
Art.  119. 

This  result  is  sometimes  cited  as  Euler's  Formula. 


130.  To  prove  that  if  x be  the  circular  measure  of  a positive 

x 3 

angle  less  than  a right  angle  sin  x is  greater  than  x ~ q • 

We  have,  by  Art.  91, 


„ . x . 3 x 
sm  x = 3 sm  g - 4 sm  ^ 


=3( 


O • X t • 3 X 

3 sm  -2  - 4 sm3  ^ 


4 sin3 


02  * A * 3 A 0*3^ 

= 3 2 sm  — 2 - 4 sm3  --4x3  sm3  - 

o o o 


I 3s  (l 


n . 'jo  . . cc  \ ..„x-  . 0 . 3 W/ 

3 sm  - 4 sm  - 4 sm  ^ - 4 x 3 sm  ^ 


33  sin  ^ - 4 < sin3  - + 3 sin3  ^-2  + 32  sin3 


Proceeding  in  this  way  we  see  that 
sin  x = 3"  sin  ~ - 4 (sin3  % + 3 sin3  %2+  ...  + 3n_1  sin3 


8- 


3 32  3' 

Hence,  by  Art.  116,  since  is  greater  than 

OB  . re  4rc3f  11  1 ) 

3 sm3“_  3H1  + 3'  + 3‘+'”  + 3*5:r‘j 

1 - — 

x 4cc3  32n 

that  is  greater  than  3"  sin  — — ^ rr; — • 
o o o — I 


Thus  sin  x exceeds  the  last  expression ; and  the  excess  does  not 
vanish  however  great  n may  be : therefore  sin  x exceeds  the  limit 
to  which  the  last  expression  approaches  when  n is  made  infinite. 


EXAMPLES.  CHAPTER  IX. 


91 


I But  the  limit  of  3"  sin  ^ is  x by  Art.  119  ; and  the  limit  of 
o 

1 - is  1 : thus 

, x* 

sin  x is  greater  than  x — — . 

By  proceeding  as  in  Art.  121,  we  may  now  shew  that 

. i ,,  . x2  x* 

cos  x is  less  than  1 — ~ . 

2 24 

(Le  Cointe’s  Trigonometry,  and  Messenger  of  Mathematics,  hi.  101.) 


MISCELLANEOUS  EXAMPLES. 


1.  Let  P be  any  point  in  a semicircle  whose  diameter  is  AB 
and  centre  C;  draw  PM  perpendicular  to  AB,  and  draw  PA,  PB; 
from  this  construction,  observing  that  the  angles  BPM  and  PAM 
are  each  equal  to  half  of  PCB,  deduce  the  formula 


1 - cos  A • „ A 

= tan2  — 

1 + cos  A 2 


2.  If  cos  6 ■ 


a cos  xf>  — b 


tan 


tan 


, then 


a-b  cos </> ’ J(a  + b)  J(a  — b) 

3.  If  tan2 6=2  tan2  4>  + l,  then  cos  29  + sin2  = 0. 

4.  . If  sec  26  = 2 sec  6 cosec  6,  then  cosec  26  = cosec2  6 - sec2  6. 

-5.  If  tan  6 = n tan  <£,  shew  that  tan2  (6  — cf>)  cannot  exceed 

-l)2 


6.  Beduce  sin  6 + sin  </>  - cos  6 sin  ( 6 + cj>)  to  a single  term. 


■ 7.  Shew  that 


sin  (3  cos  a (tan  a + tan  j3)  sin  | (a  - (3) 


= 1. 


1 - cos  (a  + (3 ) cos  (3  sin  \ (a  + (3) 

8.  Find  approximately  the  height  of  an  object  which  at  the 
distance  of  a mile  subtends  at  the  eye  an  angle  of  one  minute. 
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■ 9.  Find  approximately  tlie  distance  at  which  a circular  plate  of 
six  inches  diameter  must  be  placed  so  as  just  to  conceal  the  Moon, 
supposing  the  apparent  diameter  of  the  Moon  to  be  half  a degree. 

10.  If  sin  3 A =n  sin  A be  true  for  any  value  of  A besides  zero, 
or  two  right  angles,  or  a multiple  of  two  right  angles,  shew  that  n 
must  lie  between  3 and  — 1 ; solve  the  equation  when  n = 2. 

11.  If  tan  /?  = j shew  that  tan  (a— /3)  = (1  — n)  tan  a. 

12.  If  sin  30  be  given,  determine  the  number  of  values  of 
tan  0. 

13.  Prove  that  64  (cos8  A + sin8  A)  = cos  8 A + 28  cos  4^1  + 35. 

' 14.  Find  all  the  values  of  0 and  cfj  which  satisfy 

cos  0 , cos  <£+  1 = 0. 

15.  If  n 2 sin2  (a  + /?)  = sin2  a + sin2  (3  - 2 sin  a sin  (3  cos  (a  -J3), 

shew  that  tan  a = ■= tan  (3. 

1 n 

ts'  16.  Find  the  limit  of  sm  ^ co^  ® when  0 is  indefinitely 
vers  20  cot  20 

diminished. 

Solve  the  following  equations  : 


17. 

sin  0 + cos  0 = J2. 

18. 

J3  sin  0 - cos  0 = J2. 

19. 

sin  20  = cos  0. 

20. 

cos  0 — cos  20  = sin  30. 

21. 

(4  - ^3)  (sec  0 + cosec  0) 

= 4 (sin  0 tan  0 + cos  0 cot  0). 

22. 

cot  0 - tan  0 = cos  0 + sin  0. 

23.  2 sin2  0 + sin2  20  = 

24. 

tan  0 + 2 cot  20  = sin  0 ^ 

1 + tan  0 tan  . 

25. 

sin2  20  - sin2  0 = sin2  J . 

6 

Q 

26.  cosec  0 = cosec ^ . 

27. 

cos  0 cos  3 0 = cos  50  cos  7 0. 

28.  sin  0 sin  30  = ^ . 

LOGARITHMS  AND  LOGARITHMIC  SERIES. 


93 


29. 

4 sin2 0+sin220=3.  30.  (1  - tan 0)(1  +sin 

20)=l+tan& 

31. 

sin  6 + sin  26  + sin  3 9 + sin  id  = 0. 

32. 

sin  6—  cos  6 = 4 sin  6 cos2  6. 

33. 

(cot  6 - tan  6)s  (2  - ^3)  = 4 (2  + ^3). 

34. 

2J2  cos  ^ ~ ^ ^ (1  + sin  6)  = 1 + cos  26. 

35. 

sin  9 6 + sin  56+2  sin2  6=1. 

X. 

LOGARITHMS  AND  LOGARITHMIC 

SERIES. 

131. 

It  will  be  necessary  now  for  the  student  to  become 

acquainted  -with  the  nature  and  use  of  logarithms,  and  the  mode 
of  calculating  them.  As  it  is  usual  to  introduce  into  works  on 
Trigonometry  a Chapter  on  these  subjects,  we  shall  repeat  here 
part  of  the  chapter  on  Exponential  and  Loga/rithmic  Series  from 
the  Algebra. 

132.  Suppose  a* = n,  then  x is  called  the  logarithm  of  n to  the 
base  a ; thus  the  logarithm  of  a number  to  a given  base  is  the 
index  of  the  power  to  which  the  base  must  be  raised  to  be  equal 
to  the  number. 

The  logarithm  of  n to  the  base  a is  written  lo gan ; thus 
log an  = x expresses  the  same  relation  as  a —n. 

For  example  34  = 81 ; thus  4 is  the  logarithm  of  81  to  the 
base  3. 

If  we  wish  to  find  the  logarithms  of  the  numbers  1,  2,  3,  

to  a given  base  10,  for  example,  we  have  to  solve  a series  of  equa- 
tions 10*  = !,  10*  = 2,  10*  =3,. We  shall  see  in  some  sub- 

sequent Articles  that  this  can  be  done  approximately , that  is,  for 
example,  although  we  cannot  find  such  a value  of  x as  will  make 
10*=  2 exactly , yet  we  can  find  such  a value  of  x as  will  make  10* 
differ  from  2 by  as  small  a quantity  as  we  please. 
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We  shall  now  prove  some  of  the  properties  of  logarithms. 

133.  The  logarithm  of  1 is  0 whatever  the  base  may  be. 

For  a0  = 1,  therefore  loga  1 = 0. 

134.  The  logarithm  of  the  base  itself  is  unity. 

For  a}  = a,  therefore  logaa  = 1 . 

135.  The  logarithm  of  a 'product  is  equal  to  the  sum  of  the 
logarithms  of  its  factors. 


For  let 

x = logam,  y = logan ; 

therefore 

m = a , n = ay- 

therefore 

mn  — axay  = ax+y ; 

therefore 

logfmn)  = x + y = lo  gum  + lo  gan. 

136.  The  logarithm  of  a quotient  is  equal  to  the  logarithm  of 
the  dividend  diminished  by  the  logarithm  of  the  divisor. 

For  let 

x = logam,  y = \ogan ; 

therefore 

m = ax , n = a?) 

therefore 

m a* 

n ~ay  = a ’ 

therefore 

loga  ^ = X~y  = l0£«m  - logaW* 

137.  The  logarithm  of  any  power,  integral  or  fractional , of  a 
number  is  equal  to  the  product  of  the  logarithm  of  the  number  and 
the  index  of  the  power. 

For  let 

m - ax ; therefore  mr  = (aff  = a™, 

therefore 

loga  ( mr ) -rx  = r lo gam. 

138.  To  find  the  relation  between  t, he  logarithms  of  the  same 
number  to  different  bases. 
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Let 

a:  = logttm,  y = log6m  ; 

therefore 

m = ax  and  = by ; 

therefore 

ax  = by ; 

therefore 

a V 

ay—b,  and  bx  = a; 

therefore 

OC  V 

- - loga5,  and  -=  log6a. 

y x 

Hence 

y = x lo gba,  and  = X—: . 
y ’ loga6 

Hence  the  logarithm  of  a number  to  the  base  b may 

by  multiplying  the  logarithm  of  the  number  to  the  base  a by 
logs(I,  or  byji-j  . 

We  may  notice  that  \ogba  x loga6  = 1. 


139.  In  practical  calculations  the  only  base  that  is  used  is 
10 ; logarithms  to  the  base  10  are  called  common  logarithms.  We 
will  point  out  in  the  next  two  Articles  some  peculiarities  which 
constitute  the  advantage  of  the  base  10.  We  shall  require  the  fol- 
lowing definition : the  integral  part  of  any  logarithm  is  called 
the  characteristic,  and  the  decimal  part  the  mantissa. 


140.  In  the  common  system  of  logarithms,  if  the  logarithm 
of  any  number  be  known  we  can  immediately  determine  the  loga- 
rithm of  the  'product  or  quotient  of  that  number  by  a/ny  power 
of  10. 

For  log10(W  x 1 0")  = log]0  N + log10 10"  = log]0  N + n, 
jSf 

log]0  Iqu  = log10  W-  log10 10"  = log10  N-n. 

That  is,  if  we  know  the  logarithm  of  any  number  we  can 
determine  the  logarithm  of  any  other  number  which  has  the  same 
figures,  but  differs  merely  by  the  position  of  the  decimal  point. 
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141.  In  the  common  system  of  logarithms  the  characteristic 
of  the  logarithm  of  any  number  can  be  determined  by  inspection. 

For  suppose  the  number  to  be  greater  than  unity  and  let  the 
integral  part  consist  of  n+1  figures,  so  that  the  number  lies  between 
10"  and  10n+1;  then  its  logarithm  must  be  greater  than  n and  less 
than  n + 1 : hence  the  characteristic  of  the  logarithm  is  n. 

Next  suppose  the  number  to  be  less  than  unity,  and  let  there 
be  n ciphers  between  the  decimal  point  and  the  first  significant 

figure,  so  that  the  number  lies  between  — and  — j that  is, 

between  10->l  and  10_(M+1);  then  its  logarithm  will  be  some 
negative  quantity  between  — n and  — (n  + 1) ; hence  if  we  agree 
that  the  mantissa  shall  always  be  positive,  the  characteristic  will 
be  - (n  + 1). 

142.  By  reason  of  the  properties  explained  in  the  two  pre- 
ceding Articles  it  is  unnecessary  in  a table  of  common  logarithms 
to  print  either  the  characteristics  of  the  logarithms  or  the  decimal 
points  of  the  numbers. 

For  example,  we  find  in  a table  the  following  figures : 

Number  Logarithm 

15627  1938756 

This  means  that  -1938756  is  the  mantissa;  for  the  number  15627 
the  corresponding  characteristic  is  4,  and  therefore 

log  15627  = 4-1938756. 

Similarly  log  156-27  = 2-1938756,  and  log  *0015627  = 3-1938756  : 
in  the  last  example  3 is  used  instead  of  — 3,  so  that  we  express  in 
the  manner  indicated  the  fact  that  log  *0015627  = — 3 + *1938756. 

It  is  necessary  to  notice  one  point  in  practical  operations 
with  negative  characteristics. 

Suppose  we  require  the  logarithm  of  the  cube  root  of  *0015627. 
By  Art.  137  the  logarithm  is  J of  3 '1938756.  The  division  here 
can  be  immediately  effected;  for  J of  — 3 is  — 1;  and  J of  *1938756 
is  -0646252:  thus  the  required  logarithm  is  1*0646252. 
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But  suppose  we  require  the  logarithm  of  the  square  root  of 
*0015627.  By  Art.  137  the  logarithm  is  ^ of  3T938756.  It  is 
convenient  now  to  put  3-1938756  in  the  form  —4  + 1-1938756  ; 
then  dividing  by  2 we  obtain  — 2 + -5969378,  so  that  the  required 
logarithm  is  2-5969378. 

Similarly  if  we  require  the  logarithm  of  the  sixth  root  of 
•0015627  we  put  3-1938756  in  the  form  -6  + 3-1938756;  then 
dividing  by  6 we  obtain  —1 + -532 31 26,  so  that  the  required 
logarithm  is  1-5323126. 

We  shall  now  proceed  to  investigate  formulae  for  the  calcula- 
tion of  logarithms. 

143.  To  expand  ax  in  a series  of  ascending  powers  of  x;  that 
is,  to  expand  a number  in  a series  of  ascending  powers  of  its 
logarithm  to  a given  base. 

ax  = {1  + (a  - 1)}*;  and,  expanding  by  the  Binomial  Theorem, 
we  have  {1  + (a  — 1)}*  = 1 + x {a  - 1)  + (a  — 1)* 

x{x—l){x—<2).  x(x—l)  (x—T)  (x—2>)  . ,4 

+ 37273 (a-1>+ 172.3.4 (a“1)+ 

= 1 +£c|a-  1 (a  - l)2  + s (a~  1)3~  i(«-  1)4+ | 

+ terms  involving  x“,  x3,  and  higher  powers  of  x. 

This  shews  that  ax  can  be  expanded  in  a series  beginning 
with  1 and  proceeding  in  ascending  powers  of  x ; we  may  there- 
fore suppose  that 

a = 1 + cpc  + c2  xs  + c3x3  + cpc4  + 

where  cv  c2,  c3, are  quantities  which  do  not  depend  on  x , 

and  which  therefore  remain  unchanged  however  x may  be 
changed ; also 

Cl  = a-l-l(a-l)s  + i(a-l)3-i(a-l)4+ 

while  ca,  c3, are  at  present  unknown;  we  proceed  to  find 

7 


T.  T. 
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their  values.  Changing  x into  x + y we  have 

ax+y  = \ +cx{x  + y)  +C2(x  + y)2  +Ca{x  + y)3  + 

= 1 + c1y  + c2y2  + cay3+  ... 

+ (<V+2  c2y  + 3 c3y2  + ...)x 

4-  terms  involving  x 2 and  higher  powers  of  x ; 

but  axJry  = aV  -fl^l  + cxx  + c2x2  + eye3  + } 

— ay  + cxayx  + c2ayx 2 + 

Since  the  two  expressions  for  ax+y  are  identically  equal,  we 
may  assume  that  the  coefficients  of  cc  in  the  two  expressions  are 
equal,  thus 

cx  + 2 c2y  + 2>c3y2  + 4 cAy3  + = cxa?> 

= cx{l+cxy  + c2y2  + c2y3+ }. 

In  this  identity  we  may  assume  that  the  coefficients  of  the 
corresponding  powers  of  y are  equal ; thus 

c 2 

2 c2  = Cl2 ; therefore  c = , 

A 

3c.=lr<W  therefore  c3  = ^ ’ 

4c4=cxc3;  therefore  c4  = C-&  = 4 . 


Thus 


, , C 2£C2  C 3X*  C.4C C4 

a=i+c'*+-jr  + tr+-jr+ 

Since  this  result  is  true  for  all  values  of  x,  take  x such  that 


c,x  ■—  1,  then  x = - and  ax  — 1 + 1 + i + rr  + 5 

ci  II  [3  [4 


this  series  is  usually  denoted  by  e • thus  aCl  = e,  therefore  a = eCl 
and  Cjl  = logea ; hence 

•t  /i  \ (logea)  sx2  (logca)3x3 

= 1 + (l°g<«)  * + |V  — + — ' a|-3-—  + 

This  result  is  called  the  Exponential  Theorem. 
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Put  e for  a , then  lo gea  becomes  lo gee,  that  is,  unity  (Art.  134); 


thus 


- cr  x°  x 

^ = l+“  + |2+(8+(I  + - 


With  respect  to  the  assumption  which  has  been  made  twice 
in  the  course  of  this  Article,  the  student  is  referred  to  the  Chapter 
on  Indeterminate  Coefficients  in  the  Algebra;  he  may  also  consult 
with  advantage  the  part  of  the  Chapter  on  Exponential  and  Log- 
arithmic Series  which  we  do  not  repeat  here. 


144.  By  actual  calculation  we  may  find  approximately  the 

numerical  value  of  the  series  which  we  have  denoted  by  e;  it  is 
2-718281828 

145.  To  expand  loge  (1  + a c)  in  a series  of  ascending  powers 
of  x. 


We  have  seen  in  Art.  143,  tha.t  c1  = logea  ; that  is,  by 
the  same  Article, 

log,a=a-l-|(£l-l)!+J(a-l)5-J-(«-l)<+ 


Por  a put  1 + x ; hence 


i \ x x 

loge  (1  + x)  = ® ~ g + 3 


This  series  may  be  applied  to  calculate  loge  (1  + x)  if  x is  a 
proper  fraction ; but  unless  x be  very  small  the  terms  diminish  so 
slowly  that  we  shall  have  to  retain  a large  number  of  them ; if  x 
be  greater  than  unity  the  series  is  altogether  unsuitable.  We 
shall  therefore  deduce  some  more  convenient  formulae. 


146.  We  have 

loge(l  +x) 


therefore  loge  (l-£c)  = -aj-|--j-^ 


7—2 


100 


LOGARITHMS  AND  LOGARITHMIC  SERIES. 


by  subtraction  we  obtain  the  value  of  loge  (1  + x)  - log*  (1  - x), 
that  is  of  loge  j + ^ ; 

therefore  loge  y— - = 2|a;+-y+-y  + j 

In  tbis  series  write  — — - for  x,  and  therefore  ^ for  ^ + X 
m + n n \-x 

thus 

. m fm-n  1 fm  —n\3  1 fm  — n\ 5 1 

l0S-n = 2 + 3 WW  + 5 (iTTs)  + j «• 

Put  w=  1,  then 


fm  - 1 

A 

fm-  Is 

f + If— Y 

+ 1 

+ 3 

\m  + 1, 

1 5\m+l) 

Again  in  (1)  put  m = n + 1 , thus  we  obtain  the  value  of 

log.  — : therefore 
n 

\oge(n  + l)-logen 


(_J_ 
\2»  + 1 


3 (2n  + l)3  + 5 (2n  + l)6  + j ^ 

As  an  example  of  these  formulae  suppose  we  put  as  = 1 in  the 

expansion  of  log8  (1  + x) : thus  we  obtain 

. . 1 1 1 1 1 1 
log.2  = l-§  + g-3+5-5+... 


1.2  + 3.4  + 6.6  + 


Again,  put  1 for  n in  (3) : thus 

1o&2  = 2{I  + 31 


33  + 5.35 


147.  The  series  (2)  of  the  preceding  Article  will  enable  us  to 
find  log3  2 ) put  m = 2,  then  by  calculation  we  shall  find 
loge2  = -6931471 

Prom  the  series  (3)  we  can  calculate  the  logarithm  of  either  of 
two  consecutive  numbers  when  we  know  that  of  the  other.  Put 
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n = 2,  and  by  making  use  of  the  known  value  of  log,  2,  we  shall 
obtain 

log,  3 = 1-0986122 

Put  n = 9 in  (3) ; then  loge  9 = loge  3Z  = 2 log,  3 and  is  therefore 
known ; hence  we  shall  find 

log,  10  = 2-3025850 

Logarithms  to  the  base  e are  called  Napierian  logarithms, 
from  Napier  the  inventor  of  logarithms;  they  are  also  called 
natural  logarithms,  being  those  which  occur  first  in  our  investi- 
gation of  a method  of  calculating  logarithms.  We  have  said 
that  the  base  10  is  the  only  base  used  in  the  practical  application 
of  logarithms,  but  logarithms  to  the  base  e occur  frequently  in 
theoretical  investigations. 

148.  Prom  Art.  138  we  see  that  the  logarithm  of  a number 
to  the  base  10  can  be  found  by  multiplying  the  Napierian  loga- 

rithm  by  —g , that  is,  by  ^.30^8m_  , or  by  -43429448... ; 

this  multiplier  is  called  the  modulus  of  the  common  system. 

The  base  e,  the  modulus  of  the  common  system,  and  the 
logarithms  to  the  base  e of  2,  3,  and  5 have  all  been  calculated  to 
upwards  of  200  places  of  decimals.  See  the  Abstracts  of  the 
Papers  communicated  to  the  Royal  Society , Yol.  xx.  page  27. 

The  series  in  Art.  146  may  be  so  adjusted  as  to  give  common 
logarithms ; for  example,  take  the  series  (3),  multiply  throughout 
by  the  modulus  which  we  shall  denote  by  p ; thus 

^log>  + l)-fUog,TC  = 2/r{gAn  + 3 (2j+_  + ; 

that  is, 

log10  (»  + 1)  - logio » : = ^ {2^1  + 3 (2?t  + 1}. + 67ray* +-  • • 

Similarly  from  Art.  145  we  have 
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In  future  we  stall  in  general  use  the  symbol  log  without 
the  suffix  e or  10 ; the  student  will  be  able  always  to  infer  from 
the  context  which  base  we  are  employing : we  almost  invariably 
employ  the  base  e in  theoretical  investigations,  and  the  base  10  in 
practical  applications. 

149.  The  quantity  e is  incommensurable. 

For  suppose  if  possible  e = — , where  m and  n are  integers;  thus 

nv  a 1 11 

» =2+[2  + [3+ll+- 

Multiply  both  sides  by  [w, ; then 


m \n—  1 = an  integer  + 

1 


But 


1 1 , 1 

n+ 1 + (n+l)(w+2)  "r  (n+\)(n+2)(n+?>) 

1 1 


+... 


n + 1 (n+l)(n+2)  (n+  1)  (n  + 2)  (n  + 3) 


+ ... 


is  a fraction,  for  it  is  greater  than  j-  and  less  than  the  geome- 
trical progression 


1 1 
+ 


n+1  (n+1)2"  (n  + 1)8 

that  is,  less  than  - . 

n 

Thus  the  difference  of  two  integers  is  equal  to  a fraction,  which 
is  absurd.  Therefore  e is  incommensurable. 

150.  We  will  conclude  this  Chapter  by  investigating  two 
limits  which  will  be  useful  hereafter. 


To  find  the  limit 


a of  (cos^y 


when  n is  increased  indefinitely. 


■ = ( cos  - ) - (l  — sin2  - ) 2 ; then 
\ nj  \ n) 


Let 
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log  u = log  (l  - sin2  0*  = | log  ^1  - sin2  0 

n / . „ a 1 . , a 1 • B a \ 

= - o sm  “ + o sm  - + q sm  “ + ) • 

2\  n 2 n 3 w / 


This  series  is  numerically  less  than 

o • a a . . ct  | 

sin  - + sm  - + sin 

n n n J 


. aa 
sm  - 

that  is  numerically  less  than  - ^ - — - — — or  - ^ tan3  - 
J 2 , . 2a  2 n 

1 - sm2  - 
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But  n tan  - = a when  n is  increased  indefinitely,  by  Art.  119  ; 

therefore  n tan2  ~h=<x  ^an  - = 0 ultimately.  Therefore  log  u = 0 ; 
therefore  u = 1.  Thus  the  required  limit  is  unity. 


To  find  the  limit  of  j 


, . a^ 
sm  — 
n 


when  n is  increased  indefinitel  y 


We  know  by  Art.  116  that  — — is  less  than  1 and  greater  than 


. a 

sm- 

n 


tan  — 
n 


/ sin  ^ V* 

that  is,  greater  than  cos  - ; hence  | ■ | is  less  than  1”  or 

\ - / 

1 and  greater  than  ^cos  0 ; and  by  the  preceding  Article  the 

/ a\n  / S“1  V 

limit  of  (cos  - J is  unity,  therefore  the  limit  of  J — I is  unity. 

\ n ' 
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MISCELLANEOUS  EXAMPLES. 


1.  Find  the  logarithm  of  128  to  the  base  £/4. 

2.  Find  the  logarithm  of  243  ^/9  to  the  base  J3. 

3.  Find  the  following  logarithms,  log3  2187,  log10  ’0001, 


4.  Find  approximately  the  value  of  x from  the  equation 
5s-4*  = 2*+3}  having  given  log  2 = -301030. 

5.  Given  log  -224  = a and  log  125  = 6,  find  log  2 and  log  7. 

6.  Required  the  characteristics  of  log6  7 25,  and  of  log6  ^/(*072 5). 

7.  Given  log  2 = -301030,  log  405  = 2-607455,  find  log  *003. 

8.  Given  log  2 = *301030,  log  7 = -845098,  find  log  98  and 

Mss)’- 

9.  Given  log  2 = -30103,  log  3 = -47712,  find  log  (-0020736)1 


10.  Determine  the  sum  of  the  series 


a 


f'-= 


11.  Shew  that 
e l 1+2 
2 “ 


O be  l£ 


' 3? 

1 + 2 + 3 1 + 2 + 3 + 4 77' 

I3TTF+— [F~  + — E? — + w/ 


Find  x from  the  following  six  equations  : 

12.  4 sin x sin  (x  — a)  = 2 cos  a—  1. 

13.  cos  (3  J(a?  - xz)  + a sin  a = x sin  (3. 

14.  sin  a + sin  (x  — a)  + sin  (2x  + a)  = sin  (x  + a)  + sin  ( 2x  - a). 


15.  cos  ^x  + a + cos  ^as  + ^ a = sin 

16.  Xs  cos  a cos  - ^ + S3  cos  (a  - /3) 
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17.  cot  2X~1  a — cot  2*a  = cosec  3a. 

18.  Solve  tlie  equation  m vers  9 = n vers  (a  — 9). 

19.  Solve  the  equation  cos  nO  + cos  (n  — 2)9  = cos  0. 

20.  Solve  the  following  equation,  and  shew  that  there  are 
seven  positive  values  of  6 greater  than  0 and  less  than  2?r, 

sin  9 + sin  30  = sin  29  + sin  49. 

21.  Find  tan  x from  the  equation  tan  x = tan  /3  tan  (a  + x)  ; 
and  shew  that  in  order  that  tan  x may  be  real,  tan  (3  must  not 
lie  between  (sec  a — tan  a)2  and  (sec  a + tan  a)2. 

22.  Find  the  least  value  of  9 which  satisfies 

tan(i-0+tm(i+e)=(w2)1- 

23.  Given  sin2(w  + 1)  9 = si xAn9  + sin2  (n  — 1)0  where  (n  + 1)  9, 
nO,  and  (n-1)  9 are  the  angles  of  a triangle,  find  an  integral 
value  of  n. 


24.  Beduce  to  its  simplest  form  and  solve  the  equation 
cos20  — cos2  a = 2 cos9  9 (cos  9 — cos  a)  — 2 sin3  9 (sin  9 — sin  a). 

25.  Shew  that  all  the  angles  which  have  the  same  sine  as 

a are  included  in  the  formula  ^2 n + T ± “ a j • 

26.  Shew  that  all  the  angles  which  have  the  same  cosine 

as  a are  included  in  the  formula  (n  + ^tt+  (-l)*1  • 

A A 

27.  In  the  formula  cos  — — sin  — = ± J(l  — sin  A)  the  ambi- 

A Z 

guity  ± may  be  replaced  by  (-  l)m,  where  m is  the  greatest  integer 
contained  in  ~~ ang^e  being  expressed  in  degrees. 
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28.  In  the  formula  tan  ~ ^an 

2 tan  A 

— may  be  replaced  by  (—  l)m,  where  m is  the  greatest  integer 
contained  in  ^ , the  angle  A being  expressed  in  degrees. 


— — — the  ambiguity 


29.  If  tan  (cot  x)  = cot  (tan  x),  shew  that  the  real  values  of 

4 

x are  given  by  sin  2x  = ^)n+  ^ ? where  n is  any  integer  except  — 1. 

A 

30.  Shew  how  to  express  cos  ^ in  terms  of  cos  A,  where  n 

An 

is  any  positive  integer. 


31.  From  the  equation  cos  x 


+ cos  2x 


deduce  the 


formula  for  sin  x in  terms  of  sin  2x,  and  shew  how  the  proper 
signs  for  the  radicals  may  be  determined. 


32.  If  the  expression  retein  the 

1 A!  sm  (6  + a)  + B!  cos  (6  + / 3 ) 

same  value  for  all  values  of  0,  then  will 

A A'  - BB ' = (A'B  - ABT)  sin  (a  - £). 


33.  If  the  sum  of  two  angles  is  given,  shew  that  the  sum 
of  their  sines  is  numerically  greatest  when  the  angles  are  equal. 
If  the  cosine  of  the  given  sum  is  positive  shew  that  the  sum  of  the 
tangents  is  numerically  least  when  the  angles  are  equal. 


34.  If  A + B + C = 90°,  shew  that  unity  is  the  least  value 
of  tan2  A + tan2  B + tan2  G. 

35.  If  A + B + C = 180°,  shew  that  unity  is  the  least  value 
of  cot2  A + cot2  B + cot2  G. 


36.  If  A,  B,  G are  the  angles  of  a triangle  shew  that 
2 cot  A+ 2 cot  B+  2 cot  G is  never  less  than  cosec  A + cosec  B + cosec  G. 

37.  Shew  that  the  sum  of  the  three  acute  angles  which  satisfy 
the  equation  cos2  A + cos2  B + cos2  G = 1 is  less  than  180°. 
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38.  If  each  of  the  angles  A,  B,  C be  less  than  90°,  then 
sin  {A  + B + C)  is  less  than  sin  A + sin  B + sin  C. 

/ a\"s 

39.  Find  the  limit  of  (cos  - J when  n is  increased  indefinitely. 

40.  Find  the  limit  of  ^cos  when  n is  increased  indefinitely. 

41.  Shew  that  sin  6 is  greater  than  tan  6 — — if  6 is  posi- 


tive and  less  than  „ . 

Ji 


fx  — IV 

42.  Shew  that  ( — —)  continually  i 


increases  as  x increases 


from  unity  to  infinity ; and  find  the  limit  of  the  expression  when 
x is  increased  indefinitely. 


XI.  USE  OF  LO  GARITHMIC  AND  TRIGONOMETRICAL 
TABLES. 


151.  In  the  preceding  two  Chapters  we  have  shewn  how 
tables  of  the  values  of  the  Trigonometrical  Ratios  may  be  cal- 
culated and  how  tables  of  logarithms  may  be  calculated,  and  we 
shall  now  shew  how  to  use  such  tables ; we  begin  with  tables  of 
logarithms.  It  is  obvious  that  tables  of  logarithms  may  be  cal- 
culated to  various  degrees  of  approximation;  they  may  be  calcu- 
lated to  5,  6,  7 or  a higher  number  of  decimal  places.  For  a list 
of  logarithmic  and  trigonometrical  tables  the  student  may  consult 
the  article  Tables  in  the  English  Cyclopaedia,  and  the  Report  of 
the  British  Association  for  1873.  Different  tables  present  some 
variety  in  their  mode  of  arrangement,  and  are  usually  accom- 
panied with  full  explanation  of  their  peculiarities  and  the  methods 
of  using  the  tables ; we  shall  not  enter  into  any  minute  account  of 
the  way  in  which  tables  may  be  used  with  the  greatest  advantage, 
but  shall  give  such  general  illustrations  as  will  enable  the  student 
to  avail  himself  of  any  set  of  tables  for  the  purpose  of  occasional 
calculation.  The  logarithms  will  always  be  supposed  taken  to  the 
base  ten. 
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152.  We  may  observe  that  throughout  all  approximate  cal- 
culations it  is  usual  to  take  for  the  last  figure  which  we  retain, 
the  figure  which  gives  the  nearest  approach  to  the  true  value. 
Thus  for  example,  suppose  we  have  the  decimal  fraction  *3726; 
if  we  wish  to  retain  only  three  places  of  decimals  we  should  write 
•373  and  not  “372  ; the  former  is  too  large  and  the  latter  too  small, 
but  the  excess  in  the  former  case  is  -0004,  and  the  defect  in  the 
latter  case  is  *0006,  so  that  there  is  a smaller  error  in  the  former 
case  than  in  the  latter  case.  Thus  we  have  this  general  rule, 
when  only  a certain  number  of  decimal  places  is  to  be  retained : 
strike  off  the  rest  of  the  figures , and  increase  the  last  figure  retained 
by  1 if  the  first  figure  struck  off  be  5 or  greater  than  5. 

We  now  proceed  to  explain  the  use  of  tables  of  common  log- 
arithms ; and  we  shall  use  tables  of  seven  places  of  decimals. 

153.  To  find  the  logarithm  of  a given  number. 

If  the  number  be  contained  in  the  Table  we  have  merely 
to  take  the  decimal  part  of  the  logarithm  immediately  from  the 
Table  and  prefix  the  characteristic  (Arts.  141, 142).  For  example, 
required  the  logarithm  of  534.  The  table  gives  ’7275413  as 
the  decimal  part,  and  the  characteristic  is  2 ; therefore 
log  534  = 2-7275413. 

Similarly,  log  53400  = 4-7275413,  log  -0534  = 2-7275413. 

In  the  last  example  the  characteristic  is  — 2,  and  this  is  denoted 
by  the  bar  placed  over  the  2 : see  Art.  142. 

Suppose,  however,  that  the  given  number  is  not  contained 
in  the  Table;  the  Table  for  instance  may  give  the  logarithms 
of  numbers  from  1 up  to  100000  and  we  may  require  the  logarithm 
of  5340234.  Here  we  can  take  from  the  Table  the  logarithm 
of  5340200,  and  the  logarithm  of  5340300 ; we  have 

log  5340300  = 6-7275657 
log  5340200  = 6-7275575 
difference  = -0000082 
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The  required  logarithm  of  course  lies  between  the  two  logarithms 
which  we  have  taken  from  the  Table.  Now  we  see  that  cor- 
responding to  the  increase  100  in  the  number  there  is  an  increase 
•0000082  in  the  logarithm;  and  we  assume  that  corresponding 
to  an  increase  34  in  the  number  there  will  be  a ‘proportional 
increase  in  the  logarithm.  Let  x denote  the  quantity  which 
we  must  add  to  the  logarithm  of  5340200  in  order  to  obtain 
the  logarithm  of  5340234;  then  we  have,  from  the  assumption 
which  we  have  made,  the  following  proportion  : 

100  : 34  ::  -0000082  : x; 
therefore  x=  -0000082  = -0000028  (Art.  152)  ; 

therefore  log  5340234  = 6-727557 5 + -0000028  = 6-7275603. 

154.  We  assumed  in  the  preceding  Article  that  the  increase 
in  a logarithm  is  proportional  to  the  increase  in  the  number ; this 
is  a case  of  what  is  called  the  principle  of  proportional  parts,  and 
although  it  is  not  strictly  true,  yet  it  is  in  most  cases  sufficient  for 
practical  purposes.  We  shall  in  the  next  Chapter  investigate  the 
subject,  and  shew  to  what  degree  of  approximation  we  can  rely 
upon  the  principle  of  proportional  parts. 

155.  The  process  given  in  Art.  153  is  facilitated  in  large 
Tables  in  the  following  manner.  Required  the  logarithm  of 
23453487. 

log  23454000  = 7*3702169 
log  23453000  = 7-3701984 
difference  = -0000185 

Here  by  the  process  of  Art.  153  we  have  to  multiply 

'0000185  tblt  ro + iso  +iw  Not  the  mul' 

tiplication  is  effected  for  us,  and  the  results  given,  in  a small 
Table  headed  Proportional  parts , which  is  printed  on  the  same 
page  as  the  two  logarithms  which  we  have  taken  from  the  Table ; 
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the  small  Table  shews  that  4 x -0000185 
= -0000740,  that  8 x -0000185  = -0001480, 
and  that  7 x -0000185  = -0001295 ; and 
from  these  results,  by  dividing  by  10, 100 
and  1000  respectively,  we  obtain  the 
three  parts  which  we  require.  The  pro- 
cess may  be  arranged  thus  : 

log  23453000  = 7-3701984 
add  for  4 740 

8 1480 

7 1295 

7-3702074095 

therefore,  retaining  7 places  of  decimals, 

log  23453487  = 7-3702074. 

156.  We  have  taken  as  our  example  a whole  number;  if  a 
decimal  fraction,  or  a mixed  quantity  formed  of  a whole  number 
and  decimal  fraction,  be  given,  we  may  throw  aside  the  decimal 
point,  and  find  the  decimal  part  of  the  logarithm  of  the  whole 
number  thus  obtained ; then  by  prefixing  the  proper  characteristic 
we  have  the  required  logarithm.  Thus,  for  example,  required  the 
logarithm  of  -23453487  and  of  234*53487.  The  decimal  part  of 
the  logarithm  is  -3702074  ; therefore 

log  -23453487  =1-3702074  log  234-53487  = 2-3702074. 

157.  To  find  the  number  which  corresponds  to  a given  logarithm. 

If  the  decimal  part  of  the  logarithm  be  found  in  the  Table,  we 

have  merely  to  take  the  number  which  corresponds  to  it,  and  put 
the  decimal  point  in  the  number  in  the  place  indicated  by  the 
characteristic.  For  example,  required  the  number  which  has  for 
its  logarithm  2-7275413.  Corresponding  to  the  decimal  part 
*7275413  we  find  in  the  Table  the  number  534,  and  as  the  charac- 
teristic is  2,  there  must  be  one  cypher  before  the  first  significant 
figure  (Art.  141) ; therefore  the  number  which  has  the  given 
logarithm  is  -0534. 


Proportional  Parts. 

1 185 

2 370 

3 555 

4 740 

5 925 

6 1110 

7 1295 

8 1480 

9 1665 
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Suppose,  however,  that  the  decimal  part  of  the  given  logarithm 
is  not  contained  exactly  in  the  Table;  for  example,  let  the  given 
logarithm  be  1-3702074,  we  shall  find  that  the  decimal  part  of  this 
logarithm  is  not  in  the  Table ; we  have,  however,  corresponding  to 
the  number  23454  the  decimal  part  of  the  logarithm  -3702169, 
and  corresponding  to  the  number  23453  the  decimal  part  of  the 
logarithm  -3701984;  thus 

log  23454  = 4-3702169 
log  23453  = 4-3701984 
difference  = -0000185 

The  excess  of  the  given  decimal  part  of  the  logarithm  above 
•3701984  is  -3702074  - -3701984,  that  is  -0000090.  The  required 
number  of  course  lies  between  -23454  and  -23453;  let  d denote 
its  excess  above  '23453,  then  assuming  that  the  increase  of  the 
number  is  proportional  to  the  increase  of  the  logarithm,  we  have 

•0000185  : -0000090  ::  1 : d; 

90 

therefore  d = = -486. 

loD 

Therefore  log  23453-486  = 4-3702074, 

and  log  -23453486  = 1*3702074 ; 


thus  the  required  number  is  *23453486.  185)  90-0(486 

740 

158.  We  may  save  the  labour  of  dividing  16  00 

90  by  185  in  the  preceding  example  by  means  14  80 

of  the  Table  of  proportional  parts  given  in  1 200 

Art.  155 ; the  process  of  division,  if  per-  1 HQ 

formed,  will  stand  thus : 


Now  the  products  740,  1480,  1110,  are  ^ 
furnished  ready  in  the  Table  referred  to,  so 
that  we  need  only  perform  the  subtractions  g 1480 

and  put  down  the  following  steps  : ~l200 

6 1110 
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159.  We  will  now  give  some  examples  of  the  use  of  logarithms : 
we  take  of  course  all  our  logarithms  from  Tables. 

Required  the  product  of  3670*257  and  12*61158. 

Log  3670*2  =3*5646897 

5 60 

7 8 

Log  3670*257  = 3*5646965 
Log  12*611  =1*1007495 

5 172 

8 28 

Log  12*61158  = 1*1007695 
3*5646965 

by  adding  the  logs  4*6654660 
Decimal  part  of  log  46287  *6654590 

70 

7 66 

4 “40 

4628774 

Thus  the  required  number  is  46287*74,  the  position  of  the 
decimal  point  being  determined  by  the  characteristic  4. 

160.  Required  the  quotient  of  *1234567  by  54*87645. 

Log  *12345  =1*0914911 

6 211 

7 25 


Log  *1234567  = 1*0915147 
Log  54*876  =1*7393824 

4 32 

5 4 

Log  54*87645  = 1*7393860 
1*0915147 
1*7393860 


by  subtracting 


3*3521287 
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3-3521287 
•3521246 

41 
39 

1 ~ 20 

2249721 

Thus  the  required  number  is  *002249721  ; there  are  two 
cyphers  before  the  first  significant  figure,  because  the  character- 
istic of  the  logarithm  is  3. 

161.  Required  the  cube  of  *3180236. 

Log  *31802  =1*5024544 

3 41 

6 8 

Log  *3180236  =1*5024593 
3 

2*5073779 

Decimal  part  of  log  32164  = *5073701 

78 

5 67 

8 LLO* 

3216458 

Thus  the  required  number  is  *03216458. 

162.  Required  the  cube  root  of  *3663265. 

Log  *36632  = L5638606 

6 71 

5 6 - 

Log  *3663265  = 1*5638683 

We  have  now  to  divide  1*5638683  by  3;  that  is,  we  have  to 
divide  — 1 + *5638683  by  3.  It  is  convenient  to  write  the  num- 
ber to  be  divided  thus,  -3  + 2*5638683;  then  by  dividing  by  3 
we  obtain  - 1 + *8546228,  that  is,  1*8546228. 


Decimal  part  of  log  22497  = 

2 


T.  X. 


8 
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1-8546228 
•8546218 

10 
6 

6 To 

7155216 

Thus  the  required  number  is  -7155216. 

We  shall  now  explain  the  use  of  Trigonometrical  Tables. 

163.  To  find  the  sine  of  a given  angle. 

If  the  given  angle  be  one  which  is  contained  in  the  Table  of 
the  sines  of  angles  the  required  sine  is  furnished  immediately  by 
the  Table ; we  proceed  then  to  the  case  when  the  given  angle  lies 
between  two  which  are  contained  in  the  Table.  For  example,  re- 
quired the  sine  of  44°  35'  25",  having  given  from  the  Table 
sin  44°  36'=  -7021531 
sin  44°  35' =-7019459 

difference  =*0002072 

The  required  sine  of  course  lies  between  the  two  sines  which 
we  have  taken  from  the  Table;  let  x denote  its  excess  above  the 
sine  of  44°  35',  and  assume  that  the  increase  of  the  sine  is  propor- 
tional to  the  increase  of  the  angle,  therefore 

60"  : 25"  ::  -0002072  : x, 

therefore  x = ~x  -0002072  = -0000863. 

60 

Therefore  sin  44°  35'  25"=  *7019459  + -0000863  = -7020322. 

We  have  thus  again  assumed  the  'principle  of  proportional 
parts,  and  we  shall  assume  it  throughout  the  present  Chapter, 
reserving  the  investigation  of  it  for  the  following  Chapter. 

164.  To  find  the  angle  which  corresponds  to  a given  sine. 

If  the  given  sine  be  found  in  the  Table  the  required  angle  is 
furnished  immediately  by  the  Table ; we  proceed  then  to  the  case 


Decimal  part  of  log  71552  = 

1 
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when  the  given  sine  lies  between  two  which  are  contained  in  the 
Table.  For  example,  required  the  angle  which  has  for  its  sine 
*6970886,  having  given  from  the  Table 

sin  44°  12'=  *6971651 
sin  44°  11'==  ’6969565 


difference  = ’0002086 


The  excess  of  the  given  sine  above  the  sine  of  44°  11'  is 
‘6970886  — ’6969565,  that  is,  ’0001321.  The  required  angle  of 
course  lies  between  the  two  angles  which  we  have  taken  from  the 
Table;  let  n be  the  number  of  seconds  in  its  excess  above  44°  1 V,  then 


therefore 


•0002086  : -0001321  ::  60  : 
•0001321  60  x 1321 

X -00U2086  ~ 2086 


n, 

= 38. 


Therefore  the  required  angle  is  44°  11'  38". 


165.  To  find  the  cosine  of  a given  angle. 

If  the  given  angle  be  one  which  is  contained  in  the  Table  of 
the  cosines  of  angles,  the  required  cosine  is  furnished  immediately 
| by  the  Table;  we  proceed  then  to  the  case  when  the  given  angle 
lies  between  two  which  are  contained  in  the  Table.  For  example, 
required  the  cosine  of  44°  35'  25",  having  given  from  the  Table 

cos  44°  35'= -7122303 
cos  44°  36'= -7120260 

difference  = *0002043 

Since  in  the  first  quadrant  the  cosine  decreases  as  the  angle  in- 
creases, the  required  cosine  will  be  less  than  the  cosine  of  44°  35', 

I and  the  required  cosine  of  course  lies  between  the  two  cosines 
which  we  have  taken  from  the  Table;  let  x denote  its  defect 
below  the  cosine  of  44°  35',  then 

60  : 25  ::  -0002043  : a;, 

25 

therefore  jc  = ^ x -0002043  = -0000851. 

60 

! Therefore  cos  44°  35'  25"=  -7122303  - -0000851  = -7121452. 


8-2 
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166.  To  find  the  angle  which  corresponds  to  a given  cosine. 

If  the  given  cosine  be  found  in  the  Table  the  required  angle  is 
furnished  immediately  by  the  Table ; we  proceed  then  to  the  case 
when  the  given  cosine  lies  between  two  which  are  contained  in  the 
Table.  For  example,  required  the  angle  which  has  for  its  cosine 
•7169848,  having  given  from  the  Table 


cos  44°  11'  = *7171134 
cos  44°  12'= -7169106 

difference  = '0002028 

The  given  cosine  falls  short  of  the  cosine  of  44°  11'  by 
•7171134  - '7169848,  that  is,  by  '0001286.  The  required  angle  of 
course  lies  between  the  two  angles  which  we  have  taken  from  the 
Table ; let  n be  the  number  of  seconds  in  its  excess  above  44°  11',  then 

•0002028  : '0001286  ::  60  : n, 


therefore  n = 60  x 


*0001286 

'0002028 


60  x 1286  _ 
2028  “ * 


Therefore  the  required  angle  is  44°  11'  38". 


167.  It  will  not  be  necessary  to  give  examples  for  the  other 
Trigonometrical  Functions ; the  important  fact  to  be  remembered 
is  that  in  the  first  quadrant  the  tangent  and  secant  increase  as  the 
angle  increases,  and  the  cotangent  and  cosecant  decrease  as  the  angle 
increases ; thus  the  tangent  and  secant  are  treated  in  the  same  way 
as  the  sine , and  the  cotangent  and  cosecant  in  the  same  way  as  the 
cosine. 

168.  The  Tables  of  Trigonometrical  Functions  which  we  have 
hitherto  considered  are  called  Tables  of  the  Natural  Functions  to 
distinguish  them  from  other  Tables  which  we  now  proceed  to  con- 
sider. The  Table  of  sines  of  angles  for  example  is  called  a Table  of 
natural  sines;  if  we  take  the  logarithms  of  the  sines  of  all  the  angles 
which  have  been  calculated  we  form  a new  Table  which  is  called  a 
Table  of  Logarithmic  sines.  Similarly,  we  can  form  a Table  of  the 
logarithms  of  the  cosines  of  angles,  and  a Table  of  the  logarithms 
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of  the  tangents  of  angles,  and  so  on ; these  Tables  are  called  respect- 
ively Tables  of  Logarithmic  cosines,  Tables  of  Logarithmic  tangents, 
and  so  on. 

169.  The  great  advantage  which  we  obtain  from  these  Loga- 
rithmic Tables  is  that  calculations  are  much  abbreviated  with  their 
assistance ; this  is  especially  the  case,  as  we  shall  see  hereafter,  in 

| what  is  called  the  solution  of  Triangles . We  have  stated  as  suffi- 
; ciently  obvious  that  these  Logarithmic  Tables  may  be  calculated  by 
j taking  the  logarithms  of  the  values  of  the  Trigonometrical  Functions 
j which  have  been  already  tabulated  ; it  will  be  shewn  however  in 
the  higher  parts  of  the  subject  that  the  Logarithmic  Tables  can  be 
calculated  independently,  that  is,  without  the  use  of  the  Tables  of 
the  Natural  Functions.  We  proceed  now  to  exemplify  the  use  of 
the  Tables  of  Logarithmic  Functions. 

170.  Since  the  sine  of  an  angle  is  never  greater  than  unity 
the  logarithm  of  the  sine  will  never  be  a positive  quantity ; also 
the  same  remark  is  true  for  the  cosine.  The  logarithm  of  the 
tangent  of  an  angle  will  be  negative  if  the  angle  be  less  than 

! 45°,  and  the  logarithm  of  the  cotangent  of  an  angle  will  be 
negative  if  the  angle  be  greater  than  45°.  In  order  to  avoid 
the  occurrence  of  negative  quantities  in  the  Tables  it  is  found 
convenient  to  add  10  to  the  logarithm  of  every  Trigonometrical 
| Function  before  registering  it  in  the  Tables;  the  logarithm  so 
increased  is  called  the  Tabular  logarithm  and  is  usually  denoted 
by  the  letter  L.  Thus  L sin  A means  the  Tabular  logarithm 
of  the  sine  of  A,  and  it  is  equal  to  the  real  logarithm  of  the 
sine  of  A increased  by  ten.  Of  course  in  calculations  we  shall 
have  to  remember  and  to  allow  for  this  increase  of  the  real  log- 
arithms ; this  will  be  seen  when  we  come  to  the  solution  of  Tri- 
angles. In  what  follows  we  shall  exemplify  the  use  of  the  Tables 
of  Logarithmic  Functions. 

171.  To  find  the  tabular  logarithmic  sine  of  a given  angle. 

If  the  given  angle  be  one  which  is  contained  in  the  Table 
of  the  Logarithmic  sines  the  required  result  is  furnished  imme- 
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diately  by  tbe  Table ; we  proceed  then  to  tbe  case  when  the  given 
angle  lies  between  two  which  are  contained  in  the  Table.  For 
example,  required  the  tabular  logarithmic  sine  of  44°  35'  25"  • 7 , 
having  given  from  the  Table 

L sin  44°  35'  30"  = 9-8463678 
L sin  44°  35'  20"  = 9-8463464 
difference  = ’0000214 

The  required  tabular  logarithmic  sine  lies  of  course  between 
the  two  which  we  have  taken  from  the  Table;  let  x denote  its 
excess  above  the  tabular  logarithmic  sine  of  44°  35'  20" ; then  by 
the  principle  of  proportional  parts 

10  : 5-7  ::  -0000214  : », 

5-7 

therefore  x=^  x ‘0000214  = -0000122. 

Therefore  L sin  44°  35'  25" -7=  9-8463464  + -0000122  = 9-8463586. 


172.  To  find  the  angle  which  corresponds  to  a given  tabular 
logarithmic  sine. 

If  the  given  tabular  logarithmic  sine  be  found  in  the  Table 
the  required  angle  is  furnished  immediately  by  the  Table;  we 
proceed  then  to  the  case  when  the  given  tabular  logarithmic  sine 
lies  between  two  which  are  contained  in  the  Table.  For  example, 
required  the  angle  which  has  for  its  tabular  logarithmic  sine 
9-8432894,  having  given  from  the  Table 


L sin  44°  11' 40"  = 9-8432923 
Zsin  44°  11'  30"  = 9-8432707 
difference  = -0000216 

The  excess  of  the  given  tabular  logarithmic  sine  above  that  of 
44°  11'  30"  is  9-8432894  - 9-8432707,  that  is,  -0000187.  The  re- 
quired angle  of  course  lies  between  the  two  angles  which  we  have 
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taken  from  the  Table ; let  n be  the  number  of  seconds  in  its  excess 
above  44°  1 V 30",  then 

•0000216  : -0000187  ::  10  : n, 


therefore 


10 


•0000187 

•0000216 


10x187 

216 


= 8-7. 


Therefore  the  required  angle  is  44°  IT  38" "7. 


173.  To  find  the  tabular  logarithmic  cosine  of  a given  angle. 

If  the  given  angle  be  one  which  is  contained  in  the  Table  of  the 
logarithmic  cosines  the  required  result  is  furnished  immediately  by 
the  Table ; we  proceed  then  to  the  case  when  the  given  angle  lies 
between  two  which  are  contained  in  the  Table.  For  example,  re- 
quired the  tabular  logarithmic  cosine  of  44°  35'  25"  *7,  having  given 
from  the  Table 

L cos  44°  35' 20"  = 9-8525789 
L cos  44°  35'  30"  = 9-8525582 
difference  = -0000207 

The  required  tabular  logarithmic  cosine  lies  of  course  between 
the  two  which  we  have  taken  from  the  Table,  and  is  less  than  the 
tabular  logarithmic  cosine  of  44°  35'  20" ; let  x denote  its  defect 
below  the  latter ; then 

10  : 5-7  ::  *0000207  : x, 
therefore  x -0000207  = -0000118. 

Therefore  Zcos 44°  35' 25"-7  = 9-8525789  - -0000118  = 9*8525671. 


174.  To  find  the  angle  which  corresponds  to  a given  tabular 
logarithmic  cosine. 

If  the  given  tabular  logarithmic  cosine  be  found  in  the  Table 
the  required  angle  is  furnished  immediately  by  the  Table;  we 
proceed  then  to  the  case  when  the  given  tabular  logarithmic  cosine 
lies  between  two  which  are  contained  in  the  Table.  For  example, 
required  the  angle  which  has  for  its  tabular  logarithmic  cosine 
9-8555086,-  having  given  from  the  Table 
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L cos  44°  11'  30"  =.9-8555264 
L cos  44°  1 1'  40"  = 9-8555060 
difference  = -0000204 

The  given  tabular  logarithmic  cosine  falls  short  of  that  of 
44°  11' 30"  by  9-8555264  - 9-8555086,  that  is,  -0000178.  The 
required  angle  of  course  lies  between  the  two  angles  which  we 
have  taken  from  the  Table ; let  n be  the  number  of  seconds  in  its 
excess  above  44°  11'  30";  then 

•0000204  : -0000178  ::  10  : n, 

- in  -0000178  1780 

therefore  » = 10  X = -20T  = 8-7. 

Therefore  the  required  angle  is  44°  11'  38"-7. 

175.  It  will  not  be  necessary  to  give  examples  for  the  other 
Trigonometrical  Functions ; the  important  fact  to  be  remembered 
is  that  in  the  first  quadrant  the  tabular  logarithms  of  the  tangent 
and  secant  increase  as  the  angle  increases,  and  the  tabular  logarithms 
of  the  cotangent  and  cosecant  decrease  as  the  angle  increases ; thus 
the  tangent  and  secant  are  treated  in  the  same  way  as  the  sine, 
and  the  cotangent  and  cosecant  in  the  same  way  as  the  cosine. 


EXAMPLES. 

1.  Given  log  12440  = 4-0948204, 

log  12441  = 4-0948553, 
find  log  12440-35. 

2.  Given  log  1-0686  = -0288152, 

log  1-0687  =-0288558, 

find  the  number  of  which  the  logarithm  is  *0288355. 

3.  Given  log  23456  = 4-3702540, 

log  23457  = 4-3702725, 

form  a table  of  proportional  parts  for  the  intermediate  numbers, 
and  find  log  *2345638. 
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4.  Find  the  number  whose  logarithm  is  — (1  *8753145),  haying 
given 

log  1-3325  =-1246672,  log  1-3326  = -1246998. 

5.  Given  log  3-855  = -5860244, 

log  3-8551  = -5860356, 
find  log  (-00385504)*. 

6.  Given  log  24  = 1-3802112, 

log  4-8989=  -6900986, 
log  4-8990=  -6901074, 
find  (24)^  to  six  places  of  decimals. 

7.  Given  log  14271  = 4-1544544, 

log  20313  = 4-3077741, 
log  20314  = 4-3077954, 

find  (142-71)*. 

8.  Given  log  7 = -8450980, 

log  58751  =4-7690153, 
log  58752  = 4-7690227, 

A 

find  ("07)  ^ to  seven  significant  figures. 

9.  Given  log  2 = -3010300,  log  5-743491  = -7591760, 
find  the  fifth  root  of  -0625. 

10.  Given  log  2-7  = -4313638,  log  5-172818  = -7137272, 
find  the  value  of  27“*, 

11.  Given  log  71968  = 4-8571394,  diff.  for  1 = -0000060, 
find  the  value  of  ^/(-0719686). 

12.  Given  log  103  = 2-0128372,  log  7440942  = 6-871628, 
find  (1-03)"10. 

t 

13.  Find  the  value  of  64  {1  — (1  *05)~20},  having  given 

log  105  = 2-0211893,  log  37689  = 4-5762140. 
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14.  Find  approximately  S^5,  having  given 

log  2 = -301030,  log  1-562944- -193943, 

log  349485- 5-543428,  log  3-655  =-562887, 

log  3-656  =-563006. 

Q 15.  Having  given 


log  12 

log  1-121568; 

= 1-0791812,  log  1-257915  = -0996512, 
= -0498256,  find  the  value  of 
(1-44)  ~6  - (1-44)-12. 

16.  Having  given 


log  105 
log  3768894  = 

2-0211893,  log  5303214  = 6-7245391, 
6 '576 2 14,  find  the  value  of 

i / 1 1 \ 

•05  ((1-05)13  (l-05)20j  ’ 

17.  Given 

sin  47°=  -7313537, 
sin  48°=  -7431448, 

find 

sin  47°  1'. 

1 8.  Given 

sin  7°  17'  =-1267761, 
sin  7°  18' =-1270646, 

find 

sin  7°  17'  25". 

1 9.  Given 

X sin  17°  l'  = 9-4663483, 
X sin  17°  =9-4659353, 

find 

X sin  17°  O' 12". 

20.  Given 

X sin  26°  24' = 9-6480033, 
X sin  26°  25' = 9-6482582, 

find 

X sin  26°  24' 12". 

21.  Given 

Xcot  72°  15'=  9-5052891, 
Xcot  72°  16' = 9-5048538, 

find  # 

X cot  72°  15'  35". 

22.  Given  X cot  81°  46'=  9-1604569,  diff.  for  10"  = -0001486, 
find  the  angle  whose  Xcot  is  9-1603493. 
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23.  Given  L cos  20°35'20"=  9-9713351,  diff  for  10"= -0000070, 
find  the  angle  whose  L cos  is  0-9713383. 

24.  Given  Zcos  34°  24'  = 9-9165137,.  diff.  for  l'=  *0000865, 
find  L cos  34°  24'  26",  and  also  the  angle  whose  L cos  is  9*9165646. 

25.  Given  L sin  37°  19'=  9-7826301,  diff*  for  1'  = *0001657, 

L cos  37°  19'  = 9-9005294,  diff  for  l'=  -0000963, 
find  L sec  37°  19'  47",  and  L tan  37°  19'  47". 

26.  Given  L sin  32°  18'  = 9*7278277,  difif.  for  1'  = *0001998, 

L cos  32°  18'  = 9*9269913,  diff.  for  l'=  *0000799, 
find  L sine,  L cosine,  and  L tangent  of  32°  18'  2 4" ‘6. 


XII.  THEORY  OF  PROPORTIONAL  PARTS. 

176.  Yfe  shall  now  investigate  the  'principle  of  proportional 
parts , the  truth  of  which  was  assumed  throughout  the  preceding 
Chapter.  The  logarithms  in  the  present  Chapter  are  supposed  to  be 
logarithms  to  the  base  10  ; and  we  will  suppose  that  the  Table  of 
logarithms  is  calculated  to  seven  places  of  decimals,  and  that  it  con- 
tains the  logarithm  of  every  whole  number  from  1 to  100000. 

177.  To  shew  that  the  change  of  the  logarithm  is  approximately 
proportional  to  the  change  of  the  number. 

W e know  that  log  (n  + d)  — log  n = log  — — ^ = log  ( 1 + - Y 
x . n \ nj 

and  by  Art -148,  log  (l  + ?)  (~ - ^ ^ , 

where  p is  the  modulus , so  that  p = *43429448 

Suppose  that  n is  an  integer  containing  five  figures  so  that  n is 
not  less  than  10000,  and  suppose  that  d is  not  greater  than  unity. 
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Then  is  less  than  i ^ , and  a fortiori  less  than  -0001 

is  less  than  one  ten-thousandth  part  of  this,  and  so  on. 

076 


— , and  a fortiori  less  than  -000000003 ; 


Hence  at  least  as  far  as  seven  places  of  decimals  we  have 


log  (n  + d)  — log  n = — . 


This  equation  establishes  the  required  result ; for  it  shews  that 
if  the  number  be  changed  from  n to  n + d the  corresponding  change 


logarithm  is  approximately  proportional  to  the  change  of  the  number. 

178.  The  principle  of  proportional  parts  is  thus  shewn  to  hold 
in  the  case  of  the  logarithms  of  numbers  to  a sufficient  degree  of 
accuracy  for  practical  use.  For  when  we  wish  to  find  the  loga- 
rithm of  a given  number  we  can  suppose  the  decimal  point  in  the 
number  placed  after  the  fifth  figure,  so  that  the  number  is  thus 
made  to  lie  between  two  which  differ  by  unity  and  which  are  both 
contained  in  the  Table;  and  we  have  shewn  that  as  far  as  seven 
places  of  decimals  the  change  of  the  logarithm  is  proportional  to 
the  change  of  the  number.  Then  we  can  if  necessary  change  the 
position  of  the  decimal  point  and  make  the  corresponding  change 
in  the  characteristic  of  the  logarithm ; and  thus  we  finally  obtain 
the  logarithm  of  the  original  given  number.  Similarly  we  may 
proceed  if  we  want  to  find  the  number  which  corresponds  to  a 
given  logarithm  lying  between  two  in  the  Table. 

179.  We  will  now  shew  how  the  result  of  Art.  177  is  applied 
in  practice.  We  have 


also 


thus 
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Now  S being  the  difference  of  two  known  logarithms  is  furnished 
immediately  by  the  Table ; and  to  obtain  the  logarithm  of  (n  + d) 
we  multiply  this  known  quantity  8 by  the  given  fraction  d and  add 
the  product  to  the  logarithm  of  n.  This  is  the  rule  which  was 
used  in  the  preceding  Chapter,  Art.  153,  in  order  to  find  the 
logarithm  of  a given  number. 

Again,  suppose  we  require  the  number  which  corresponds  to  a 
given  logarithm.  Let  n and  n + 1 be  integers  between  which  the 
required  number  lies,  and  denote  the  required  number  by  n + d. 
Then  log  (n  + d)  — log  n is  known ; call  it  x,  and  let  8 denote  the 


This  is  the  rule  which  was  used  in  the  preceding  Chapter,  Art.  157. 

180.  We  shall  now  proceed  to  examine  how  far  the  principle  of 
proportional  parts  holds  in  the  case  of  the  Natural  Trigonometrical 
Functions ; this  we  shall  do  by  considering  these  Functions  sepa- 
rately. We  shall  suppose  throughout  this  Chapter  that  the  angles 
which  occur  are  positive  angles  not  exceeding  a right  angle;  this  is 
sufficient  because  it  has  been  shewn  that  any  Trigonometrical 
Function  of  any  angle  is  numerically  equal  to  the  same  Function 
of  some  positive  angle  not  exceeding  a right  angle ; see  Art.  55. 

181.  To  prove  that  in  general  the  change  of  the  sine  of  an 
angle  is  approximately  proportional  to  the  change  of  the  angle. 

We  have  sin  (9  + h)  - sin  6 = sin  h cos  6 — sin  6 (1  — cos  h) 


Let  us  now  suppose  that  h is  the  circular  measure  of  a very 
small  angle  so  that  sin  h = h approximately ; thus,  approximately, 


= sin  h cos  6 


sin  (i 9 + h)  - sin 
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let  us  also  suppose  that  9 is  not  very  nearly  equal  to  — so  that 

A 

tan  0 is  not  very  large,  and  thus  tan  9 tan  ~ may  be  neglected. 

A 

We  have  then,  approximately, 

sin  (9  4-  A)  — sin  9 = A cos  9, 
and  this  establishes  the  proposition. 

Similarly  sin  (9  - h)  — sin  6 = — A cos  9 approximately. 


182.  We  may  however  require  to  know  more  exactly  the 
amount  of  error  to  which  we  are  liable  in  using  the  result  of  the 
preceding  Article ; this  point  we  will  now  examine.  The  approx- 
imate value  of  sin  (9  + A)  - sin  9,  is  A cos  9,  while  the  exact  value  is 
sin  A cos  9 — (1  — cos  A)  sin  9 ; thus  to  obtain  the  approximate  value  we 
change -sin  A.  into  h in  the  first  term  of  the  exact  value,  and  we  neglect 
the  second  term  of  the  exact  value.  First  then  consider  the  error 
produced  by  writing  A for  sin  A.  The  circular  measure  of  an  angle 

of  half  a degree  is  j and  by  Art.  130  sin  A cannot  differ  from  A 

JS 

by  so  much  as  ^ , so  that  it  may  be  shewn  that  for  an  angle  of  half 

a degree  the  sine  cannot  differ  from  the  circular  measure  by  so  much 
as  -00000012.  Hence  if  our  calculations  extend  to  only  seven 
places  of  decimals  an  error  will  hardly  be  introduced  by  changing 
sin.  A into  A even  for  an  angle  of  half  a degree , and  a fortiori  no 
error  will  be  introduced  by  the  change  if  we  restrict  A to  be  not 
greater  than  the  circular  measure  of  an  angle  of  one  minute.  Next 
consider  the  error  produced  by  neglecting  the  term  sin  9(1  — cos  A), 

that  is,  2 sin  9 sin2  ^ . Since  sin  9 is  never  greater  than  unity  and 
A 

sin  ~ is  less  than  ~ , the  value  of  the  term  neglected  is  less  than 
A A 

and  if  h be  the  circular  measure  of  an  angle  of  one  minute^- 
A A 

is  less  than  -0000001.  Hence  if  our  calculations  extend  to  only 
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seven  places  of  decimals,  no  error  will  b'e  introduced  by  neglecting 
the  term  sin  0 (1  - cos  h)  if  we  restrict  h to  be  not  greater  than  tbe 
circular  measure  of  an  angle  of  one  minute. 

Therefore  if  we  have  a Table  of  natural  sines  calculated  for 
every  minute  to  seven  places  of  decimals,  no  error  will  be  intro- 
duced by  our  calculating  to  seven  places  of  decimals  tbe  sine  of  an 
angle  which  lies  between  two  in  the  Table  from  the  formula 

sin  ( 0 + h)  - sin  0 = h cos  0. 


183.  We  will  now  shew  how  this  result  is  applied  in  practice. 
Suppose  that  we  have  a Table  of  natural  sines  calculated  for  every 
minute,  and  that  we  require  the  sine  of  an  angle  which  lies  be- 
tween two  in  the  Table.  Let  k be  the  circular  measure  of  an  angle 
of  one  minute;  let  0 and  0 + k be  the  circular  measures  of  the  angles 
in  the  Table  between  which  the  given  angle  lies,  and  let  0 + h be 
the  circular  measure  of  the  given  angle.  Then 


sin  (0  + k)  — sin  0 = k cos  0 = 8 suppose, 
sin  (0  + h)  — sin  6 = h cos  0 = ^8; 

thus  sin  (6  + h)  = sin  6 + \ 8 = sin  6 + ~ 8, 

v ' k 60 


where  s is  the  number  of  seconds  in  the  angle  of  which  h is  the 
circular  measure.  Now  8 is  the  difference  between  two  consecutive 
sines  in  the  Table,  and  is  therefore  furnished  immediately  by  the 


Table,  and  we  must  multiply  this  known  quantity  by  — and  add 


the  result  to  sin  6 in  order  to  obtain  sin  (0  + h).  - This  is  the  rule 
which  was  used  in  the  preceding  Chapter,  Art.  163. 


Again  suppose  that  we  require  the  angle  which  corresponds  to 
a given  natural  sine.  Let  k be  the  circular  measure  of  an  angle  of 
one  minute;  0 and  0 + k the  circular  measures  of  angles  in  the 
Table  between  which  the  required  angle  must  lie,  and  let  0 + h be 
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the  circular  measure  of  the  required  angle.  Then  sin  (6  + h)  — sin  6 
is  known ; call  it  x,  and  let  S denote  the  known  quantity 


sin  (6  +k)  — sin  d j therefore  ^ = x,  therefore  y = f 

rC  fC  0 


let  s be  the 

number  of  seconds  in  the  angle  of  which  the  circular  measure  is  h, 

s x „ 60a;  . . , , . , 

then  — = , therefore  s = — «- . This  is  the  rule  which  was  used 

60  o o 

in  the  preceding  Chapter,  Art.  164. 


184.  "When  6 is  nearly  - , since  cos  6 is  then  very  small,  the 
A 

term  h cos  6 will  be  very  small  if  A be  the  circular  measure  of  a 
small  angle.  Thus  the  difference  between  the  natural  sines  of  two 
angles,  each  of  which  is  nearly  equal  to  a right  angle,  is  very  small ; 
this  is  expressed  by  saying  that  the  differences  in  the  sines  of  con- 
secutive angles  are  nearly  insensible  when  the  angles  are  nearly 
equal  to  a right  angle. 

There  is  also  another  point  to  be  noticed  in  this  case ; we  have 

sin  ( 6 + h)  — sin  6 = sin  h cos  6 — (1  — cos  h)  sin  6 ; 

the  ratio  of  the  second  term  to  the  first  is  numerically 

sin  6 (1  - cos  h) 
cos  0 sin  h ’ 


that  is,  tan  6 tan  \ , and  when  6 is  nearly  equal  to  ^ this  ratio 
A A 

will  be  a sensible  quantity  unless  ^ be  extremely  small.  Thus  the 

second  term  ought  not  to  be  rejected  in  comparison  with  the  first 

term  unless  ^ be  extremely  small.  This  is  expressed  by  saying 

that  the  differences  in  the  sines  of  consecutive  angles  are  irregular 
when  the  angles  are  nearly  equal  to  a right  angle.  In  the  present 
case  this  irregularity  is  not  of  much  importance  on  account  of  the 
accompanying  insensibility. 
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185.  We  have  shewn  that,  approximately, 

sin  (b  + h)  - sin  0 = h cos  9 ; 

change  6 into  ~ - O',  thus 
A 

sin  0 - O'  + - sin  0 - O^j  = h cos  0 - O^j  , 

that  is  cos  (O'  -h)-  cos  0'  = h sin  O' ; 

and  by  changing  the  sign  of  h 

cos  (O'  + li)  - cos  0'  = — h sin  O'. 

It  is  convenient  to  deduce  this  formula  from  that  already 
proved,  because  we  thus  know,  without  a new  investigation,  the 
amount  of  error  to  which  we  are  liable  in  using  it ; it  may  how- 
ever be  proved  independently,  as  we  will  now  shew. 

186.  To  prove  that  in  general  the  change  of  the  cosine  of  an 
angle  is  approximately  proportional  to  the  change  of  the  angle. 

We  have 

cos  (0  — h)  — cos  0 = sin  h sin  0 — cos  0(1—  cos  h) 

= sin  h sin  0 (l  - cot  6- — -C°S 

\ sm  h / 

= sin  h sin.  0 

Let  us  now  suppose  that  h is  the  circular  measure  of  a very 
small  angle,  so  that  sin  h = h approximately ; thus,  approximately, 

cos  (0  — h)  - cos  0 = h sin  0 ^1  — cot  0 tan  ^ ; 

let  us  also  suppose  that  0 is  not  very  small,  so  that  cot  0 is  not  very 

large,  and  thus  cot  0 tan  \ may  be  neglected.  We  have  then, 

A 

approximately, 

cos  (0  — h)  - cos  0 = h sin  0, 
and  by  changing  the  sign  of  h, 

cos  (0  + h)  — cos  0 = — h sin  0 ; 
and  this  establishes  the  proposition. 

T.  T. 


1 — cot  0 tan  - 


9 
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187.  From  the  result  of  the  preceding  Article,  we  can  deduce 
the  rule  used  in  Arts.  165  and  166  of  the  preceding  Chapter;  the 
method  is  the  same  as  that  which  we  have  already  given  in 
Art.  183.  The  only  peculiarity  to  notice  is  that  the  cosine 
diminishes  as  the  angle  increases. 

And  by  proceeding  as  in  Art.  184  we  see  that  the  differences 
in  the  cosines  of  consecutive  angles  are  nearly  insensible  and  are 
also  irregular  when  the  angles  are  very  small. 

188.  To  'prove  that  in  general  the  change  of  the  tangent  of  an 
angle  is  approximately  proportional  to  the  change  of  the  angle. 

. sin(0  + A)  sin  8 

We  have  tan  (6  + h)  - tan  8 = 7- — v, 

v ' cos  ( 8 + h)  cos  8 

sin  (8+h)  cos#  — cos  (8  + h)  sin  8 sin  (8  + h — 8)  sin/?, 

cos  (8  + h)  cos  8 cos  (8 + h)  cos  8 cos  (8+ h)  cos  8 

sin  h tan  h 

cos2  8 (cos  h — sin  li  tan  8)  cos2  8 (1  - tan  8 tan  h)  ’ 

Let  us  ’ now  suppose  that  h is  so  small  that  we  may  put  h for 

tan  h , and  also  that  8 is  not  nearly  equal  to  ^ so  that  tan  8 tan  h 

may  be  neglected.  We  have  then,  approximately, 

tan  (8  + h)  - tan  8 = ^ sec2 

v ' cos2  8 5 

also  by  changing  the  sign  of  h 

tan  (8  — h)  - tan  8 = — h sec2  8 : 
this  establishes  the  proposition. 

189.  From  the  result  of  the  preceding  Article  we  obtain  the 
same  rule  for  the  tangent  as  we  obtained  in  Art.  183  for  the  sine. 
We  will  now  proceed  to  examine  the  amount  of  error  to  which  we  are 
liable  in  using  the  approximate  formula  of  the  preceding  Article. 

We  have  — tan  h = tan  h sec2  8(1-  tan  8 tan  h)~l 

cos  8 {1—  tan  8 tan  h) * * * *  v ' 

■=  tan  h sec2  8 (1  + tan  8 tan  h + tan2  8 tan2  h+  ...); 
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thus  if  we  take  only  the  first  term  tan  h sec2  0 we  neglect  a series 
of  terms  beginning  with  tan2  h sec2  0 tan  0,  that  is  approximately 
h2  (1  + tan2  0)  tan  0.  Now  if  we  have  a table  of  natural  tangents 
calculated  for  every  minute  and  we  wish  to  find  the  natural 
tangents  of  intermediate  angles  the  greatest  value  of  h is  the  cir- 
cular measure  of  one  minute,  that  is,  '^gQ^  gQ  > or  ’0003  approxi- 
mately. Hence  the  numerical  value  of  the  greatest  error  is  not 
less  than  (•0003)2  (1  + tan2  6)  tan  0,  and  therefore  even  if  0 be  not 


greater  than  - we  are  liable  to  an  error  in  the  seventh  place 


of  decimals.  If,  however,  we  have  a table  calculated  for  every 
ten  seconds  the  greatest  value  of  h is  the  circular  measure  of 

ten  seconds,  that  is  x^q — or  ’00005  approximately;  in 

this  case  we  shall  be  free  from  error  in  the  seventh  place  of 
decimals  until  tan  0 is  nearly  as  great  as  3^  : the  table  shews  that 
tan  73°  18'  is  rather  less  than  3^. 


190.  Since  tan  (6  + h)  — tan  0 — h sec2  0 approximately,  and 
sec  0 is  never  less  than  unity,  the  differences  of  consecutive  tan- 
gents are  never  insensible  ; but  as  we  have  shewn  in  the  preceding 
Article,  the  differences  are  irregular  when  the  angles  are  nearly 
right  angles. 

191.  We  have  shewn  that  approximately 


tan  (0  + h)  — tan  6 = h sec2  6 ; 


change  6 into  - - 6',  thus 


tan  ^ - & + h}j  - tan  -6^j  = h sec2  ^ - 6'^j  , 


that  is  cot  ( 6 ' ^ h)  — cot  O'  — h cosec2  O', 

and  by  changing  the  sign  of  h 

cot  (O'  + h)  — cot  O'  = —h  cosec2  O'. 

This  may  be  proved  independently,  as  we  will  now  shew. 

9—2 
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192.  To  prove  that  in  general  the  change  of  the  cotangent  of 
an  angle  is  approximately  proportional  to  the  change  of  the  angle. 


We  have 


cot  (9  - h)  — cot  6 = 


cos  ( 6 — h) 
sin  (6  - h) 


cos  0 
sin  6 


cos  ( 6 - h)  sin  0 — cos  6 sin  (6  - h)  _ sin  (6  - 6 + h) 
sin  (6  — h)  sin  6 sin  (9  — h)  sin  9 

sin  h _ sin  h 

sin  ( 9 — h)  sin  9 sin2  9 (cos  h — sin  h cot  9) 


tan  h 

~ sin3  0(1—  tan  h cot  9)  * 

Let  us  now  suppose  that  h is  so  small,  that  we  may  put  h for 
tan  h,  and  also  that  9 is  not  very  small,  so  that  cot  9 tan  h may  be 
neglected.  We  have  then  approximately 

cot  (9  - h)  - cot  9 = — t~ ttt;  = h cosee2  9, 
v ' sin  9 ■ 


also  by  changing  the  sign  of  h 

cot  ( 9 + h)  — cot  9 - — h cosec2  9 j 
this  establishes  the  proposition. 

193.  To  prove  that  in  general  the  change  of  the  secant  of  an 
angle  is  proportional  to  the  change  of  the  cmgle. 

1 1 

We  have  sec  (9  + h)  — sec  9 = — — 77; — rx » 

v ' cos  (6  + h)  cos  9 

cos  9 — cos  (9  + h)  sin  h sin  9 + (1  — cos  h)  cos  9 
cos  9 cos  ( 9 + h)  cos2  9 (cos  h — sin  h tan  9) 


tan  h sin  9 


1 +tan  ~ cot  9 J 


cos2  9 (1  — tan  9 tan  h) 

Let  us  now  suppose  that  h is  so  small  that  we  may  put  h for 
tan  h , and  also  that  9 is  neither  very  small  nor  very  nearly  equal 
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to|,  so  that  tan  0 tan  A and  cot  0 tan  ~ may  be  neglected.  We 

have  then  approximately 

/ /»  7 \ rt  ^ Sin  0 7 . /\  2/1 

sec  (0  + h)  - sec  0 = — tw  = A sm  0 sec 
' ' cos"  0 

also  by  changing  the  sign  of  h 

sec  (0  — h)  — sec  0 = — h sin  0 sec2  0 ; 

this  establishes  the  proposition. 

194.  We  have  shewn  that  approximately 

sec  (0  + h)  - sec  0 = h sin  0 sec2  0 ; 

change  0 into  ^ - 0',  thus 

a 

sec  0 - 0'  + hj  - sec  Q - 0'^  = h sin  0 - 0'^  sec2  0 - 0'^ , 

that  is  cosec  ( O'  -h)~  cosec  0'  = h cos  0'  cosec2  0', 

and  by  changing  the  sign  of  h 

cosec  (0'  + h)  — cosec  0'  = — h cos  & cosec2  O'. 

This  may  also  be  proved  independently. 


195.  The  amount  of  error  to  which  we  are  liable  in  using  the 
approximate  formulse  of  the  preceding  two  Articles  may  be  in- 
vestigated as  in  Art.  189.  It  will  be  seen  that  the  differences  of 
consecutive  secants  are  insensible  and  irregular  when  the  angles 
are  very  small,  and  they  are  irregular  when  the  angles  are  nearly 
right  angles ; the  differences  of  consecutive  cosecants  are  irregular 
when  the  angles  are  small,  and  insensible  and  irregular  when  the 
angles  are  nearly  right  angles. 

We  will  now  proceed  to  examine  how  far  the  principle  of  pro- 
portional parts  holds  in  the  case  of  the  Logarithmic  Trigonometrical 
Functions. 

196.  To  prove  that  in  general  the  change  of  the  tabular  loga- 
rithmic sine  of  an  angle  is  approximately  proportional  to  the  change 
of  the  angle. 
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We  have  approximately  sin  (0  + h)  — sin  9 + h cos  6, 

therefore  ^ ^ t ^ = 1 + h cot  9 ; 

sin  9 

therefore  log  sin  (9  + li)  — log  sin  9 = log  — = log  (1  + h cot  9), 

and  log(l  + h cot  9)  = /xh  cot  6 approximately  (Art.  148),  where  /x 
is  the  modulus;  thus  approximately 

log  sin  (9  + h)-  log  sin  9 = ph  cot  9, 
also  by  changing  the  sign  of  h 

log  sin  (9  - h)  - log  sin  9 = - fxh  cot  9. 

If  L stand  for  tabular  logarithm,  we  have 

L sin  (9  + h)  = 10  + log  sin  (9  + h), 

L sin  0=10  + log  sin  9 ; 

therefore  L sin  (9  ±li)  — L sin  9 = ± fjh  cot  6. 

This  establishes  the  proposition. 

197.  We  will  now  shew  that  in  general  the  principle  of  pro- 
portional parts  holds  approximately  in  the  case  of  the  other 
tabular  logarithmic  functions,  and  then  we  will  consider  the 
amount  of  error  to  which  we  are  liable  in  using  the  approximate 
formulae. 

198.  We  have  shewn  that  approximately 

L sin  (9  + h)  - L sin  9 = \jJi  cot  6, 

change  9 into  ^ — 9 thus 
A 

i sin^-0'  + A)-Asin^-0')  = ^ cot  0-0'), 

that  is  L cos  (0'  — h)  — L cos  9'  = / ih  tan  0', 

and  by  changing  the  sign  of  h 

L cos  (0'  + h)  — L cos  0'  = — ph  tan  0'. 

This  proves  the  principle  in  the  case  of  the  tabular  logarithmic 


cosmes. 
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199.  We  have  shewn  that  approximately 

log  sin  (9  + h)  — log  sin  9 = jxh  cot  0, 
and  log  cos  {9  + h)  — log  cos  0 = — /xh  tan  0 ; 

then  by  subtraction 

log  sin  (0 + h)  - log  cos  ( [9+h ) - {log  sin  6 - log  cos  6}  = //.A  (cot  6 + tan  6), 


that  is 


log  tan  (d  + h)-  log  tan  0 = 


2/xh 
sin  20 


therefore  L tan  (6  + h)  — L tan  6 = 
and  by  changing  the  sign  of  h 


2/xh 
sin  29 ' 


2 fxh 


L tan  ( 6 — h)—L  tan  9 = — : — ^ . 
v ' sm  29 

This  proves  the  principle  in  the  case  of  the  tabular  logarithmic 

tangents.  By  changing  9 into  \ — 9'  we  obtain 
A 


L cot  ( 9 ' =p  h)  - L cot  9'  = ■ 


2 ph 


29' 


this  proves  the  principle  in  the  case  of  the  tabular  logarithmic 
cotangents. 

200.  We  have  shewn  that  approximately 

log  sin  (9  + h)  — log  sin  9 = /xA  cot  0, 


therefore 


log 


1 


. TT  - log  — 7-  = - uh  cot  9, 

w sm (9  + h)  Ssin0  ’ 

that  is  log  cosec  {9  + h)  — log  cosec  9 = — /xh  cot  9, 

therefore  L cosec  (9  + h)  — L cosec  9 - — [xh  cot  0, 

also  by  changing  the  sign  of  h 

L cosec  (9  -h)-L  cosec  9 = [xh  cot  9 ; 
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this  proves  the  principle  in  the  case  of  the  tabular  logarithmic 
cosecants.  By  changing  9 into  ^ — 9',  we  obtain 

L sec  {$'  =f  h)  — L sec  9'  = =f  gh  tan  9' ; 
this  proves  the  principle  in  the  case  of  the  tabular  logarithmic 
secants. 

201.  From  the  results  of  Arts.  19 6... 2 00  we  obtain  the  rules 
which  were  exemplified  in  Arts.  171...  174.  It  will  be  observed 
that  we  have  deduced  the  approximate  formulae  for  all  the  other 
logarithmic  functions  from  that  of  the  logarithmic  sine ; thus  if  we 
investigate  the  amount  of  error  to  which  we  are  liable  in  the  case 
of  the  logarithmic  sine,  we  shall  know  the  amount  of  error  for  all 
the  other  logarithmic  functions.  The  approximate  formulae  how- 
ever for  the  other  logarithmic  functions  may  be  obtained  inde- 
pendently, and  we  will  for  example  give  the  investigations  for  the 
logarithmic  cosine  and  the  logarithmic  tangent. 

202.  To  ‘prove  that  in  general  the  change  of  the  tabular  loga- 
rithmic cosine  of  an  angle  is  approximately  proportional  to  the 
change  of  the  angle. 

"We  have  approximately  cos  (9  — h)  = cos  9 + h sin  0, 

therefore  C°S  ^ = 1 + h tan  9, 

cos  9 

therefore  log  cos  (9  — h)  — log  cos  9 = log  cos  ^ _ j0g  (l  + tan  9), 

and  log  (1  +h  tan  9)  = gh  tan  9 approximately  (Art.  148), 
therefore  log  cos  (9  —h)  — log  cos  9 = gh  tan  9 approximately, 

therefore  L cos  (9  - h)  - L cos  9 = gh  tan  9, 
and  by  changing  the  sign  of  h 

L cos  (9  + h)  — L cos  9 = - gh  tan  9. 

203.  To  prove  that  in  general  the  change  of  the  tabular  loga- 
rithmic tangent  of  an  angle  is  approximately  proportional  to  the 
change  of  the  angle. 
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We  have  approximately  tan  (9  + h)  = tan  9 + h sec 2 9, 

,,  n.  tsinlO  + h)  - h sec2  9 _ .. 

tan  9 tan  9 

therefore  log  tan  (9  + h)  - log  tan  9 = log  (1  + 2h  cosec  29) 

= 2 fih  cosec  29  approximately, 
therefore  L tan  (9  + h)  - L tan  9 = 2/x/i  cosec  29, 
and  by  changing  the  sign  of  h 

L tan  (9  — h)  — L tan  9 = — 2jj.Ii  cosec  29. 


204.  We  will  now  proceed  to  consider  the  amount  of  error  to. 
which  we  are  liable  in  using  the  approximate  formula 
L sin  (9  + li)  — L sin  9 = jJi  cot  9. 

In  obtaining  this  formula  log  (1  + h cot  9)  was  taken  equal  to 
fxh  cot  9,  so  that  the  square  and  higher  powers  of  h cot  9 were 
neglected.  But  when  9 is  very  small  cot  9 is  very  large,  and  thus 
h?cot29  maybe  too  large  to  be  neglected ; this-  case  then  will 
require  further  examination. 


We  have  shewn  in  Art.  181  that 

sin  (9  + h)  — sin  9 = sin  h cos  <9^1—  tan  9 tan  • 

let  us  suppose  h so  small  that  we  may  write  h for  sin  h and  \ for 

A 

tan  - ; thus  approximately  sin  (9  + h)  - sin  9 = h cos  9 - sin  9, 

. , ~ sin  (9  + h)  h2 

therefore  t — - — - = 1 + h cot  9 - — , 

sin  6 2 


therefore  log  ^ + _ log  1 + h cot  9 - \ ) 

sm0  2/ 

= [x  (li  cot  9 - ^ - ~(h  cot  9 - ^ + ...  (Art.  148) 

= jih  cot  9 — ~-(l  + cot2 9)  + ... ; 

« ^ 


thus  if  we  omit  powers  of  h higher  than  h 2 we  have 

log  sin  (9  + h)  - log  sin  9 = jxh  cot  9 - ~ cosec2  9, 

U 
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If  our  Table  is  calculated  to  every  ten  seconds,  then  the 
greatest  value  of  h is  the  circular  measure  of  ten  seconds,  that  is 
about  *00005;  and  g—  ^ approximately.  Thus  the  greatest  error 
6 cosec2  0 


to  which  we  are  liable  is  about 


101 


This  error  will  become 


sensible  in  calculations  to  seven  places  of  decimals  if  6 cosec2  6 is 
as  large  as  103,  that  is  if  sin2  0 is  as  small  as  *006  : the  tables 
shew  that  the  sine  of  4|°  is  rather  greater  than  J- 006. 

Thus  we  see  that  the  differences  of  consecutive  logarithmic 
sines  are  irregular  when  the  angles  are  very  small. 

When  0 is  very  nearly  a right  angle,  cot  6 is  very  small 
while  cosec2  0 is  not  very  small ; thus  the  above  formula  for 
log  sin  (6  + h)  — log  sin  0 shews  that  the  differences  of  consecutive 
logarithmic  sines  are  nearly  insensible  when  the  angles  are  nearly 
equal  to  a right  angle,  and  that  these  differences  are  at  the  same 
time  irregular. 

From  these  results  we  can  immediately  infer  the  corresponding 
results  for  the  logarithms  of  the  other  Trigonometrical  functions ; 
they  will  be  found  enunciated  in  Art.  206. 


205.  It  appears  from  the  preceding  Article,  that  when  an 
angle  is  small  it  cannot  be  accurately  determined  from  its  loga- 
rithmic sine  nor  the  logarithmic  sine  from  the  angle  by  means  of 
the  common  tables,,  because  although  the  differences  of  consecutive 
logarithmic  sines  are  then  sensible,  yet  they  are  irregular.  To 
obviate  this  difficulty  three  methods  have  been  proposed. 

First  Method.  We  may  have  a Table  of  Logarithmic  sines 
calculated  for  every  second  for  the  first  few  degrees  of  the  quadrant; 
in  this  case  the  greatest  value  of  h is  the  circular  measure  of  one 

second,  and  thus  cosec 2 6 becomes  small  enough  to  be  neglected, 

A 

provided  sin  6 is  as  small  as  ^*00006 : the  tables  shew  that  the 
sine  of  half  a degree  is  rather  greater  than  ^*00006. 
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Second  Method.  This  is  called  Delambre’s  Method.  A Table 
is  constructed  which  gives  the  value  of  log^-^  + Xsinl"  for  every 
second  for  the  first  few  degrees  of  the  quadrant. 

Let  0 be  the  circular  measure  of  an  angle  of  n seconds,  then 
6 = n sin  1"  approximately  (Art.  123), 


„ . sin#  . sinw"  , „ . , . 

therefore  log  — = log  . — log  sm  n — log  n — log  sm  i , 
u ti  sm  i 

= L sin  v!’  — log  n - L sin  1", 
therefore  log  n = L sin  n”  — (log^+Xsinl"). 


If  the  angle  is  known,  then  the  Table  gives  the  value  of 

log  S^—  + L sin  1",  and  log  n can  be  found  from  a Table  of  the  log- 
6 

arithms  of  numbers;  thus  the  formula  enables  us  to  find  L sin  n. 

If  the  value  of  L sin  n"  is  given  and  we  have  to  find  n,  we  pro- 
ceed thus  : since  L sin  n'  is  known  we  can  find  approximately 
the  value  of  the  angle,  and  then  from  the  Table  we  get  the  value 

of  log  + L sin  1";  then  the  formula  gives  us  log  n,  and  we  can 

find  n by  an  ordinary  table  of  logarithms  of  numbers.  In  this 
operation  we  are  liable  to  an  error  by  using  an  approximate  value 

of  instead  of  the  real  value.  But  it  may  be  inferred  from 

Chap.  ix.  and  will  be  more  fully  shewn  hereafter,  that  when  $ is 

small  — is  very  nearly  equal  to  1 — , and  thus  a small  error  in 

0 will  not  produce  any  sensible  error  in  our  calculations,  since 

log  will  vary  far  less  rapidly  than  0. 

Third  Method.  This  is  called  Mashelyne's  Method.  It  may  be 
used  if  Tables  such  as  those  described  in  the  other  methods  are 
not  accessible. 
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It  may  be  inferred  from  Chap.  ix.  and  will  be  more  fully  shewn 
hereafter,  that  when  6 is  very  small  we  have  approximately 

. , * 03  a , 62 
sm  0 = 0-—,  cos  0 = 1-  — ■ 

therefore  - ^ ^ = 1 — ~ = ^1  - ^ approximately, 

= (cos  0)^  approximately, 

therefore  log  sin  6 = log  0 + | log  cos  6 approximately. 

This  formula  gives  log  sin  9 at  once  if  9 be  given.  If  log  sin  9 
be  given,  we  must  find  an  approximate  value  of  6 , and  then  find 
log  cos  0 approximately ; then  we  have 

log  9 = log  sin  6 — § log  cos  0. 


Here  since  cos  6 varies  far  less  rapidly  than  6,  we  are  free  from 
sensible  error  by  using  an  approximate  value  of  log  cos  6 instead  of 
the  real  value. 


A similar  formula  may  be  found  for  the  tangent  of  a small 
angle ; for 

= (1_l) 


therefore 


tan  6 


=K)K) 


= 1 + — = (^1  Sjjlj  approximately, 
therefore  log  tan  6 — log  9 — § log  cos  6 approximately. 

206.  We  will  now  sum  up  the  results  of  the  investigations 
of  the  present  Chapter. 

The  principle  of  proportional  parts  is  applicable  to  all  the 
trigonometrical  functions  natural  and  logarithmic  with  certain 
exceptions,  which  occur  when  the  angles  are  small  or  nearly  equal 
to  a right  angle.  In  the  exceptional  cases  the  differences  of 
consecutive  functions  are  sometimes  irregular  only;  sometimes 
they  are  nearly  insensible,  and  then  they  are  also  irregular. 
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For  the  natural  functions  we  have  the  following  exceptional 
cases.  For  the  sine  the  differences  are  insensible  when  the  angles 
are  nearly  right  angles;  for  the  cosine  they  are  insensible  when 
the  angles  are  small.  For  the  tangent  the  differences  are  ir- 
regular when  the  angles  are  nearly  right  angles;  for  the  cotangent 
they  are  irregular  when  the  angles  are  small.  For  the  secant 
the  differences  are  insensible  when  the  angles  are  small,  and 
irregular  when  they  are  nearly  right  angles;  for  the  cosecant 
the  differences  are  irregular  when  the  angles  are  small,  and  in- 
sensible when  they  are  nearly  right  angles. 

For  every  logarithmic  function  the  principle  of  proportional 
parts  fails  both  when  the  angles  are  small  and  when  they  are 
nearly  right  angles.  For  the  log  sine  and  the  log  cosecant  the 
differences  are  irregular  when  the  angles  are  small,  and  insensible 
when  they  are  nearly  right  angles.  For  the  log  cosine  and  the 
log  secant  the  differences  are  insensible  when  the  angles  are 
small,  and  irregular  when  they  are  nearly  right  angles.  For  the 
log  tangent  and  the  log  cotangent  the  differences  are  irregular 
when  the  angles  are  small  and  when  they  are  nearly  right  angles. 

207.  In  using  Trigonometrical  Tables  it  is  necessary  to  avoid 
as  much  as  possible  the  cases  in  which  the  principle  of  pro- 
portional parts  does  not  hold.  In  other  words,  we  must  endeavour 
to  use  a Table  such  that  the  differences  of  the  function  corre- 
sponding to  given  small  differences  of  the  angle  are  both  sensible 
and  regular.  If  the  differences  of  the  function  are  insensible 
for  a certain  number  of  decimal  places  we  cannot  by  any  method 
determine  the  value  of  the  function  for  any  intermediate  angle, 
or  perform  the  converse  operation,  so  long  as  we  are  restricted 
to  the  certain  number  of  decimal  places.  If  the  differences  of 
the  function  are  irregular  we  cannot  determine  the  value  of  the 
function  for  an  intermediate  angle,  or  perform  the  converse 
operation,  by  the  principle  of  proportional  parts,  though  we  may 
by  retaining  the  terms  which  were  neglected  in  the  first  approxi- 
mation. 
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208.  If  we  have  to  determine  an  angle  from  its  natural 
sine  or  cosine  it  will  be  advisable  to  employ  the  natural  sine 
if  the  angle  be  less  than  45°,  and  the  natural  cosine  if  the  angle 
be  greater  than  45°.  For  the  differences  of  consecutive  sines 
vary  approximately  as  the  cosine  of  the  angle,  and  the  differences 
of  consecutive  cosines  vary  approximately  as  the  sine  of  the 
angle;  thus  the  differences  of  consecutive  sines  are  greater  or 
less  than  the  differences  of  consecutive  cosines  according  as  the 
angle  is  less  or  greater  than  45°.  A similar  remark  holds  for 
the  logarithmic  sine  and  cosine. 

209.  The  student  who  is  acquainted  with  the  elements  of 
the  Differential  Calculus  will  see  that  all  the  results  of  the  present 
Chapter  may  be  obtained  from  Taylor’s  Theorem ; and  thus  these 
results  may  be  easily  retained  in  the  memory,  or  at  least  readily 
recovered  when  required.  For  example,  consider  the  natural 
sine;  we  have  by  Taylor’s  Theorem 

h2 

sin  (6  + h)  = sin  6 + h cos  6 — sin  (6  + Xh), 

z 

where  A is  some  proper  fraction.  This  formula  shews  that  if 
we  put 

sin  (6  + h)  = sin  6 + h cos  6 
h2 

the  error  is  less  than  Q . Moreover  we  see  that  when  0 is  small  the 

z 

principle  of  proportional  parts  is  especially  applicable,  for  then 
h2 

the  term  ^ sin  (6  + X h)  is  extremely  small  in  comparison  with 

z 

h cos  6 ; and  on  the  other  hand,  when  6 is  nearly  ^ the  principle 

Z 

h2 

is  not  so  appropriate,  because  then  — sin  (6  + Xlt)  may  be  sensible 

%z 

in  comparison  with  h cos  0. 

Again,  by  Taylor’s  Theorem,  we  have 

It2 

log  sin  (6  + h)  = log  sin  0 + [J-h  cot  6 — cosec2  ( 6 + A h), 
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where  /x  is  the  modulus  and  X some  proper  fraction.  This  equa- 
tion shews  that  the  principle  of  proportional  parts  is  in  general 
applicable  for  the  logarithmic  sine,  but  that  the  differences  of 
consecutive  logarithmic  sines  are  irregular  when  the  angles  are 
small,  and  insensible  and  irregular  when  the  angles  are  nearly 
right  angles. 


210.  The  following  application  of  Taylor’s  Theorem  will  give 
a good  mode  of  estimating  the  amount  of  error  involved  in  the 
principle  of  proportional  parts.  Take  the  logarithmic  sine  for 
example ; we  have 

log  sin  (9  + h)  = log  sin  6 + \xh  cot  (6  + Xh), 


where  X is  some  proper  fraction.  Thus  the  approximation 
uses  cot  6 instead  of  cot  ( 9 + Xh).  The  true  value  in  fact  of 
log  sin(0  + h)  — log  sin  6 must  lie  between  ph  cot  6 and  /xh  cot  ( 9 +h ), 
so  that  the  error  is  less  than  /xh  {cot  0 — cot  (0  + A-)}. 


fv 

V- 


* 

fit  - p 


/X  C Cn  a 
Pi 3 = ’ C 


h^+f 


MISCELLANEOUS  EXAMPLES. 


1.  Trom  one  of  the  angles  of  a rectangle  a perpendicular 
is  drawn  to  its  diagonal,  and  from  the  point  of  their  intersection 
straight  lines  are  drawn  perpendicular  to  the  sides  which  contain 
the  opposite  angle:  shew  that  if  p and  q be  the  lengths  of  the 
perpendiculars  last  drawn,  and  c the  diagonal  of  the  rectangle, 


T = c • 


£>  2.  If  two  circles  whose  radii  are  a and  b touch  each  other 
externally,  and  if  6 be  the  angle  contained  by  the  two  common 
tangents  to  these  circles,  shew  that 


sin 


A(a-b)J(ab) 
(a  + b)2 


3.  Given  sec  a sec  6 + tan  a tan  6 - sec  (3,  find  tan  0. 
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Find  the  limit  when  9 = 0 of 


6 

sin  - cos  29 

M 

vers  0 cot  9 ' 


, „ tan2  9 
and  of  — - 

sec  29  — 1 


Q 

Shew  that  cot  - is  never 


than  1 + cot  9 if  9 lies  be- 


tween 0 and  7 r. 

„ T . , 9 tan  9 + c 

6.  If  tan  ~ = r 

2 tan  9 + c + 1 


^ , find  tan  ^ 


2* 


7.  Find  the  condition  necessary  that  the  same  value  of  9 
may  satisfy  both  the  equations 

a sec2  9 — b cos  9 = 2a,  b cos2  9 - a sec  9 = 2b. 


8.  Eliminate  a and  (3  from  the  equations 

a — sin  a cos  / 3 sin  9 + cos  a cos  9, 
b = sin  a cos  / 3 cos  9 - cos  a sin  9, 
c — sin  a sin  (3  sin  9. 


9.  Eliminate  a and  (3  from  the  equations 

b^c  cos  a = u cos  (a  — 9),  b + c cos  [3  = u cos  (f3  — 9),  a — (3  = 23 ; 
and  shew  that  u2  — 2uc  cos  9 + c2  = b2  sec2  S. 

10.  Eliminate  x from  the  equations 

a tan2  9 — x 2 a tan  9 

tan  2a  tan  2a'  tan  2a  + tan  2a'  } 

and  shew  that  tan  (2a  + 2a')  = tan  29. 

1 1 . Eliminate  9 and  </>  from  the  equations 

sin  9 + sin  <f>  = a,  cos  9 + cos  <fi  = b,  cos  (9  - <f>)  = c. 

12.  Eliminate  9 and  <$>  from  the  equations 

x cos  9 + y sin  9 = a,  x cos  ( 9 + 2<£)  - y sin  ( 9 + 2 <£)  = a, 
b sin  (9  + <j>)  = a sin  <f>. 

13.  Eliminate  x and  y from  the  equations 

tan  x + tan  y = a,  cot  x + cot  y = b,  x + y = c. 
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14.  Eliminate  0 from  the  equations 


sec2  0 - cos2  0 2b 
’ sec2  0 + cos2  0 ’ y 


= sec2  0 + cos2  0. 


15.  Eliminate  0 from  the  equations 
( a + b)  tan  (0  -</>)  = (a  — b)  tan  ( 0 + </>),  a cos  2</>  + b cos  26  = c. 


1 6.  Given 

and 

shew  that 


Cu  *2/ 

-5  cos  6 = cos  6 + 77,  cos  O', 
a2  or  b2  ’ 

x y z 

sin  (0  + 6')  sin  (0  — O')  sin  20  ’ 

sin  0 _ b2 
sin  O'  a2  ’ 


17.  Eliminate  </>  from  the  equations 
y cos  </>  - x sin  </>  = cos  2</»,  y sin  </>  + x cos  </>  = 2a  sin  2cj> ; 
and  shew  that  (x  + yfs  + (a;  — y)*  = 2 a*. 


18.  Eliminate  0 and  </>  from  the  equations 

sin/3  siny  . 0 . 

cos  0 = — , cosd>-  cos  (0  - <b)  = sin  /3smy  ; 

■sm  a sin  a ' ' 

and  shew  that  tan2  a = tan2  /3  + tan2  y. 

19.  Eliminate  0 from  the  equations 

m = cosec  0 — sin  0,  w = sec  0 — cos  0. 


20.  Eliminate  0 from  the  equations 

a ,,  2 2\  c°s20  sin20  1 

a:  sm 0 - ?/  cos  0 - ^(a;  + y ), 

21.  Eliminate  0 and  0'  from  the  equations 

a sin2  0 + a'  cos2  0 = 5,  a'  sin2  0'  + a cos2  0'  = 5', 
a tan  0 = a'  tan  O' ; 


and  shew  that 


1111 

5 + 5'  a + a!  * 


T.  T. 


10 
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Of»  n‘  2,2  2 12  T COS  9 SIH  9 1 

22.  Given  x +y  =a  + b , xy  = ah  sin  a,  — h — = _ 

x-  if  a2 


shew  that 
23.  If 


: cot  2 9 = cot  2a  + £Vj  cosec  2a. 


cos  x cos  2x  cos  3x 


ai  as 

^2x  _2a2-a1-a3 
2 4aa 

sin  x sin  3x  sin  px 
a~ 


shew  that 


a,  — 2 a3  + a&  a3  — 3a, 

a. 


24.  If 
shew  that 

25  Given  C0S  X — C0S  + ^ cos  (x  + C0S  ^x  + ^ 

ai  az  a3 

shew  that  = 

“a 

, oc  . 2JL  cos  2a  COS  2a'  .20  tan(j±a) 

4 26.  If  sin  0 = 27 a—,  then  tan2£  = 

cos2  (a  + a ) ’ 2 


tan 


and 


= 0, 


28.  If 


(iio') 

sin  (0  - y6)  cos  a cos  (a  + 9)  sin  (3 
sin  (</>  - a)  cos  /?  + cos  (0  - (3)  sin  a ~ ’ 
tan  0 tan  a cos  (a  — (3) 
tan  cjj  tan  (3  cos  (a  + j3) 
shew  that  tan  9 = ^ (tan  (3  + cot  a),  tan  0 = ^ (tan  a — cot  /3). 

2 sin  1 3 sin  9 tan  (9  — a) 

1 + x cos  {(3  — 6)  cot  (3  J 

shew  that  x2  = ^cot  ^ - 2 cot  y8^  ^tan  ^,+  2 cot  . 

29.  Given  sin  0 sin  <jf>  = sin  a sin  (3,  tan  cos  yS  = cot  ^ , prove 

that  one  of  the  values  of  sin  ^ is  sin  ^ sin  (3. 

A A 

30.  Given  sin  <f>  = n sin  9,  tan  </>  = 2 tan  9,  find  the  limiting 
values  of  n that  these  equations  may  coexist. 
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O 31.  Shew  by  means  of  a Trigonometrical  formula  that 

if  x + y + z = xyz, 

2x  . 2y  , 2z  2x  2 y 2z 

then  q- 1 4-  n “o  + T 2 — T ~2  • T 2 * T 2 • 

1-&2  1-2/“  1-^  1 - ar  1 — 2/  1~Z 

32.  Find  the  values  of  v,  x,  y,  z from  the  equations 

sin  x sin  y sin  £ 0 

v = - — = — — ~ = — : x + y + z = Air. 
sm  a sin  o sm  c 

33.  Find  the  limit  of  (cos  ax)cosec,2px  when  x is  zero. 

34.  From  a table  of  natural  tangents  which  goes  to  7 places 
of  decimals,  shew  that  an  angle  may  be  determined  within  about 
2ijoth  part  of  a second  when  the  angle  is  nearly  60°. 

35.  When  an  angle  is  very  nearly  equal  to  64°  36',  shew  that 
the  angle  can  be  determined  from  its  L sine  within  about  iVth  of  a 
second;  having  given  loge  10 . tan  64°  36'=  4'8492,  and  the  tables 
going  to  7 places  of  decimals. 

36.  Shew  that 

0 - W l)  0 - I)  (X  - ■ !■) ad  **  - ta^a  • 

37.  If  A,  B,  G be  positive  angles  which  satisfy  the  equation 
sin2J.  + sin2i?  + sin2 (7  = 1,  prove  that  A + B + 0 is  greater  than  90°. 

38.  A circle  is  drawn  touching  the  tangent  and  secant  of  a 
given  angle  a,  as  well  as  the  corresponding  arc ; find  its  radius  and 
explain  the  double  value.  If  one  value  be  equal  to  the  radius  of 

the  original  circle,  shew  that  a = ~ . 

o 

39.  If  £cos(0  — /3)  — racos(0  — a)  = n,  shew  that 

1 sin  (6  - /3)  — m sin  (9  — a)  = Jl2+m2-n2-  2lm  cos  (a-/3). 

40.  Shew  that  6 - sin  6 is  less  than  tan  6 — 6 if  6 lies  bo- 

IT 

tween  0 and  ~ . 

A 


10—2 
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XIII.  RELATIONS  BETWEEN  THE  SIDES  OF  A 
TRIANGLE  AND  THE  TRIGONOMETRICAL 
FUNCTIONS  OF  THE  ANGLES. 

211.  We  shall  now  investigate  certain  relations  which  hold 
between  the  sides  of  a triangle  and  the  Trigonometrical  Functions 
of  its  angles;  these  relations  will  be  applied  in  the  following 
Chapter  to  the  solution  of  Triangles.  We  shall  denote  the  angles 
of  a triangle  by  the  letters  A,  B,  C,  and  the  lengths  of  the  sides 
respectively  opposite  to  these  angles  by  the  letters  a,  b,  c ; thus  a , b,  c 
are  numbers  expressing  the  lengths  of  the  sides  in  terms  of  some  unit 
of  length  such  as  a foot,  or  a yard,  or  a mile.  The  unit  of  length 
may  be  whatever  we  please,  but  must  be  the  same  for  all  the  sides. 

212.  In  a right-angled  triangle  each  side 
is  equal  to  the  'product  of  the  hypotenuse  into 
the  cosine  of  the  adjacent  angle. 

Let  ABO  be  a triangle  having  a right  angle 
at  G ; then 

AO  , BO 
-^=  =.  cos  A,  - cos  B ; 

AB  ’ AB  3 

therefore  b = c cos  A,  a = c cos  B. 

Since  cos  A = sin  B and  cos  A = sin  .4,  we  may  also  enunciate 
the  proposition  thus  : in  a right-cmgled  triangle  each  side  is  equal 
to  the  product  of  the  hypotenuse  into  the  sine  of  the  opposite  angle. 


’ 213.  In  any  right-angled  triangle  each  side  is  equal  to  the  pro- 
duct of  the  tangent  of  the  opposite  angle  into  the  other  side. 

From  the  figure  of  the  preceding  Article  we  have 

. BO  „ AO 
tan  J = AC’  tm£  = £C; 
a = b tan  A , b — a tan  B. 


therefore 
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Since  tan  .4  — cotJ5  and  tani?  = cot  A,  we  may  also  enunciate  the 
proposition  thus  : in  any  right-angled  triangle  each  side  is  equal  to 
the  product  of  the  cotangent  of  the  adjacent  angle  into  the  other  side. 

214.  In  any  triangle  the  sides  are  proportional  to  the  sines  of 
the  opposite  angles. 


A 


Let  ABC  be  any  triangle,  and  from  A draw  AD  perpendicular 
to  the  opposite  side  meeting  that  side,  or  that  side  produced,  at  D. 
If  B and  C are  acute  angles  we  hare  from  the  left-hand  figure, 

AD  = AB  sin  B,  and  AD  -AC  sin  C ; 
therefore  AB  sin B — AC  sin C, 


therefore 


c -sin  C 

b sin  B ' 


If  the  angle  C be  obtuse  we  have  from  the  right-hand  figure, 
AD=AB  si ilB,  and  AD=A C smA CD =A C sin (1 80°— C) = AC  sin  C ; 
therefore  AB  sin  B = AC  sin  C, 


therefore 


c _ sin  C 
b sin  B ' 


If  the  angle  C be  a right  angle,  we  have  from  the  figure  of 
Art.  212, 

AC  = AB  sin  A, 


therefore 


c _ 1 _ sin  C 

b sin  B sin  B ” 


. c sin  (7 

Thus  it  is  proved  that  in  every  case  ^ ^ y-  . 
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Similarly 


sin  .4  , a sin  A 

sin  B c sm  G 


The  results  may  he  written  symmetrically  thus, 
sin  A sin  B sin  G 

a b c ’ 

and  we  shall  shew  hereafter  that  each  of  these  is  equal  to 


2R 


where  R is  the  radius  of  the  cirfcle  described  round  the  triangle. 

215.  To  express  the  cosine  of  an  angle  of  a triangle  in  terms 
of  the  sides. 

Let  ABC  be  a triangle,  and  suppose  C an  acute  angle.  (See  the 
left-hand  figure  of  the  preceding  Article.)  Then  by  Euclid  II.  13, 
AB8  = B02  + AC2  - 2BG . CD, 
and  CD  = AGcosC‘} 

therefore  c2  = a2  + b2  — 2ab  cos  C. 


Next  suppose  G an  obtuse  angle.  (See  the  right-hand  figure  of 
the  preceding  Article.)  Then  by  Euclid  II.  12, 

AB2  = BG2  + AG2  + 2BG . CD, 
and  CD  = AG  cos  (180°  — G)  = — AG  cos  <7, 


therefore 


c2-a2  + b2  - 2ab  cos  G. 


Thus  in  both  cases  we  have  cos  G I 


! + 52  - i 
2ab 


Moreover  when  G is  a right  angle,  a2+  b2=  c 2 and  cos  G is  zero ; 
thus  the  formula  just  found  for  cos  G is  true  in  every  case. 


Similarly  cos  A = 


b2  + c2  — a2 
2bc 


cos  B = 


2ca 


216.  In  every  triangle  each  side  is  equal  to  the  sum  of  the 
product  of  each  of  the  other  sides  into  the  cosine  of  the  angle  which 
it  makes  with  the  first  side. 


From  the  left-hand  figure  in  Art.  214,  we  have 

BC  = BD  +DG  - AB  cos  B + AG  cos  Gh 
a — c cos  B + b cos  G. 


that  is 
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From  the  right-hand  figure  in  Art.  214,  -we  have 

BC  = BD  - DO  = AB  cos  B- AC  cos  (180 °-C) 

= AB  cos  B + AO  cos  0, 
that  is  a = c cos  B +b  cos  0. 

Similarly  we  shall  have  b = acosO+c  cosJ.,  and  c = b cos  A + a cos  B. 

217.  To  express  the  sine,  the  cosine,  and  the  tangent  of  half  an 
angle  of  a triangle  in  terms  of  the  sides. 

We  have  by  Art.  215, 

53  + c2-a2 

cosA=-^t^’ 


A b +c— a a — (b  — c) 

therefore  1 - cos  A = 1 ^ ^ — ; 

2 be  2bc  ’ 

,A  _ (a  + b - c)  (a  + c-b) 

4 be 


therefore 


sm  2 


Let  2s  = a + b 4-  ci  so  that  s is  half  the  sum  of  the  sides  of  the 
triangle;  then 

a + b-  c = a + b + c-2c  = 2(s-c), 
a + c — b = a +b+  c—2b=2  (s-b). 

. 2 A _ ($«.-  b)  ( s — c) 
be 


Therefore 


sm- 


and 


. A /(s—b)(s  — c) 
sm  — = . / ^ , 

2 V be 


Also 


1 + cos  .4  = 1 + 


52  + , 


(j,+  c)a-a\ 


therefore  cos2  = 
A 


2bc  2be 

A _(a  + b + c)  (b  +c- a)  _ s (s  - a) 
4 be  be 


and 


A _ /s(s  — a) 

2 ” V be  * 

n^  and 
A 

A /(s  - b)  ( s - c) 

2 V s(s-  a) 


A A 

From  the  values  of  sin  — and  cos  we  deduce 
A A 


tan 
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The  positive  sign  must  be  given  to  the  radicals  which  occur  in 
A 

this  Article,  because  is  less  than  a right  angle,  and  therefore  its 
A 

sine,  cosine,  and  tangent  are  all  positive. 

Similar  expressions  hold  for  the  sine,  the  cosine,  and  the  tan- 
gent of  half  of  each  of  the  other  angles. 

218.  To  express  the  sine  of  an  angle  of  a triangle  in  terms  of 
the  sides. 

A A 

Since  sin  A = 2 sin  — cos  — , we  obtain 
A A 

= fcJs(s-a)(s-b)(s~c). 


Or  we  may  find  sin  A directly  from  the  known  value  of  cos  A ; 

. , , - (b2  + cs  — a2)2  2b2c2  + 2c2a*+2a2b2-ai-V-ci 

ttas  sin  ^ = 1 - ■ I jpj, i- 


therefore  sin  A = 


_ J2b2c2  + 2c2 a2  + 2 a2b2  -a*-b4-c\ 


2bc 


the  former  expression  may  be  shewn  to  agree  with  this  by  forming 
the  product  of  the  factors  s,  s — a , s — b,  and  s-c. 

Similar  expressions  hold  for  sin  B and  sin  G. 


219.  We  have  proved  the  formulae  in  Arts.  214. ..216  inde- 
pendently from  the  figures;  we  may  however  observe  that  it  is 
easy  to  deduce  those  in  any  two  of  the  Articles  from  those  in  the 
third.  Thus  we  may  first  establish  as  in  Art.  216,  that 

a-  b cos  G + c cos  B,  b = c cos  A + a cos  G,  c = acosB  + bcosA; 


multiply  the  first  of  these  equations  by  a,  the  second  by  b,  and  the 
third  by  c ; then  add  the  first  two  resulting  equations  and  subtract 
the  third; 'thus  we  obtain 

a2  + b2  — c2  = 2 ab  cos  G. 

Similarly  the  other  two  formulae  of  Art.  215  may  be  deduced. 
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Then  from  these  results  we  may  proceed  as  in  Arts.  217,  218, 

_2_ 

abc 

B , sin  G 

cmr i 


and  shew  that  = ;JL  (s~a)  (s  ~ ty  Is  ~ c) 


and  that  ^ ^ and  ^ — are  equal  to  the  same  expression. 


Thus 


sin  A sin  A sin  G 

a b c 


Or  we  may  begin  by  establishing  the  formulae  of  Art.  214 
directly  from  the  figure,  and  then  proceed  thus  : 

sin  A = sin  (180°  — A)  = sin  (B  + G)  = sin  B cos  G + cos  B sin  G ; 

,,  j,  i n sin  B sin  0 b n c 

therefore  1 = cos  C - . — , + eos  B = - cos  G + - cos  B ; 

sin  A sm  A a a 


therefore 


a = b cos  C + c cos  B. 


Similarly  the  other  two  formulae  of  Art.  216  may  be  deduced ; 
and  then  those  of  Art.  215  will  follow  in  the  manner  shewn  in  the 
beginning  of  the  present  Article. 

220.  The  reason  why  an  ambiguity  of  sign  occurs  in  the 
A A 

formulae  for  sin—  and  cos  of  Art.  217  may  be  explained  as  on 
A A 

former  occasions.  It  will  be  observed  that  we  have  an  expression 

A A 

for  cos  A,  and  we  proceed  to  deduce  expressions  for  sin  ^ and  cos  — ; 

and  in  Art.  96  it  has  been  shewn  that  in  this  case  we  may  expect 
two  values  differing  only  in  sign  for  each  of  the  required  quantities. 


221.  Since  the  formulae  in  Art.  217  have  been  strictly  demon- 

A 

strated,  they  must  of  course  always  furnish  real  values  for  sin  — , 

A 

A A 

cos  -g  , and  tan  — , if  the  triangle  really  exist.  That  they  do  so 
A A 

may  be  easily  verified  from  a known  property  of  a triangle. 
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Take  for  example  the  formula 

. „ A (a+  b - c)  (a  + c - b) 

Sm  2 “ 4 be  / 

A 

that  this  may  give  a possible  value  for  sin  — the  expression  on  the 

A 

right  hand  must  be  ‘positive  and  less  than  unity.  It  is  positive, 
because  from  the  fact  that  two  sides  of  a triangle  are  greater  than 
the  third,  we  have  a + b — c positive  and  a + c — b positive.  And 
the  numerator  is  a2  — (c  — b)2,  and  this  is  less  than  the  denominator 
provided  a2  be  less  than  (c  - b)2  + Abe,  that  is  provided  a 2 be  less 
than  (6  + c)2,  which  is  obviously  the  case. 


MISCELLANEOUS  EXAMPLES. 


1.  The  sides  of  a triangle  are  x2  + x + \,  2x  + 1,  and  x2  — 1 : 
shew  that  the  greatest  angle  is  120°. 

2.  If  cos  B = ^ ^ , shew  that  the  triangle  is  isosceles. 

2 sm  C ’ ° 

3.  In  a right-angled  triangle  of  which  C is  the  right  angle, 

, A b + c 

cot  - = . 

2 a 

A + B 

4.  If  in  a triangle  a tan  A + b tan  B=  (a + b)  tan  — ^ — shew 
that  A — B. 

5.  The  angles  of  a plane  triangle  form  a geometrical  pro- 
gression of  which  the  common  ratio  is  | : shew  that  the  greatest 

side  is  to  the  perimeter  as  2 sin^-  is  to  unity. 

6.  If  A',  B! , C’  are  the  external  angles  of  a triangle,  shew  that 
2bc  vers  A'+  2 ca  vers  B!  + 2 ab  vers  C'=  (a  + b 4-  c)2. 

7.  From  the  angle  A of  any  triangle  ABC  a perpendicular 
AD  i3  drawn  to  the  base,  and  from  D perpendiculars  DE,  DF  are 
drawn  to  AB,  AC  respectively : shew  that 

AE . EB . cos9  C = AF . FC . cos2  B. 
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8.  If  a,  b,  c be  the  sides  of  a triangle  and  the  opposite  angles 

(0  7.  \ 2 

) — 1* 

a + cj 

9.  ABC  is  a triangle  of  which  G is  an  obtuse  angle : shew 
that  tan  A tan  B is  less  than  unity. 

'10.  If  the  sides  a,  b,  c of  a triangle  be  in  arithmetical  pro- 
gression, shew  that 

A-G  ■ . B , %C  SA  3b 
cos  — ^ — = 2 sm  — , and  a cos  ~k  + c cos  — — — . 

A A AAA 

411.  If  D be  the  middle  point  of  the  side  BG  of  a triangle 

cot  BAD  - cot  B=  2 cot  A. 


12.  If  an  angle  of  a triangle  be  divided  into  two  parts  such 
that  the  sines  are  in  the  ratio  of  the  sides  adjacent  to  them 
respectively,  shew  that  the  difference  of  their  cotangents  is  equal 
to  the  difference  of  the  cotangents  of  the  angles  opposite  to  their 
sides. 

' 13.  If  the  cotangents  of  the  angles  of  a triangle  be  in  arith- 
metical progression,  the  squares  of  the  sides  will  also  be  in  arith- 
metical progression. 


14.  Given  the  vertical  angle  and  the  ratio  between  the  base 
and  altitude  of  a triangle,  find  the  tangents  of  the  angles  into 
which  the  vertical  angle  is  divided  by  the  perpendicular  drawn 
from  it  to  the  base. 

0 + 15.  If  the  base  of  a triangle  be  divided  into  three  equal  parts, 

and  t2,  ts  be  the  tangents  of  the  angles  which  they  subtend  at 
the  vertex 


(H)(W)=4( 


i + aY 


r 

et 


5^16.  If  the  sines  of  the  angles  of  a triangle  be  in  arithmetical 
progression,  the  product  of  the  tangents  of  half  the  greatest  and 
half  the  least  is 

^ 17.  If  the  side  BG  of  a triangle  be  bisected  at  D and  AD  be 
drawn,  shew  that  tan  ADB  = ^ ^ ^ . 
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A , B 


18.  If  A,  B,  G be  the  angles  of  a triangle  and  cot  , cot  ^ , 

A A 


' 19.  Straight  lines  are  drawn  from  the  angles  A and  B of  a 
triangle  dividing  the  angles  respectively  into  parts  whose  sines  are 
in  the  ratio  of  1 to  n ; these  straight  lines  intersect  at  D : shew 
that  DC  either  bisects  the  angle  C or  divides  it  into  parts  whose 
sines  are  in  the  ratio  of  1 to  n 2. 

20.  If  l be  the  length  of  the  straight  line  which  bisects  the 
angle  A of  a,  triangle  and  is  terminated  by  the  base,  8 the  angle 
which  it  makes  with  the  base,  2s  the  perimeter  of  the  triangle, 


21.  If  9 and  be  the  greatest  and  least  angles  of  a triangle, 
the  sides  of  which  are  in  arithmetical  progression,  shew  that 

4 (1  — cos  6)  (1  — cos  (ji)  - cos  6 + cos  <£. 

22.  From  the  angular  points  of  a triangle  ABC  straight  lines 
are  drawn  making  each  the  same  angle  a towards  the  same  parts 
with  the  sides  of  the  triangle  taken  in  order.  Shew  that  these 
straight  lines  will  form  another  triangle  similar  to  the  former,  and 
that  the  linear  dimensions  of  the  two  triangles  are  in  the  ratio  of 

cos  a — sin  a (cot  A + cot  B + cot  C ) to  1. 

Shew  that  in  any  triangle  the  relations  given  in  the  following 
Examples,  from  23  to  42,  hold  : 

*•<23.  a (b  cos  C — c cos  B)  = b2  - c2. 

• /24.  a (cos  B cos  C + cos  A)  =b  (cos  A cos  C + cos  B) 

= c (cos  A cos  B + cos  C). 

A JS  O 

25.  ( b + c - a)  tan  — - = (c  + a — l)  tan  — = (a  + c)  tan  . 

Jj  Z jL 


cot  — in  arithmetical  progression,  shew  that  cot  — cot  — = 3. 
A A A 


cos  — sin  6. 
A 


o 26.  b cos  B + c cos  C - a cos  (B  — C). 

> 27.  (a  + b)  cos  C+  (b  + c)  cos  A + (c  + a)  cos  B=  a + b + c. 
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A- 28. 
X29. 

u 30. 
* 31. 


(a2  - b2)  cot  G + (b2  - c2)  cot  4 + (c2  - a2)  cot  B = 0. 

G 
2 


(a  - b)  cot  ^ + (c  - a)  cot  ~ + (b  - c)  cot  ^ = 0. 


, , Am  3 2c 

1 - tan  -77-  tan  -77-  = 7 . 

2 2 a + b + c 

[a  + b + c)  (cos  A + cos  B + cos  G) 


A B 

- 2a  cos2  + 2 b cos2  — + 2c  cos2 
Z Z 


2 — 7 T -r  7 

a ab  ac  be 

^ 33. 

a cos-4.  4-  b cos  B + c cos  G = 2a  sin  B sin  C. 

34. 

. _ sy  1 2 a sin  75  sin  C 

cos  A + cos  B 4-  cos  G = 1 h 7 . 

a+b  + c 

' 35. 

a2  — 2 ab  cos  (60°  + G)  = c2  - 2bc  cos  (60°  + A). 

^36. 

A A B G . 

cot  - — cosec  — : cot -77-  + cot  — ::  b + c-a  : 
4 2 2 2 

2 a. 

^ 37. 

,4  2B  2G  4\/  B\ 

cos'  - cos2—  cos  --=42  ( A-cosy  ) 1 2 -cos.—  \ 

\ (s-co 

where 

^ A 3 G 

2 a = COS  -1-  COS  jr-  + cos  . 

z z z 

The  perimeter  of  any  triangle  is  2c  cos  ^ cos  ~ sec  — + — . 

Z Z 'Z 

If  y sin2  4 + x sin 2B  = z sin2I>  + y sin2  G = x sin2  G +.z  sin2  A, 
x : y : z ::  sin  2A  : sin  2 B : sin  2G. 

A B G 

8 sin  — sin  — sin  — is  less  than  1,  except  when  A—B—G. 

z z z 

a sin  (B  - C)  cos  (B  + C - A)  + b sin  ( G - A)  cos  (G  + A—B) 
4-  c sin  (A  — B)  cos  (A  + B — C).*=  0. 

sin  A + sin  B + sin  G + sin  A + sin  B + sin  G 

cos  B cos  G cos  A cos  G cos  .4  cos  B 

sin  A + sin  B + sin  G + (cos  A + cos  B + cos  C)  tan  A tan  B tan  G. 


*38. 

u 39. 
then 

^40. 

41. 
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222.  In  every  triangle  there  are  six  elements,  namely,  the  three 
sides  and  the  three  angles.  The  solution  of  triangles  is  the  process 
by  which  when  the  values  of  a sufficient  number  of  these  elements 
are  given  we  calculate  the  values  of  the  remaining  elements.  It 
will  appear  as  we  proceed  that  when  three  of  the  elements  are  given, 
the  remaining  three  can  be  found  except  when  the  three  angles  are 
given,  and  then  we  cannot  determine  the  lengths  of  the  sides  but 
only  the  ratio  they  bear  to  each  other.  We  shall  have  occasion  to 
introduce  logarithms  into  our  formulas,  and  we  shall  as  before  by 
the  word  logarithm  or  the  abbreviation  log  denote  a logarithm  to 
the  base  10 ; and  by  the  letter  L placed  before  any  Trigonometrical 
Function,  we  shall  denote  the  tabular  logarithm  of  that  function, 
which  is  formed  by  adding  10  to  the  logarithm  to  the  base  10. 

We  shall  begin  with  a right-angled  triangle  and  shall  supposo 
G the  right  angle. 

223.  To  solve  a right-angled  triangle  having  given  the  hypo- 
tenuse and  an  acute  amgle. 

Suppose  the  hypotenuse  and  the  angle  A given ; then 
B=M°-A-, 

- = sin  A,  therefore  a = csmA, 
c 

therefore  log  a = log  c + log  sin  A — log  c + L sin  A - 10 ; 

b * 

- = sin  B,  therefore  b — c sin  B, 
c 

therefore  log  b = log  c + log  sin  B = log  c + L sin  B — 1 0. 

Thus  B,  a,  and  b are  determined. 
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224.  To  solve  a right-angled  triangle  having  given  the  hypo- 
tenuse and  a side. 

Suppose  c and  a given ; then 

sin  A = ^ , log  sin  A = log  a — log  c ; 

therefore  L sin  .4  = 10  + log  a — log  c ; 

this  determines  A • then  B = 90°  - A. 


And  c2  = a2  + bz,  therefore  b2  = c2  — a2  = (c  — a)  (c  + a), 
therefore  b = J(c  — a)  (c  + a), 

log  b = 1 log  (c-a)  + l log  (c  + a). 

Or  we  may  find  b from  the  formula  b = c cos  A. 

Thus  A,  B,  and  b are  determined. 

225.  To  solve  a right-angled  triangle  having  given  a side  and 
an  acute  angle. 

Suppose  a and  A given ; then 

B=90°-A; 

— = sin  A,  therefore  c = . a~r , 
c sm  A 

log  c = log  a — log  sin  A — log  a — L sin  A + 10  ; 

v = tan  A,  therefore  b = , — - , 
b tan  A’ 

log  b = log  a — log  tan  A = log  a — L tan  A + 10. 

Thus  B,  c,  b are  determined. 


If  a and  B are  given,  then  A = 90°  — B ; thus  A is  known,  and 
we  may  find  c and  b as  before. 

226.  To  solve  a right-angled  triangle  having  given  the  two 
s,ides. 

Here  a and  b are  given ; then 

tan  A = ^ , therefore  log  tan  A = log  a - log  b, 

L tan  A = 10  + log  a - log  b ; 


therefore 
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Z = 90  °-A; 

- = sin  A , therefore  c = a , 
c sin  A 

therefore  log  c = log  a — L sin  A + 10. 

Or  we  may  find  c from  the  formula  c = J(a?  + b2),  but  this  is 
not  adapted  to  logarithmic  computation. 

Thus  A,  B,  and  c are  determined. 

227.  We  may  remark  here  that  when  an  angle  of  a triangle 
is  determined  from  its  cosine,  versed  sine,  tangent,  cotangent  or 
secant,  no  uncertainty  can  exist  about  the  angle,  because  only  one 
angle  exists  less  than  180°  for  which  any  of  these  functions  has  an 
assigned  value.  But  when  an  angle  of  a triangle  is  determined 
from  its  sine  or  cosecant  uncertainty  may  exist,  since  there  are  two 
angles  less  than  180°  which  have  a given  sine  or  a given  cosecant. 
But  no  uncertainty  will  exist  in  the  case  of  a right-angled  triangle, 
because  each  of  the  other  angles  of  the  triangle  must  be  acute. 

We  now  proceed  to  the  solution  of  oblique-angled  triangles. 

228.  To  solve  a triangle  having  given  two  angles  and  a side. 
Suppose  A and  C the  given  angles,  and  b the  given  side ; 

then  B = 1S0°-A-C; 

a sin  A , . b sin  A 

7-  = — — 7T , therefore  a — — : — 77- , 
b sinii  sm  B 

therefore  log  a = log  b + log  sin  A — log  sin  B = log  6 + Z sin^4  -ZsinZ?  • 
similarly  log  c = log  b + L sin  C — Z sin  B. 

Thus  B,  a,  and  c are  determined. 

♦ 

If  A and  B are  the  given  angles  then 

C = 180° -Z- .4, 

and  we  may  proceed  as  before  to  find  a and  c. 
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229.  To  solve  a triangle  having  given  two  sides  and  the  in- 
cluded angle. 

Suppose  b and  c the  given  sides  and  A the  included  angle. 

We  have  ^ = - ; therefore  ^ ^ = - ; 

sm  6 c sin  0 c 

. sin  A cos  0 H-cos^sin^  b , . . . ,n  . b 

therefore : — ~ — = - ; that  is  smi  cot  G + cos  A = - : 

sin  6 c c 

thus  cot C is  determined,  and  therefore  C can  be  found;  and 
then  B.  ^ 

But  as  this  process  is  not  adapted  to  logarithmic  computation 
another  is  usually  given  : 

. sin  B b „ sin  B - sin  C b — c 

ve  have  — — ^ = - , therelore  — 


sin  C c 


sin  B + sin  G b + c ' 


tan l(B-C)  _b-e 

tan ^(B  + 0)~b  + c’  t-  88'’ 


therefore 

and  tan  J(i?  + (7)  = tan J(180°-.d)  = cot^  , 

therefore 

therefore  log  tan  (B  -C)  = log  (b  — c)  - log  (b  + c)  + log  cot ' 


tan  l(B-&)  = \ — - cot  4 , 
1 b + c 2 


therefore  L tan  \ (B  - 0)  - log  (6  - c)  - log  (b  + c)  + L cot  — ; 

A 

this  formula  determines  |(. B — C ) ; and  J (B  + C)  is  known  since 
A 

it  is  90°  — ; thus  B and  0 can  be  immediately  found. 

A 

Also  - = S!n  A , from  which  a can  be  found, 
c sm  G 

We  have  supposed  b and  c unequal ; if  however  b —c  then 
B=G,  and  all  the  angles  will  be  known,  so  that  a can  be  found  as 
in  Art.  228. 


T.  T. 


11 
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230.  In  finding  a from  the  expression  just  quoted  we  should 
require  three  logarithms,  namely,  those  of  c,  sin  .4,  and  sin  C ; in 
the  following  method  we  shall  only  require  two  new  logarithms. 


We  have 
and 


a b c 

sin  A sin  B sin  G 


therefore 


b + c 


sin  .4  sinA  + sin  (7J 
sin  B + sin  0 = 2 sin  \{B  + C)  cos  \{B  -C)  (Art.  84) 
= 2 cos  | A cos  ^(B  - G ), 


therefore 


_ (b  + c)  sin  A _ (b  + c)  sin  \ A _ 
a ~ 2 cos  | A cos  \ (B  - G)  cos  ^(B  - G)  ’ 


as  the  logarithm  of  b +c‘  has  been  used  in  the  former  part  of  the 
solution,  we  shall  only  require  two  new  logarithms,  namely  those 
of  sin  | A and  cos  \ (B  - G). 

We  may  observe  that  we  have  also 


a 

sin  A 


b-c 

sin  B — sin  G ’ 


and  from  this  in  the  way  already  shewn  we  can  deduce 

(b  - c)  cos^A 
a=sinl  (B-C)' 

Thus  we  have  the  two  formulae, 

a cos  l(B  - C)  - (b  + c)  sin  ±A, 
a sin \{B  - C)  = (b  — c)  cos 

231.  We  can  also  from  the  given  quantities  in  the  preceding 
Article  determine  the  third  side  without  'previously  determining  the 
other  two  cungles.  For  we  have  a2  = b2  4 c3  - 2bc  cos  A,  by  Ant.  215; 
and  we  can  transform  this  formula  into  another,  which  is  adapted 
to  logarithmic  computation  as  follows : 
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Now  find  an 


therefore 


thus 


a2  = (6  + c)2  (1  — sin2  9)  = (b  + c)2  cos2  9, 
a — (6  + c)  cos 


therefore  log  a = log  (6  + c)  + log  cos  9 = log  (b  + c)  + L cos  9 — 1 0 ; 
thus  a is  determined. 

It  is  usual  to  give  the  name  of  subsidiary  angle  to  an  angle 
introduced  into  an  expression  for  the  purpose  of  putting  it  in  the 
form  of  a product  of  factors.  Thus  6 in  the  preceding  investiga- 
tion is  a subsidiary  angle . We  are  certain  that  an  angle  exists 
which  has  the  square  of  its  sine  equal  to  the  given  expression ; for 
that  expression  is  positive,  and  it  is  less  than  unity  because  46c  is 

j 

never  greater  than  (b  + c)s  and  cos2  is  less  than  unity.  The 
equation  for  determining  9 gives  by  taking  logarithms 

A 

2 log  sin  6 = log  4 + log  b + log  c - 2 log  (b  + c)  + 2 log  cos  , 

A 

therefore  2L  sin  6 — 2 log  2 + log~6  + log  c — 2 log  (b  + c)  + 2L  cos  - . 

A 

232.  The  process  of  Art.  229  is  sometimes  facilitated  by  the 
use  of  a subsidiary  angle  when  the  logarithms  of  b and  c are  known. 


thus 


Or  thus,  suppose  c less  than  b ; let  c = 5 cos  ; 


therefore 


thus 


tani(5-0)=tan2|cot4. 

A A 


11—2 
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233.  To  solve  a triangle  having  given  two  sides  and  the  angle 
opposite  to  one  of  them. 

Let  a and  h be  the  given  sides,  and  A the  given  angle ; 

then  Sin-^  = - : therefore  sin  B = - sin  A ; 
sm  A a a 

therefore  Z sin  5 = log  5 — log  a + Z sin  .4. 


If  is  less  than  unity,  two  different  angles  may  be 

a 

found  less  than  180°  which  have  for  sine,  one  of  these 

angles  being  less  than  a right  angle,  and  the  other  greater.  If  a 
be  greater  than  6,  then  A must  be  greater  than  B,  and  therefore 
B must  be  an  acute  angle;  thus  only  the  smaller  value  is  ad- 
missible for  B.  If  a be  less  than  h,  then  either  value  may  be 
taken  for  B.  When  B is  determined,  G is  known  since  it  is 
180°  — A — B,  and  then  c can  be  found  from 

c sin  C 
a ~ sin  A * 

Thus  if  two  values  are  admissible  for  B we  obtain  two  correspond- 
ing values  for  G and  c,  so  that  two  triangles  can  be  found  from 
the  given  parts. 


If  — — 1,  then  B is  a right  angle,  so  that  only  one  tri- 
angle can  be  found  from  the  given  parts. 

If  — ^ is  greater  than  unity,  no  triangle  exists  with  the 
given  parts. 

Thus,  when  two  sides  are  given  and  the  angle  opposite  the 
less  we  can  generally  find  two  triangles  from  the  given  parts,  and 
this  case  in  the  solution  of  triangles  is  therefore  called  the  ambigu- 
ous case.  We  say  that  two  triangles  can  be  generally  found  in 
order  to  have  regard  to  the  exceptions ; for  the  triangle  may  be 
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right  angled , and  then  only  one  triangle  can  be  found,  or  the 
triangle  may  be  impossible. 

234.  The  ambiguous  case  may  be  illustrated  by  figures. 


C 


C 


Let  GAB  be  the  given  angle  A,  and  AC  the  given  side  b ; sup- 
pose a circle  described  from  G as  a centre  with  radius  equal  to  a. 
The  perpendicular  from  C on  AD  is  equal  to  b sin  A ; therefore 
if  a be  greater  than  b sin  A,  the  circle  will  meet  the  straight  line 
AB  at  two  points,  which  we  will  denote  by  B and  B'.  If  a be 
less  than  b,  then  B and  B'  are  on  the  same  side  of  A,  as  in  the 
first  figure ; thus  two  triangles,  namely  ABC  and  AB'G,  can  be 
obtained,  each  having  the  given  parts  a,  b,  A.  If  a be  greater 
than  b,  then  B'  and  B are  on  opposite  sides  of  A,  as  in  the  second 
figure ; thus  only  one  triangle,  namely  GAB,  can  be  obtained  hav- 
ing the  given  parts  a,  b,  A ; the  triangle  CAB'  has  an  angle  CAB' 
which  is  180°  — A instead  of  A. 

If  a be  equal  to  b sin  A,  the  circle  touches  the  straight  line 
AB,  and  the  two  points  B and  B'  in  the  first  figure  coincide; 
thus  one  triangle  is  obtained  which  has  a right  angle  at  B. 

If  a be  less  than  b sin  A the  circle  does  not  meet  the  straight 
line  AB,  and  no  triangle  exists  with  the  given  parts  a,  b,  A. 
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235.  In  Art.  233  we  first  found  the  angle  B , and  afterwards 
the  side  c ; we  may  however  adopt  another  mode  of  solution  and 
begin  by  finding  c.  For 


by  solving  this  quadratic  equation  in  c we  obtain 
c = b cos  A =±=  J(a?  - b2  sin2  A), 
and  we  shall  now  discuss  the  values  thus  found  for  c. 

If  a is  less  than  b sin  A,  the  values  of  c are  impossible,  and  no 
triangle  exists  with  the  given  parts. 

If  a is  equal  to  b sin  A,  we  obtain  c = b cos  A.  If  A be  an 
acute  angle,  c is  positive  and  one  triangle  exists  with  the  given 
parts.  If  A be  an  obtuse  angle,  c is  negative , and  this  indicates 
that  the  triangle  is  impossible ; and  in  fact  a is  less  than  b,  since 
it  is  equal  to  b sin  A,  and  so  A cannot  be  an  obtuse  angle  in 
a real  triangle. 

If  a is  greater  than  b sin  A,  then  two  values  occur  for  c,  and 
these  will  both  be  positive  if  A be  an  acute  angle  and  b cos  A 
greater  than  J(a2  - b2  sin2  A) ; the  latter  leads  to  the  condition 
b2cos2A  greater  than  a2  — b2  sin2  A,  that  is,  b2  greater  than  a2. 
Hence  we  see  as  before  that  there  are  two  triangles  if  A be  an 
acute  angle  and  a be  greater  than  b sin  A and  less  than  b. 

236.  To  solve  a triangle  having  given  the  three  sides. 

Let  s denote  half  the  sum  of  the  sides ; then  by  Art.  217, 


therefore 


a2  = b2  + c2  - 2 be  cos  A ; 
c 2 — 2be  cos  A + b2  — a2  = 0 ; 


and  similar  formula;  are  true  for  the  other  half  angles. 
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Tlie  formulae  for  the  tangents  of  half  the  angles  will  be  the 
best  to  use  with  logarithms,  because  then  we  only  require  the 
logarithms  of  s,  s — a,  s — b,  and  s — c,  in  order  to  find  all  the 
angles ; whereas  if  we  use  the  formulae  for  the  sine  or  cosine  we 
shall  require  in  addition  the  logarithms  of  the  sides. 

237.  When  all  the  sides  of  a triangle  are  given,  the  angles 
may  also  be  found  by  dividing  the  triangle  into  two  right-angled 
triangles. 

Thus,  with  the  left-hand  figure  of  Art.  214,  we  have 


therefore  (AB  + AO)  (AB  -AO)  = (BD  + CD)  (BD  - CD) ; 

from  this  we  can  find  BD—CD,  and  then  since  BD  + CD  is  known 
we  can  find  BD  and  CD ; then 


thus  B and  C are  determined.  - 

With  the  right-hand  figure  of  Art.  214  we  have  as  before 
(AB  + AC)  (AB  - AC)  = (BD  + CD)  (BD  - CD) ; 

from  this  we  can  find  BD  + CD,  and  then  since  BD  - CD  is 
known  we  can  find  BD  and  CD ; then 


thus  B and  C are  determined. 

238.  We  have  seen  in  Chap.  xn.  that  the  Tables  of  trigo- 
nometrical functions  cannot  always  be  used  with"  advantage ; this 
circum  stance  guides  us  in  selecting  the  method~-of  solutions  -of  a 
triangle  to  be  adopted  when  more  than  one  method  is  theoretically 
applicable,  and  leads  us  to  modify  the  method,  of  - solution  in  some 
cases.  For  example,  suppose  we  have  to  find  A from  the  equation 


therefore 


AD2  = AB 2 - BD2,  and  also  = AC2  - CD 2 ; 
AB2-AC2  = BD2-CD2, 


cos£==JB’  cos(180°-C)  = aC’ 
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sin  A =n,  where  n is  nearly  equal  to  unity ; this  is  an  inconve- 
nient equation  for  determining  A,  because  the  difference  of  conse- 
cutive sines  is  nearly  insensible  when  the  angles  are  nearly  right 
angles.  We  have  however 

-Ki)Vf"T~i|) 

and  this  formula  is  free  from  the  objection. 


Similarly  if  we  have  to  find  A from  the  equation 
cos  A = n, 

where  n is  nearly  equal  to  unity,  we  may  advantageously  transform 
the  equation  thus 


sm2  = 


or  thus 
therefore 


1 — cos  A 1 — n 


1 + cos  A 1 + n 3 


EXAMPLES. 

1.  Find  the  values  of  the  angle  A having  given  sin  B = -25, 
a = 5,  6 = 2-5. 

2.  One  side  of  a triangle  is  half  another  and  the  included 
angle  is  60° : find  the  other  angles. 

3.  The  sides  of  a triangle  are  in  the  ratio  of  2 : JQ  : 1 + J3  : 
determine  the  angles. 

4.  If  A = 30°,  6 = 100,  a = 40,  is  there  any  ambiguity  ? 

5.  Having  given  A = 18°,  a = 4,  6 = 4 + *7(80),  solve  the 
triangle. 
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z-6.  Having  given  A = 15°,  a =4,  & = 4 + N/(48),  solve  the 
triangle. 

7.  If  a,  b,  A be  given,  and  a be  less  than  b,  and  if  c,  c'  be  the 
two  values  found  for  the  third  side  of  the  triangle,  then 

c2  - 2cc'  cos  2 A + c'2  = 4a2  cos2  A. 

8.  Find  the  sum  of  the  areas  of  the  two  triangles  which  satisfy 
the  conditions  of  the  problem  in  the  ambiguous  case.  See  Art.  247. 

9.  If  B1}  C ,,  and  B2,  C2  are  the  angles  of  the  two  triangles 
in  the  ambiguous  case , then 


sin  Gx 
sin  Bx 


sin  C2 
sin  I>2 


= 2 cos  A. 


10.  In  the  ambiguous  case  the  area  of  one  of  the  triangles  is 
n times  that  of  the  other;  shew  that  if  b be  the  greater  of  the 


given  sides  and  a the  less,  - is  less  than  - 

° ' n.  o 


91  + 1 

T 


See  Art.  247. 


S ^ 11.  If  log  a+  10  = log  6 + L sin  A,  can  the  triangle  be  ambi- 
guous1? 

D ""  12.  If  6 be  an  angle  determined  from  the  equation 
cos  6 = a—~  t prove  that  in  any  triangle 

A- B (a  + b)  sin 0 A + B c sin 6 

^ 13.  If  tan  cj>  = ^ J{afy  ^ then  c~(a-b)  sec  <4. 

a-b  2 v ^ 

a 14.  In  a triangle  ABC  in  which  a =18,  6 = 20,  c = 22,  find 
Ztan-^,  having  given  log  2 = *3010300,  log  3 = *4771213. 

Jl 

1/15.  The  sides  of  a triangle  are  32,  40,  66  : find  the  greatest 
angle,  having  given 

log  207  = 2*3159703,  log  1073  = 3*0305997, 

L cot  66°  18'=  9*6424342,  diff.  for  l'=  *0003431. 
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16.  The  sides  of  a triangle  are  4,  5,  6 : find  B,  having  given 
log  2 = -3010300,  L cos  27°  53'  = 9-9464040,  diff.  for  l'  = -0000669. 


£>17.  Apply  the  formula  cos 


(■ s-a ) 

be 


to  find  the 


greatest  angle  in  a triangle  whose  sides  are  5,  6,  7 feet  respect- 
ively, having  given 

log  6 = -7781513, 


L cos  39°  14' = 9-8890644,  diff  for  60"= -0001032. 

^ 18.  Two  sides  of  a triangle  are  18  and  2 feet  respectively, 
and  the  included  angle  is  55° : find  the  other  angles,  having  given 
log  2 = -3010300,  L cot  27°  30'=  10-2835233, 

L tan  56°  56'  = 10-1863769,  diff.  for  1'  = -0002763. 

19.  Two  sides  of  a triangle  are  in  the  ratio  of  9 to  7,  and  the 
included  angle  is  64°  12' : find  the  other  angles,  having  given 

log  2 = -3010300,  L tan  57°  54'  = 10-2025255, 

L tan  11°  16'=  9-2993216,  L tan  11°  17'=  9-2999804. 

v 20.  If'  a = 70,  5 = 35,  (7  = 36°  52' 12",  find  the  other  angles, 
having  given  log  3 = *4771213,  L cot  18°  26'  6"  = 10-4771213. 


21.  The  ratio  of  two  sides  of  a triangle  is  9 to  7,  and  the 
included  angle  is  47°  25' : find  the  other  angles,  having  given 

log  2 = -3010300,  L tan  66°  17'  30"  = 10-3573942, 

L tan  15°  53'  = 9*4541479,  diff.  for  1'  = -0004797. 


22.  In  a triangle  <x  = 30,  6 = 20,  and  the  contained  angle  = 22° : 
find  the  other  angles,  having  given 

L cot  11°  =10-7113477,  L tan  45°  48'=  10-0121294, 

L tan  45°  49'  = 10-0123821,  log  2 = -3010300. 

23.  Given  b = 14,  c = 11,  A = 60°,  shew  that  5 = 71°  44'  29", 
having  given 

Ztan  11° 44' 29"  =9-31774,  log2  = -30103,  log3  = -47712. 
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24.  The  sides  of  a triangle  are  7,  8,  9 : determine  all  the 
angles,  having  given 

log  2 = *3010300, 

A tan  24°  5'  40"  =-9*6505069,  A tan  24°  5'  50"  = 9*6505634, 

A tan  29°  12'  20"=  9*7474183,  A tan  29°  12'  30"  = 9*7474677. 

25.  In  a right-angled  triangle  the  hypotenuse  c = 6953  and 
6 = 3:  find  B,  having  given 

log  3*475  = *5409548,  log  6*953  = *8421722, 

L sin  44°  59'  15"=  9*8493902,  diff.  for  1"=  *0000021. 

26.  Two  sides  are  80  and  100  feet,  and  the  included  angle 
60° : find  the  other  angles,  having  given 

log  3 = *47712,  L tan  10°  53'  36"  = 9*28432. 

o 27.  Two  sides  of  a triangle  are  3 and  5 feet,  and  the  included 
angle  is  120° : find  the  other  angles,  having  given 
log  4*8  = *6812412, 

L tan  8°  12'  = 9*1586706,  diff.  for  60"  = *0008940. 

28.  A side  of  a base  of  a square  pyramid  is  200  feet  and  each 
edge  is  150  feet : find  the  slope  of  each  face,  having  given 

log  2 = *30103,  A tan  26°  33'=  9*69868,  L tan  26°  34'=  9*69900. 

29.  Find  the  other  angles,  having  given  ^ = 1*2,  C = 60°, 
log  3 = *4771213,  L cot  9°  49'  = 10*7618797,  diff.  for  1' = *0007514. 

30.  If  a = 2,  c = 3,  A sin  A = 9*5228787,  find  C;  log  3 being 
*4771213. 

31.  Shew  how  to  solve  a triangle  having  given  the  base,  the 
height,  and  the  difference  of  the  angles  at  the  base ; these  angles 
being  supposed  both  acute. 

32.  Shew  how  to  solve  a triangle  having  given  the  three  per- 
pendiculars from  the  angles  on  the  opposite  sides. 
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XV.  MEASUREMENT  OF  HEIGHTS  AND 
DISTANCES. 


239.  We  shall  now  give  a few  examples  which  will  shew  a 
practical  application  of  some  of  the  preceding  formulae ; we  shall 
assume  that  by  means  of  suitable  instruments  an  observer  can 
measure  the  angle  subtended  at  his  eye  by  the  straight  line  joining 
two  visible  objects.  For  a description  of  the  requisite  instru- 
ments, and  the  method  of  using  them,  we  must  refer  the  student 
to  treatises  on  the  instruments  used  in  surveying. 


240.  To  find  the  height  and 
object  on  a horizontal  plane. 


the  distance  of  an  inaccessible 


Let  P be  the  top  of  an  object,  and  let  it  be  required  to  find  its 
height  PC,  and  the  distance  of  the  object  from  a point  A in  the 
horizontal  plane  through  C.  At  A observe  the  angle  PAC ; then 
measure  any  length  AB  directly  towards  the  object,  and  at  B 
observe  the  angle  BBC.  Then  in  the  triangle  APB  the  side  AB 
is  known,  and  the  angle  PAB ; also  the  angle  PBA  is  known, 
since  it  is  the  supplement  of  PBC ; therefore  AP  can  be  found. 
Then  PC  = AP  sin  PAC,  and  AC  = AP  cos  PAC ; thus  the  height 
PC  and  the  distance  AC  are  determined. 

If  however  it  is  not  convenient  to  measure  the  length  AB 
directly  towards  the  object,  we  may  proceed  thus;  measure  the 
length  AB  in  any  direction  from  A - at  A observe  the  angles  PAC 
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and  PAB,  and  at  B observe  the  angle  PBA.  Then  in  the  triangle 
APB  the  side  AB  and  the  angles  PAB  and  PBA  are  known; 
therefore  AP  can  be  found.  Then,  as  before,  PC  — AP  sin  PAG, 
and  AC  = AP  cos  PAC. 

241.  To  find  the  distance  between  two  visible  but  inaccessible 
objects. 

Let  P and  Q be  the  objects,  A and  B two  accessible  points 
from  which  both  the  objects  are  visible.  At  A observe  the  angles 
PAQ  and  QAB,  and  if  A,  B,  Q,  P are  not  all  in  the  same  plane 
observe  also  the  angle  PAB.  At  B observe  the  angles  PBA  and 
QBA.  Measure  AB.  Then  in  the  triangle  APB  the  side  AB  and 
the  angles  PAB  and  PBA  are  known : thus  PA  can  be  found. 
Again,  in  the  triangle  ABQ  the  side  AB  and  the  angles  QAB  and 


QBA  are  known;  thus  AQ  can  be  found.  Lastly,  in  the  triangle 
PAQ  the  sides  AP,  AQ,  and  the  angle  PAQ  are  known;  thus 
PQ  can  be  found. 
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242.  The  lengths  of  the  straight  lines  which  join  three  points 
A,  B,  C,  are  known  ; at  any  point  P in  the  same  plane  as  A,  B,  C, 
the  angles  APC  and  BPC  are  observed : it  is  required  to  find  the 
distance  of  V from  each  of  the  points  A,  B,  C. 

Let  the  angle  APC  be  denoted  by  a,  the  angle  BPC  by  (3,  the 
angle  PA  C by  x,  and  the  angle  PBC  by  y ; then  a and  j3  are 


known,  and  when  x and  y are  found  the  required  distances  PA, 
PB , PC  can  be  found ; for  in  each  of  the  triangles  PAG  and  PBC 
two  angles  and  a side  will  then  be  known.  We  will  shew  how  x 
and  y may  be  found. 

Since  the  angles  of  the  triangles  APC  and  BPC  are  together 
equal  to  four  right  angles,  we  have 

x+y  = 2ir  — a-[3-C; 
thus  the  sum  of  x and  y is  known. 

Prom  the  triangle  ACP  we  have 

r>n  _ AC  sin  PA  C __  b sin  x 
sin  APC 


from  the  triangle  BCP  we  have 
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therefore 


b sin  x a sin  y 


therefore 


sin  a sin  /3  } 
sin  x a sin  a 


sin  y b sin  ' 


Now  assume  tan  d>  = ~ then  the  value  of  <&  can  be  found 

b sm  (3 


from  the  Trigonometrical  Ta.bles ; thus 


since 

— — = tan  <£  : 
srny 


therefore  (Art. 


therefore 


from  the  last  equation  we  can  determine  x - y,  since  x + y is 
known  j thus  x and  y can  be  found. 

243.  It  is  sometimes  important  to  know  what  amount  of 
error  will  be  introduced  into  -one  of  the  calculated  parts  of  a 
triangle  by  reason  of  any  error  which  may  exist  in  the  given  parts ; 
such  questions  are  best  treated  by  the  assistance  of  the  Differential 
Calculus,  but  we  will  give  here  two  simple  examples  which  will 
shew  how  they  may  sometimes  be  treated  without  going  beyond 
the  limits  of  the  present  subject. 

244.  Suppose  that  the  height  of  a building  is  determined  by 
measuring  a horizontal  straight  line  from  its  base,  and  by  observing 
at  the  extremity  of  this  straight  line  the  angular  elevation  of  the 
top  of  the  building  above  the  horizon ; if  a small  error  be  made 
in  observing  the  angle,  required  the  error  in  the  estimated  height 
of  the  building. 

Let  a be  the  length  of  the  measured  straight  line,  6 the 
observed  angle,  x the  estimated  height  of  the  building ; 

then  x — a tan  6. 
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Let  9 4-  h be  the  true  angle,  and  x + £ the  true  height, 
then  x + £ = a tan  (9  + h) ; 

by  subtraction,  £ = a {tan  (9  +h)  — tan  6}  = 7 . 

J 1 v ' * cos  {9  + h)  cos  9 

If  h be  small  we  may  put  h for  sin  h in  the  numerator,  and 
cos  9 for  cos  (9  + h)  in  the  denominator ; thus  approximately 


this  gives  the  error  in  the  height  consequent  upon  an  error  in  the 
angle. 

The  ratio  of  the  error  to  the  estimated  height 

ah  , „ h 2h 

cos  9 sm  9 cos  9 sm  29 

thus  this  ratio  is  least  for  a given  value  of  h when  sin  29  is  great- 
est, that  is,  when  29  = ^ . 

245.  A triangle  is  solved  from  the  given  parts,  A,  b,  c ; if 
there  be  a small  error  in  A , find  the  consequent  small  error  in  B. 

We  have  for  connecting  B with  the  given  quantities  the 
formula 

sin  A = - sin  (7  = - sin  ( J.  + A) (1). 

c c 

Now  suppose  that  h denotes  the  circular  measure  of  the  error 
made  in  estimating  A,  and  k the  circular  measure  of  the  conse- 
quent error  in  A;  then  instead  of  (1),  the  correct  formula  is 

sin  {B  + k)  = ^ sin  ( A +B  + h + k) (2). 

By  subtraction, 

sin  (B  + k)  - sin  B = ^ jsin  {A  + B + h + k)  - sin  (A  + B)  j ; 
from  this  equation  we  have  approximately  (Art.  181) 
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k cos  B = ^ (h  + k)  cos  (A  + B)  = - ^ (h  + k)  cos  C ; 


thus 


k (cos  B + - cos  C) 


bh 


cos  G j 


,,  . , , „ smA  „ Asm  2?  cos  (7 

therefore  k (cos  B + - — ~ cos  6 ) = r — ^ 

v sin  G ' sm  G 


therefore 


k = - 


sm  n cos 
sin  ^4 


thus  the  ratio  of  k to  h is  found. 


EXAMPLES. 

A person  standing  on  fhe  hank  of  a river  observes  the 
angle  subtended  by  a tree  on  the  opposite  bank  to  be  60°,  and 
when  he  retires  40  feet  from  the  river’s  bank  he  finds  the  angle  to 
be  30° : determine  the  height  of  the  tree  and  the  breadth  of  the 
river. 

y 2.  From  a station  B at  the  base  of  a mountain  its  summit  A 
is  seen  at  an  elevation  of  60° ; after  walking  one  mile  towards  the 
summit  up  a plane  making  an  angle  of  30°  with  the  horizon  to 
another  station  G,  the  angle  BCA  is  observed  to  be  135°.  Find 
the  height  of  the  mountain  in  yards. 

ir  3.  The  altitude  of  a tower  is  observed  to  be  30°  at  the  end  of 
a horizontal  base  of  100  yards  measured  from  its -foot.  Find  the 
height  of  the  tower. 

\ ^ 4.  The  angular  elevation  of  a tower  at  a place  A due  south  of 
it  is  30° ; and  at  a place  B,  due  west  of  A,  and  at  the  distance  a 
from,  it,  the  elevation  is  18°:  shew  that  the  height  of  the  tower  is 

a 

v<s+.2v«r 


T.  T. 
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5.  A spherical  balloon  whose  radius  is  r feet  subtends  at  an 
observer’s  eye  an  angle  a,  when  the  angular  elevation  of  its  centre 
is  (3  : determine  the  height  of  the  centre  of  the  balloon. 

6.  A person  wishing  to  ascertain  the  distances  between  three 
inaccessible  objects  A,  B,  G,  places  himself  in  a straight  line  with 
A and  B ] be  then  measures  the  distances  along  which  he  must 
walk  in  a direction  at  right  angles  to  AB  until  A,  C and  B,  G 
respectively  are  in  a straight  line  with  him,  and  also  observes  in 
those  positions  their  angular  bearings  : shew  how  he  can  find  the 
distances  between  A,  B,  G. 


q tyi  7.  Two  posts  A B and  CD  are  placed  at  the  edge  of  a river  at 
a distance  AC-AB,  the  height  of  CD  being  such  that  AB  and  CD 
subtend  equal  angles  at  E , a point  on  the  other  bank  exactly  oppo- 
site to  A : shew  that  the  square  of  the  breadth  of  the  river  is  equal 
AB 4 

to  AB*’  an<^  AD  an<l  subtend  equal  angles  at  E. 


8.  A flag-staff  a feet  high  stands  on  the  top  of  a tower  b feet 
high.  Tind  at  what  point  on  a horizontal  plane  passing  through 
the  base  of  the  tower  an  observer  must  place  himself  so  that  the 
tower  and  the  flag-staff  may  subtend  equal  angles,  the  height  of 
the  eye  being  h. 


1 9.  A tower  situated  on  a horizontal  plane  leans  towards  the 

North ; at  two  points  due  South  and  distant  a,  b,  respectively  from 
the  base,  the  angular  altitudes  of  the  tower  are  a and  (3.  Shew 
that  if  6 be  the  inclination  of  the  tower,  and  h the  perpendicular 
height, 

,-A-o  ...  *■_  »-« 


b cot  a — a cot  /3  ’ 


cot  {3  - cot  a 


° / 10.  An  object  a feet  high  placed  on  the  top  of  a tower  sub- 
tends an  angle  y at  a place  whose  horizontal  distance  from  the  foot 
of  the  tower  is  b feet : determine  the  height  of  the  tower. 

0 11.  On  the  bank  of  a river  there  is  a column  200  feet  high 

supporting  a statue  30  feet  high ; the  statue  to  an  observer  on  the 
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! opposite  bank  subtends  an  equal  angle  with  a man  6 feet  high 
standing  at  the  base  of  tbe  column : required  the  breadth  of  the 
river. 

c ^ 12.  Tbe  height  of  a house  subtends  a right  angle  at  an  oppo« 
site  window,  the  top  being  60°  above  a horizontal  straight  line : 

: find  the  height  of  the  house,  taking  the  breadth  of  the  street 

■ to  be  30  feet. 

i;  o A 13.  Two  chimneys  are  of  equal  height.  A person  standing 
I between  them  in  the  straight  line  joining  their  bases  observes  the 
I elevation  of  the  nearer  one  to  him  to  be  60°.  After  walking 
I 80  feet  in  a direction  at  right  angles  to  the  straight  line  joining 

I their  bases  he  observes  the  elevations  of  the  two  to  be  respectively 
45°  and  30°.  Find  their  height  and  the  distance  between  them. 

Ql  14.  An  object  is  observed  at  three  points  A,  B,  O lying  in  a 
horizontal  straight  line  which  passes  directly  underneath  the  object ; 
the  angular  elevation  at  B is  twice  that  at  A,  and  at  C is  three  times 
that  at  A ; AB  = a , BG  — b : shew  that  the  height  of  the  object  is 

j^/{(«  + *)(3 

If  the  tangent  of  the  angle  of  elevation  at  A be  |,  shew  that 
5a  = 136. 

I 0^  15.  A vertical  tower  whose  base  is  in  the  same  horizontal 
| plane  with  the  observer,  is  observed  from  a station  A to  bear 
| directly  North  and  to  subtend  an  angle  of  15°;  the  observer  then 
1 walks  100  yards  so  that  the  tower  always  subtends  the  same  angle, 

1 and  then  it  bears  North-east : find  its  height  and  distance  from  A. 

| 16.  A person  walking  along  a straight  road  observes  that  the 

| greatest  angle  which  two  objects  subtend  is  a;  from  the  spot 
i where  this  is  the  case  he  walks  a distance  c,  and  the  objects  now 
appear  as  one,  their  direction  making  an  angle  j3  with  the  road. 
Shew  that  the  distance  between  the  objects  is 

2c  sin  a sin  /8 
cos  a + cos  fi  ■ 


12-2 
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17.  A fortress  was  observed  by  a ship  at  sea  to  bear  East- 
north-east,  and  after  sailing  4 miles  to  the  East  it  was  observed  to 
bear  North-north-east : shew  that  the  distance  of  the  ship  from 
the  fortress  at  the  first  and  second  observation  was  „J(  16  + 8 J'2) 
and  ^(16-8  J2)  miles  respectively. 

<7  18.  A ship  sailing  towards  the  North  observes  two  light- 

houses in  a line  due  West ; and  after  an  hour’s  sailing  the  bearings 
of  the  lighthouses  are  observed  to  be  South-west  and  South- 
south-west.  The  distance  between  the  lighthouses  being  8 miles, 
find  the  rate  at  which  the  ship  is  sailing. 

19.  From  the  top  of  the  mast  of  a ship  64  feet  above- the  level 
of  the  sea  the  light  of  a distant  lighthouse  is  just  seen  in  the 
horizon ; and  after  the  ship  has  sailed  directly  towards  the  light  for 
30  minutes  it  is  seen  from  the  deck  of  the  ship,  which  is  16  feet 
above  the  sea.  Find  the  rate  at  which  the  ship  is  sailing,  con- 
sidering the  earth  as  a sphere  of  4000  miles  radius. 

0 20.  A man  ascends  a mountain  by  a path  which  is  the  shortest 

distance  between  the  base  and  the  vertex.  The  inclination  of  the 
path  to  the  horizon  at  first  is  a,  but  afterwards  suddenly  increases 
to  /?,  and  then  continues  the  same.  On  reaching  the  vertex  he 
finds  by  the  barometer  he  has  ascended  n feet  in  altitude,  and 
observes  the  angle  of  depression  y of  the  point  from  which  he 
started.  Shew  that  the  distance  he  travelled  in  the  ascent  is 


q"  21.  If  from  two  points  in  a horizontal  plane  an  object* be 
seen  at  angles  of  elevation  a,  /?,  and  if  from  a .third  point  between 
the  two  points  and  in  the  straight  line  joining  them  and  at  dis- 
tances a,  b from  them  respectively  the  object  be  seen  at  an  angle 
of  elevation  y,  shew  that  the  height  of  the  object  above  the  hori- 
zontal plane  is 

sin  a sin  /3  sin  y { ah  {a  + 5)}* 

{a  sin8 a (sin2y  - sin2/!)  + b sin2/?  (sin2y  - sin2 a)}* 
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^ 22.  A person  walking  along  a straight  road  observes  the 

angles  of  elevation  a,  a!  of  the  summits  of  two  hills  in  front  of  him, 
one  behind  and  partially  hid  by  the  other.  After  walking  c miles 
the  farther  hill  becomes  entirely  hidden,  and  on  observing  the 
elevation  of  the  lower  hill  after  walking  another  mile  he  finds  it 
to  be  /?.  Find  the  heights  of  the  two  hills. 

of  23.  A tower  is  surrounded  by  a circular  moat.  At  noon  on 
a cex’tain  day  the  shadow  of  the  top  of  the  tower  is  observed  to 
project  45  feet  beyond  the  edge  of  the  moat.  When  the  sun  is 
due  West  on  the  same  day  the  shadow  projects  120  feet  beyond 
the  moat.  The  distance  between  the  extremities  of  the  shadow  is 
375  feet.  The  angle  of  elevation  of  the  top  of  the  tower  from  any 
point  of  the  edge  of  the  moat  is  60°.  Find  the  height  of  the  tower 
and  the  altitude  of  the  sun  at  noon. 

„ y 24.  A tower  stands  upon  an  inclined  plane,  meeting  it  at  a 
point  A;  at  a point  0 in  the  plane  the  tower  is  observed  to  subtend 
an  angle  a;  on  proceeding  to  a point  D in  the  straight  line  AC 
such  that  CD  = AC,  the  tower  is  observed,  to  subtend  an  angle  (3  : 
if  (jj  be  the  angle  between  the  tower  and  AC,  shew  that 
cot  (j>  = 2 cot  a — cot  / 3 . 

Also  if  similar  observations  be  made  in  another  straight  line 
AC'D',  it  is  found  that  tan  a = 2 tan  /3'j  the  angle  CACr=  y : prove 
that  if  6 be  the  inclination  of  the  plane  to  the  horizon, 
sin  6 sin  y - cos  <£. 

25.  In  a triangle  ADC  having  given  A = 30°,  h = 3J3,  a = 3, 
solve  the  triangle ; and  supposing  that  an  error  of  2"  is  made  in 
observing  the  angle  A,  find  approximately  the  corresponding  error 
in  the  angle  D. 

26.  The  distance  between  two  objects  on  the  opposite  bank  of 
a river  is  known  to  be  c.  An  equal  distance  is  taken  anywhere 
along  the  bank  on  this  side  and  the  angles  subtended  by  c at  the 
extremities  of  this  distance  are  a and  (3.  Find  the  breadth  of  the 
river,,  the  sides  being  parallel. 
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a-  27.  A person  wishing  to  obtain  the  breadth  of  a square  fort  on 
a distant  hill,  observes  that  when  he  is  due  South  of  one  corner, 
the  face  towards  him  subtends  an  angle  a.  He  then  walks  due 
West,  and  at  a distance  of  a feet  from  his  first  position,  finds  that 
the  face  subtends  the  same  angle  as  before.  On  walking  b feet 
further,  he  is  due  South  of  the  other  corner  of  the  face.  Shew 
that  the  breadth  of  the  fort  is 

(a + b)  sec  cf>  feet,  where  tan  = - *an  a 
v ' a + b 

28.  A and  A'  are  the  peaks  of  two  mountains,  and  BO  is  a 
straight  horizontal  road ; shew  that  if  the  nearer  of  the  two  peaks 
just  conceals  the  more  distant  at  some  point  of  the  road,  then 
sin  a sin  J3'  = sin  a ' sin  (3,  where  a is  the  altitude  of  A as  seen--  from 
any  point  B of  the  road,  (3  is  the  angle  ABO,  and  a,  /3'  are  similar 
quantities  for  the  peak  A'  as  seen  from  any  point  B'  of  the  road. 

t - 29.  A and  B are  two  objects  in  the  same  horizontal  plane, 

P is  a point  in  the  same  plane  at  which  the  angle  a subtended  by 
AB  is  observed ; from  P two  persons  walk  in  this  plane  in  directions 
at  right  angles  to  PA,  PB  respectively,  to  points  Q,  P,  at  each  of 
which  the  angle  subtended  by  AB  is  a ; the  distances  PQ , PB  are 
a,  b.  Find  the  length  of  AB. 

30.  A,  C,  B are  three  objects  in  the  same  plane  as  an  ob- 
server; AC  = CB,  and  AC,  CB  are  at  right  angles  to  each  other. 
At  the  point  0,  AC,  CB  subtend  angles  a,  (3  respectively.  The 
observer  moves  from  0 in  the  direction  00'  at  right  angles  to  CO 
through  a space  00'=  d ; here  he  finds  that  AC,  CB  subtend  angles 
a,  (3'  respectively.  Find  the  distance  AB. 

31.  A tower  150  feet  high  throws  a shadow  75  feet  long 
upon  the  horizontal  plane  upon  which  it  stands.  Find  the  Sun’s 
altitude,  having  given 

log  2 = -3010300,  L tan  63°  26'- 10-3009994, 

Z tan  63°  27'=  10-3013153. 
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32.  A person  standing  at  the  edge  of  a river  observes  that 
the  top  of  a tower  on  the  edge  of  the  opposite  side  subtends  an 
angle  of  55°  with  a horizontal  straight  line  drawn  from  his  eye ; 
receding  backwards  30  feet  he  then  finds  it  to  subtend  an  angle 
of  48°.  Determine  the  breadth  of  the  river,  having  given 

Z sin  7°=  9-08589,  Z sin  35°=  9-75859, 

Z sin  48°=  9-87107,  log  3 = -47712, 

log  1-0493  = -02089. 

33.  A rope-dancer  wishes  to  ascend  a tower  100  feet  high,  by 
means  of  a rope  196  feet  long.  If  he  can  do  so,  find  at  what  incli- 
nation he  must  be  able  to  walk  up  the  rope,  having  given 

log  2 = -30103,  Z sin  30°  40' = 9-70761, 

log  7 = -84510,  Z sin  30°  41' = 9-70782. 

34.  Two  hills  rise  at  the  same  point,  with  inclinations  of  60° 
and  40°  to  the  horizon.  At  a distance  of  64  feet  from  the  base  of 
the  latter  hill  the  angles  of  elevation  of  the  bottom  and  top  of  a 
vertical  object  on  the  former  hill  are  40°  and  70°.  Find  the  height 
of  the  object,  having  given 

Z tan  20°=  9-5610659,  Z cos  40°=  9-8842540, 

log  2 = -3010300;  log  26940031  = 7-4303981. 

35.  A vessel  observed  another  a0  from  the  North  sailing  in  a 
direction  parallel  to  its  own.  After  an  hour’s  sailing  its  bearing 
was  /3°,  and  after  another  hour  y°  from  the  North.  Find  in  what 
direction  the  vessels  were  sailing. 

36.  In  the  problem  discussed  in  Art.  242,  shew  that  if 

a + (3  + C ~ tt,  then  <J>  = ^ , 


and  the  solution  cannot  be  obtained  from  the  data. 
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XVI  PROPERTIES  OF  TRIANGLES. 

246.  The  present  Chapter  will  contain  some  miscellaneous 
propositions  relating  chiefly  to  the  properties  of  triangles. 


247.  To  find  expressions  for  the  area  of  a triangle. 

A triangle  is  half  a rectangle  on  the  same  base  and  altitude ; 
thus  if  ABC  be  any  triangle,  and  AD  the  perpendicular  from  A on 
the  opposite  side,  we  have  (see  the  figures  in  Art.  214) 

area  of  triangle  = \BC . AD, 
and  AD  = AB  sin  B, 

therefore  area  of  triangle  = \ac  sin  B (1) ; 

thus  the  area  of  a triangle  is  half  the  product  of  two  sides  into 
the  sine  of  the  included  angle. 


By  Art.  218,  sin  B = — J{s  (s  — a)  ( s - b)  (s  - c)} ; 


substitute  the  value  of  sin  A in  (1)  and  we  obtain 

area  of  triangle  = J{s  (s  — a)  (s  — b)  (s  — c)} (2) ; 

this  furnishes  a convenient  expression  for  the  area  when  all  the 
sides  are  known  ; the  expression  ^{s  (s  - a)  (s-  b ) (s  - c)\  is  often 
for  abbreviation  denoted  by  S. 


By  Art.  214, 


a ~ 


b sin  A 
sin  A ’ 


b sin  C 
sin  A ’ 


substitute  these  values  in  (1);  thus  we  obtain 

sin  A sin  C 


area  of  triansrle  = 


A 


•(3); 


thus  we  can  find  the  area  when  a side  and  two  angles  are  given, 
for  if  two  angles  are  given  the  third  angle  is  also  known. 
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248.  To  find  the  radius  of  the  circle  inscribed  in  a triangle. 


A 


Let  ABC  be  a triangle,  0 the  centre  of  the  circle  inscribed  in 
the  triangle  and  touching  the  sides  at  the  points  J),  E,  F.  Join 
OD,  OF,  and  OF.  The  angles  at  D,  E,  and  F are  right  angles 
by  Euclid  hi.  18.  Let  r denote  the  radius  of  the  circle ; then 

area  of  triangle  BOG  = \ BC . OD  = , 

area  of  triangle  CO  A = | C A . OF  = ~ , 

area  of  triangle  AOB  = \ AB . OF  = ^ ; 

A 

therefore,  by  addition, 

(a  + b + c)  ^ = area  of  triangle  ABC  = S,  (Art.  247), 

S 

that  is  rs-S,  therefore  r = - . 

The  radius  of  the  inscribed  circle  is  thus  equal  to  the  area  of 
the  triangle  divided  by  half  the  sum  of  the  sides ; and  hence  dif- 
ferent forms  can  be  obtained  for  the  radius  by  employing  the 
different  expressions  already  given  for  the  area  of  the  triangle. 

It  is  easy  to  shew  by  Geometry  that 

AE  = AF=s-a,  BF=BD  = s-b , CD  = CF  = s-c. 
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249.  We  may  also  obtain  the  value  of  r in  another  form, 
which  will  be  often  useful. 

By  Euclid  iv.  4,  the  straight  lines  OA , OB,  00  bisect  the 
angles  A,  B,  C respectively.  Thus 

BD  — r cot  ^ , CD  = r cot  ~ , therefore  r ^cot  ~ + cot  = a, 

. B + 0 . B.C  a sinf  sinf 

therefore  r sm  — s — = a sm  — sm  ^ , therefore  r - . 

A A A A 


2 


Or  thus : 


A A 

r = AE  tan  -r  = (5  - a)  tan  — . 

A A 


250.  To  find  the  radius  of  the  circle  which  touches  one  side  of 
a triangle  and  the  other  sides  produced. 


Let  ABO  be  a triangle,  and  let  0 be  the  centre  of  the  circle 
which  touches  the  side  BO,  and  the  other  sides  produced  at  the 
points  D,  E,  F.  Join  OD,  OE,  and  OF.  The  angles  at  D,  E, 
and  F are  right  angles  by  Euclid  in.  18.  Let  rx  denote  the  radius 
of  the  circle. 
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The  quadrilateral  OB  AC  may  be  divided  into  the  two  triangles 

C J) 

OAB,  OA  C ; therefore  the  area  of  this  quadrilateral  is  ~ r + - r . 

2 2 

Again,  the  same  quadrilateral  may  be  divided  into  the  triangles 
OBC  and  ABC ; therefore  the  area  of  this  quadrilateral  is 

®rl  + S.  Thus 
2 


c b a 
9?'i+9ri  = 9?’i+'S; 


v , S 

therefore  (c  + b — a)  = S,  that  is  rl  (s  — a)  — S,  therefore  rx  = - — 


It  is  easy  to  shew  by  Geometry  that 

AF  = AB  = s.  BD=BF  = s-c,  CD  = CE  = s-l. 

The  centre  of  the  inscribed  circle  is  also  on  AO,  and  the  dis- 
tance between  it  and  0 subtends  a right  angle  at  B and  at  C. 


Similarly,  if  ra  be  the  radius  of  the  circle  which  touches  CA 
and  the  other  sides  produced,  and  r3  the  radius  of  the  circle  which 
touches  A B and  the  other  sides  produced, 


A circle  which  touches  one  side  of  a triangle  and  the  other 
sides  produced  is  called  an  escribed  circle. 


251.  We  may  also  obtain  an  expression  for  the  radius  of  an 
escribed  circle  similar  to  that  in  Art.  249  for  the  radius  of  the 
inscribed  circle. 


For,  in  the  figure  of  Art.  250,  the  straight  line  OB  bisects  the 
angle  which  is  the  supplement  of  B,  and  the  straight  line  OC 
bisects  the  angle  which  is  the  supplement  of  C Thus 


BD  = r.  cot  (90° 


-f) 


CD  = r,  cot 


/ B C\ 

therefore  r1  ( tan  — + tan  - a ; 
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a cos  k cos  -x  a cos  -=  cos  - 

therefore  r,  j = —J  . 

1 . B+O  A 

sm__  cos  ^ 

A A 

Or  thus  : r}  = AF  tan  = s tan  . 

2t  A 

252.  To  find  the  radius  of  the  circle  described  round  a tri- 
angle. 


Let  ABC  be  a triangle,  and  0 the  centre  of  the  circle  described 
round  it.  Draw  OB  perpendicular  to  BO,  then  BO  is  bisected  at 
B by  Euclid  in.  3.  Let  R denote  the  radius  of  the  circle. 

The  angle  BOG  is  double  the  angle  BAG,  by  Euclid  hi.  20; 
therefore  BOB  = A ; 

and  BB  = RsinA  = ^;  therefore  R = -^——1  \ 

2 2 sm^l 

thus  R is  expressed  in  terms  of  a side  and  the  opposite  angle. 
By  Art.  218,  sin  A = ^,  therefore  R = . 

253.  Many  theorems  have  been  demonstrated  with  respect  to 
the  circles  which  have  been  noticed  in  Arts.  248... 252;  as  an 
example  we  will  find  an  expression  for  the  distance  between  the 
centres  of  the  inscribed  and  circumscribed  circles  of  a triangle. 
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Let  ABC  be  a triangle;  let  0 be  the  centre  of  the  circum- 
scribed circle. 


From  0 draw  a perpendicular  OD  on  BC,  and  produce  it  to 
meet  the  circumference  of  the  circle  at  E.  Then  the  arc  BE  is 
equal  to  the  arc  CE ; and  therefore  the  straight  line  AE  bisects 
the  angle  BAG.  Thus  the  centre  of  the  inscribed  circle  will  be 
on  AE  ■ let  the  point  I denote  it.  Join  01  and  1C. 

The  angle  EIC  = %(A  + C)  by  Euclid  i.  32;  and  the  angle 
EC  I = ECB  + BCI  = \ (A  + C)  : therefore  the  angle  EIC  = the 
angle  EC  I : and  therefore  El  = EC. 

And  EC  = 2R  sin  ~ ; therefore  El  = 2R  sin  ^ . 

'Ji  z 

Hence  El  x I A = 2R  sin  x = 2 Hr. 

2 . A 

sm- 

And  (R  - 01)  (R  + 01)  = 2 Rr,  by  Euclid  hi.  35  ; 

therefore  OP  - Rz  — 2Rr. 

If  we  suppose  IE  produced  through  A to  a point  J such  that 
EJ  = El,  the  point  J will  be  the  centre  of  the  escribed  circle 
which  is  opposite  the  angle  A ; and  we  shall  have 
0J*=R2+2Rrx. 
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254.  To  find  the  area  of  a quadrilateral  which  can  he  in- 
scribed in  a circle. 

Let  ABGD  be  the  quadrilateral  j let 


Tbe  figure  can  be  divided  into  the  triangles  ABC,  ADC ; its  area 
therefore 

= | ( ah  sin  B + cd  sin  D)  = J (ah  + cd)  sin  B, 
for  the  angles  B and  D are  supplemental  by  Euclid  in.  22. 

Now  from  the  triangle  ABC , 

AC2  = a2  + h2  - 2 ah  cos  B, 
and  from  the  triangle  CDA, 

AC2  - c2  + d2  — 2 cd  cos  D = c2  + d2  + 2 cd  cos  B ; 
therefore  c2  + d2  -\-2cd  cos  B — a2  + b2  — 2ah  cos  B, 


AB  = a,  BC  = h,  CD  = c,  DA  = d. 


therefore 


sin5  B = 1 — 


4 (ab  + cd)s 


therefore 
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{ 2(ab  + cd)  + c2  + d2-a2-b2}{2(ab  + cd)-c2-d2  + a2+b s} 

~ 4 (ab  + cd)2 

_ {( c + d)2  -(a-  5)8}  {(a  + b)2  - (c  - d )2} 

4 (a&  + cd )2 

__  (c  + b + d — a)  (a  + c + d — b)  (a  + b + d — c)  (a  + b + c — d) 

4 (a6  + cd  f 

Now  let  \{a  + b + c + d)  = s ; thus 

16  (s-a)(s-b)(s-c)(s-d) 

Sm  ' 4(04+'^)*  ' 

Hence  tlie  area  of  the  quadrilateral 

= J{(s-a)(s-b)(s-c)(s-d)}. 

If  we  substitute  the  value  of  cos  A in  the  expression  for  AC2, 

we  obtain  A C2  = c2  + d2  + ■ 


! + d2  + 


2 (ab  + cd) 

cd  (a2  + b2  — c8  — d2) 
ab  + cd 


(ac  + bd ) (ad  + be) 
ab  + cd 

Similarly  it  may  be  shewn  that 

as  + d2-b2-cs 

cos  A = — 7Ti—j — r~\ — i 
2 (ad  + be) 

J>J)*  _ (ac  + ^0  ( a & + C(t ) 

ad  + bo 

The  radius  of  the  circle  described  round  the  quadrilateral  may 
be  easily  expressed ; for  this  circle  passes  round  the  triangle  ABC, 
hence  by  Art.  252  its  radius 

_ AC  1 (ab  + cd)  (ac  + bd)  (ad  + be)) 

2 sin  B 4 \J  \(s  — a)(s  — b)  (s  — c)  (s  - d)  j ‘ 
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255.  To  find  the  radii  of  the  inscribed  and  circumscribed 
circles  of  a regular  'polygon , that  is  of  a polygon  which  has  all 
its  sides  equal  and  all  its  angles  equal. 


Let  AB  be  the  side  of  a regular  polygon  of  n sides ; let  0 be 
the  centre  of  the  circles,  OD  the  radius  of  the  inscribed  circle,  OA 
the  radius  of  the  circumscribed  circle. 


Let  AB  = a,  OA  = B,  OD  = r. 

The  angle  AOB  is  the  nth  part  of  4 right  angles,  that  is, 


AOB  = 


AOD  = 


n 


n 


AD  = ^ = i?sin-=r  tan  - ; 
2 n n 


therefore 


R = . 


2 sin  - 
n 


2 tan  - 


256.  The  area  of  a regular  polygon  may  be  expressed  by 
means  of  the  radius  of  the  inscribed  circle,  or  of  the  radius  of  the 
circumscribed  circle.  For  with  the  figure  of  Art.  255,  the  area 
of  the  triangle  AOB 

= £ AB . OD  - ~ ^ cot  - = ^ cot  - ; 

£ 2 2 n 4 n 
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therefore  the  area  of  the  polygon 


cot  - = nR2  sin2  - cot  - = ^ R2  sin  — . 
n n n 2 n 


Also  the  area  of  the  polygon  = nr*  tan2  - cot  - = nr 9 tan  - . 

r n n n 


257.  To  find  the  area  of  a circle. 

The  area  of  a regular  polygon  of  n sides  described  about  a 
circle  of  radius  r 

— nr 2 tan  - . 
n 

Now  suppose  n to  increase  without  limit,  then  the  area  of 
the  polygon  approximates  continually  to  the  area  of  the  circle  as 
its  limit,  and  therefore  the  area  of  the  circle  will  he  equal  to  the 
limit  of  the  above  expression.  But  when  n is  indefinitely  great, 

rctan^=7r,  (Art.  119); 
therefore  the  area  of  a circle  of  radius  r = irr*. 


258.  To  find  the  area  of  a sector  of  a circle. 

Let  6 be  the  circular  measure  of  the  angle  of  the  sector;  then 
area  of  sector  0 

area  of  circle  = 2tt  ’ " 33>  ^ * 

6 r20 

therefore  the  area  of  the  sector  = 7rr2  x — = — . 


Since  6 is  the  circular  measure  of  the  angle  of  the  sector,  the 
length  of  the  arc  of  the  sector  is  r6;  hence  the  area  of  a sector  is 
equal  to  half  the  product  of  the  length  of  the  arc  into  the  radius. 

The  area  of  a segment  of  a circle  can  now  be  found.  Bor  a 
segment  of  a circle  which  is  less  than  a semicircle  is  equal  to  the 
t.  t.  13 
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difference  between  a sector  and  a triangle;  so  that  if  0 be  the  cir- 
cular measure  of  the  angle  of  the  sector  the  area  of  the  segment  is 

— (0  - sin  6).  A segment  of  a circle  which  is  greater  than  a 
2 

semicircle  is  equal  to  the  difference  between  the  circle,  and  a 
segment  less  than  a semicircle. 


EXAMPLES. 

1.  The  sides  of  a plane  triangle  are  24,  30,  18 : find  the  area. 

2.  Two  angles  of  a triangle  are  15°  and  45°,  and  the  included 
side  is  10  feet:  find  the  area. 


3.  The  sides  of  a triangle  are  equal  to  3 and  12  respectively, 
and  the  contained  angle  is  30°:  find  the  hypotenuse  of  an  equal 
right-angled  isosceles  triangle. 

4.  The  area  of  a triangle  = ^ ( a 2 sin  2JB  + b2  sin  2^4). 

„ . a3  — ba  sin  A sin  B 

5.  The  area  of  a triangle  = — ^ ; — r-j — . 

° 2 sm  [A  — B) 

nr™  f + • 1 ABC 

t 6.  The  area  of  a triangle  = 7 cos  cos  cos  ^ . 

& a + b + c 222 


t/7.  Shew  that  the  triangle  whose  sides  are  proportional  to 
gh  (k2  + l2),  hi  (g2  + If),  (hh  + gl)  (hl-gh) 
has  its  area  and  the  trigonometrical  ratios  of  its  angles  rational. 

8.  The  sides  of  a triangle  are  in  arithmetical  progression,  and 
its  area  is  to  that  of  an  equilateral  triangle  of  the  same  perimeter 
as  3 is  to  5.  Find  the  ratio  of  the  sides  and  the  value  of  the 
largest  angle. 

yy'  9.  If  the  alternate  angles  of  a regular  hexagon  be  joined  so  as 
to  form  another  regular  hexagon,  and  again  the  alternate  angles  of 
the  latter  hexagon  be  joined,  and  so  on,  shew  that  the  sum  of  the 

areas  of  all  the  figures  so  formed  = - , where  S is  the  area  of  the 


original  figure. 
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10.  If  we  proceed  with  a regular  figure  of  n sides,  and  of 
area  jS,  as  with  the  hexagon  of  Example  9,  and  2 denote  the 

sum  of  the  areas  so  formed,  shew  that  S sin  — sin  - = S cos3  — . 

n n n 

Explain  the  cases  where  n = 3 or  4. 


1 1.  If  an  equilateral  triangle  be  described  with  its  angular  points 
on  the  sides  of  a given  right-angled  isosceles  triangle,  and  one  side 
parallel  to  the  hypotenuse,  its  area  will  be  2a2  sin  60°  (sin  15°)2, 
where  a is  a side  of  the  given  triangle. 

12.  Shew  that,  with  the  notation  of  Arts.  248  and  250, 


3 .2  , 2 B ,2  0 

rrr  — r cot  w-  cot  cot  . 

A A A 


13.  The  straight  lines  which  bisect  the  angles  A,  C of  a 
triangle  ABO  meet  the  circumference  of  the  circumscribing  circle 
at  the  points  A',  O':  shew  that  A'C'  is  divided  by  G B,  BA  into 
three  parts,  which  are  in  the  proportion 

. aA  . . A B . C . aG 
sin2 2-:  2sm- sm^-sm-  : sin8-. 

''"l4.  If  h be  the  difference  between  the  sides  containing  the 
right  angle  of  a right-angled  triangle,  and  S its  area,  the  diameter 
of  the  circumscribing  circle  is  equal  to  J(li2  + 4$). 


^ 15.  The  sides  of  a plane  triangle  are  3,  5,  6:  compare  the 
radii  of  the  inscribed  and  circumscribed  circles. 

'"16.  0 is  the  centre  of  the  circle  circumscribed  round  an  acute- 

angled  triangle,  and  AO  is  produced  to  meet  BO  at  D:  shew  that 

DO  cos  (B  — C)  = AO  cos  A. 

17.  A circle  is  inscribed  within  a given  triangle,  and  another 
triangle  formed  by  joining  the  points  of  contact;  within  this  latter 
triangle  a circle  is  inscribed,  and  another  triangle  is  formed  as 

13—2 


196 


EXAMPLES.  CHAPTER  XVI. 


before,  and  so  on  continually : shew  that  the  triangles  thus  formed 
ultimately  become  equilateral. 

18.  The  sum  of  the  diameters  of  the  inscribed  and  circum- 
scribed circles  of  any  plane  triangle  is  equal  to 

a cot  A + b cot  B + c cot  C. 

19.  Perpendiculars  are  drawn  from  the  angles  A,  B,  C of 
an  acute-angled  triangle  on  the  opposite  sides,  and  produced  to 
meet  the  circumscribing  circle : if  those  produced  parts  be  a,  /3,  y 
respectively,  shew  that 


20.  In  any  triangle  the  area  of  the  inscribed  circle  is  to  the 


21.  On  each  side  of  an  acute-angled  triangle  as  base  an  isos- 
celes triangle  is  constructed  externally,  the  sides  of  each  being  equal 
to  the  radius  of  the  circumscribed  circle : if  the  vertices  of  these 
be  joined  a triangle  will  be  formed  equal  and  similar  to  the  original. 

22.  If  R be  the  radius  of  the  circumscribed  circle  of  a triangle, 
a cos  A + b cos  B + c cos  C = 47?  sin  A sin  B sin  G. 

} 23.  0 is  the  centre  of  the  circle  circumscribed  about  a triangle 

ABC  j from  0 the  perpendiculars  OD,  OB,  OB  are  drawn  to  the 
sides : shew  that 


24.  If  r be  the  radius  of  the  circle  inscribed  in  a triangle, 
and  ra  the  radius  of  the  circle  inscribed  between  this  circle  and 
the  sides  containing  the  angle  A,  shew  that 


- + + — = 2 (tan  A + tan  B + tan  C). 

a p y 


area  of  the  triangle  as  i r is  to  cot  ^ cot  — cot  . 

AAA 


4 ( OD 2 + OB2  + OF2)  = a2  cot 2 A + b2  cot*  B + c2  cot2  C. 
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25.  If  r be  the  radius  of  the  circle  inscribed  in  a triangle, 
and  ra,  rb,  rc,  the  radii  of  the  circles  inscribed  between  this  circle 
and  the  sides  containing  the  angles  A,  B,  G respectively:  shew 
that 

J{rjb)  + n/(Vc)  + Jircra)  = r. 


26.  If  a triangle  A'B'C'  be  formed  by  joining  the  feet  of  the 
perpendiculars  let  fall  from  A,  B,  G on  the  opposite  sides,  shew 
that  B'C  is  numerically  equal  to  B sin  2A,  where  R is  the  radius 
of  the  circle  circumscribed  about  ABC. 

27.  Perpendiculars  drawn  from  the  angular  points  of  an 
acute-angled  triangle  to  the  opposite  sides  meet  those  sides  at  the 
points  B,  B,  F : shew  that  if  R and  Rx  be  the  radii  of  the  circles 
described  about  the  triangles  ABC  and  DBF  ’respectively,  and  rx 
the  radius  of  the  circle  inscribed  in  the  latter  triangle, 

Rx  — ^R,  and  rx  = 2 R cos  A cos  B cos  G. 


28.  If  r,  rx,  r2,  r3  denote  the  radii  of  the  inscribed  and 
escribed  circles  of  a triangle,  shew  that 

. 2 -4  TT\ 

tan  V = — - 
2 rr„ 


29.  If  A be  the  area  of  the  circle  inscribed  in  a triangle, 
A1}  A2,  As  the  areas  of  the  escribed  circles,  then 


1 1 I J_ 

ja-jaBjaBja,,- 


30.  If  the  sides  of  a triangle  be  in  arithmetical  progression, 
the  perpendicular  on  the  mean  side  from  the  opposite  angle,  and 
the  radius  of  the  circle  which  touches  the  mean  side  and  the  other 
two  sides  produced,  are  each  equal  to  three  times  the  radius  of  the 
inscribed  circle. 

31.  The  distances  of  the  centre  of  the  circle  inscribed  in  a 

triangle  from  the  centres  of  the  three  escribed  circles  are  respec- 

, . i ■ i , A j B G 
tively  equal  to  a sec  — , b sec  ^ , c sec  — . 
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82.  Two  similar  triangles  have  a common  escribed  circle 
touching  sides  not  homologous  a1,  b2.  Shew  that 

ax  : a2  = sin  B + sin  C — sin  A : sin  A + sin  C — sin  B. 

33.  If  Ox,  02,  03  are  the  centres  of  the  escribed  circles  of  a 
triangle,  then  the  area  of  the  triangle  010203 

= area  of  triangle-  ABC  f 1 + 7 — 1 — L + -) . 

( b + c- a a + c-b  a +b-c) 


34.  The  centres  of  the  three  escribed  circles  of  a triangle 
are  joined:  shew  that  the  area  of  the  triangle  thus  formed  is 

where  r is  the  radius  of  the  inscribed  circle  of  the  original 

triangle. 


35.  A',  B',  C’  are  the  centres  of  the  escribed  circles  of  a tri- 
angle; A',  B',  C are  joined  so  as  to  form  a triangle:  if  r and  r be 
the  radii  of  the  circles  inscribed  in  ABC  and  A'B'C  respectively, 

+ A a 

, cot  — cot  — cot  ^ 

T Jj  A A 

rf  ~T  11  r* 

COS  — + COS  jr  + COS  -- 

A A Z 

36.  If  r be  the  radius  of  the  circle  inscribed  in  a triangle 
ABC,  2s  the  sum  of  the  sides,  r , 2s  similar  quantities  for  the 
triangle  which  is  formed  by  joining  the  centres  of  the  escribed 
circles,  shew  that 


rs  _ . A . B . C 

-7-7  = 2 sin  77-  sm  --  sin  - 
rs  2 2 2 


37.  Let  a,  ax  be  the  distances  of  the  angle  A of  a triangle  from 
the  centres  of  the  inscribed  circle,  and  the  circle  touching  the  side 
a and  the  other  two  sides  produced ; (3,  /31  similar  quantities  for 
the  angle  B-  y,  y1  similar  quantities  for  the  angle  C : shew  that 

a/3ya1(31y1=  ( abc )3. 
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38.  Shew  also  that  — ^ + wi  + —r>=  1- 
039.  Shew  also  that  «■  (l + /?  g -I)  + / Q -'£)  = 0. 


0 40.  Shew  also  that  - — j + + ~ — r = 0- 

aax  °p{  cyx 

j-v41.  There  is  only  one  point  within  a triangle,  such  that  if 
perpendiculars  he  drawn  from  it  to  the  sides,  circles  can  be  in- 
scribed in  each,  of  the  three  resulting  quadrilaterals : prove  this, 
and  if  p1}  p2,  p3  be  the  radii  of  these  circles,  and  p that  of  the 
inscribed  circle  of  the  triangle,  then 


42.  A circle  is  inscribed  in  a plane  triangle  ABC.  Another 
circle  is  inscribed  so  as  to  touch  the  two  sides  A B,  AC,  and  the 
last  circle;  again,  a third  circle  is  inscribed  so  as  to  touch  the 
same  two  sides  AB,  AC,  and  the  second  circle,  and  so  on.  Circles 
are  also  inscribed  in  the  same  way  so  as  to  touch  BC,  BA  and 
CA,  CB.  Shew  that  the  area  of  the  inscribed  circle  is  to  the  sum 
of  the  areas  of  all  the  other  circles  as  1 is  to 

. 4B  + C A . 4C  + A B . 4A+B  C 
sin  — - — cosec  — + sm4  — ^ — cosec  + sin  — cosec  ^ • 


43.  0 and  O'  are  respectively  the  centres  of  the  circles 

described  about  and  inscribed  in  a plane  triangle  ABC.  Join 
OA,  OB,  OC,  O' A,  O'B,  O'C,  and  let  Ra,  Rb,  Rc,  ra,  rb,  rc,  be  respect- 
ively the  radii  of  the  circles  circumscribing  the  triangles  BOG, 
CO  A,  AOB,  BO'C,  CO' A,  AO'B.  If  R be  the  radius  of  the  circle 
circumscribing  the  given  triangle  ABC,  shew  that 


Wc  = R 
abc  a + b + c’ 


and 


a b c 


abc. 


44.  From  any  point  P within  or  without  a triangle  ABC, 
perpendiculars  PA',  PB',  PC'  are  dropped  on  the  sides  BC,  CA, 
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AB)  and  circles  are  described  about  the  triangles  PA'B ',  PB'C', 
PC' A!.  Shew  that  the  area  of  the  triangle  formed  by  joining  the 
centres  of  these  circles  is  one-fourth  of  the  area  of  the  triangle 
ABC. 

f)  45.  Three  circles  touch  each  other  externally:  prove  that  the 
square  of  the  area  of  the  triangle  formed  by  joining  their  centres 
is  equal  to  the  product  of  the  sum  and  product  of  their  radii. 

46.  If  the  sides  of  a triangle  be  in  geometrical  progression, 
and  the  perpendiculars  from  the  angles  on  the  opposite  sides  be 
taken  as  the  sides  of  a new  triangle,  then  the  angles  of  this  new 
triangle  will  be  equal  to  those  of  the  original  triangle. 

0 47.  If  a,  (3,  y be  the  ratios  which  the  sides  a,  b,  c of  a triangle 
bear  to  the  perpendiculars  on  them  from  the  opposite  angles 
A,  B,  G , then  a2  + /32  -f  y2  - 2 (a/3  + /3y  + ya)  + 4 = 0. 

1 48.  On  the  sides  of  any  triangle  equilateral  triangles  are 
described  externally,  and  their  centres  are  joined:  shew  that  the 
triangle  thus  formed  is  equilateral. 

0 49.  The  sides  of  a triangle  are  65  and  25,  and  the  difference 
of  the  opposite  angles  is  60°:  find  all  the  angles,  having  given 
log  3 = -4771213,  log  2 =-3010300, 

L tan  52°  24'  = 10-1134508,  L tan  52°  25'  = 10-1137122. 

o 50.  If  perpendiculars  be  drawn  from  the  angles  of  an  acute- 
angled  triangle  to  the  opposite  sides,  shew  that  the  sides  of  the 
triangle  formed  by  joining  the  feet  of  those  perpendiculars  are 
a cos  A,  b cos  B,  and  c cos  G ; and  thence  shew  that 

a 2 cos2ff  — 62  cos 2B  - c2  cos2  G 0 . 

3 ™ = cos  2 A. 

Abe  cos  B cos  6 

o 51.  Six  circles  are, inscribed  between  the  three  escribed  circles 
of  a triangle  and  the  angular  points,  each  touching  a side  and 
a side  produced:  shew  that  the  products  of  their  radii  taken 
alternately  are  equal. 
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o 52.  Straight  lines  are  drawn  from  the  angles  A,  B,  C of  a 
triangle  through  any  point  P meeting  the  opposite  sides  of  the 
triangle  at  the  points  A',  B',  G'  respectively : shew  that 

AB' . BG' . CA'  = AG' . BA' . OB'. 

o 53.  Shew  conversely  that  if  the  relation  just  expressed  holds 
then  the  straight  lines  A A',  BB',  GC'  meet  at  a point. 

54.  Shew  that  the  perpendiculars  from  the  angles  of  a tri- 
angle on  the  opposite  sides  meet  at  a point. 

o 1-  55.  Shew  that  the  straight  lines  which  bisect  the  internal 
angles  of  a triangle  meet  at  a point, 

o 56.  Shew  that  the  straight  lines  which  join  the  angles  of  a 
triangle  with  the  middle  points  of  the  opposite  sides  meet  at  a 
point. 

o u 57.  Shew  that  the  straight  lines  which  join  the  angles  of  a 
triangle  with  the  points  where  the  inscribed  circle  touches  the 
opposite  sides  respectively,  meet  at  a point. 

6 58.  Let  a straight  line  be  drawn  from  the  angle  A of  a tri- 
angle to  the  point  where  the  escribed  circle  opposite  to  the  angle 
A touches  the  side  opposite  to  it;  let  similar  straight  lines  be  drawn 
from  B and  G with  respect  to  the  other  escribed  circles : shew  that 
these  straight  lines  meet  at  a point. 

o 59.  In  the  figure  of  Art.  250  shew  that  the  straight  lines 
BE,  CF,  and  AD  produced  meet  at  a point. 

q 60.  A quadrilateral  figure  is  so  taken  that  a circle  can  be 
described  about  it  and  inscribed  in  it.  If  its  sides  be  produced  in 
both  directions,  and  ra,  rb,  rc,  rd  be  the  radii  of  the  circles,  in- 
scribed in  the  triangles  formed  on  two  sides,  and  escribed  on  the 
other  two  sides,  then  rarbrcrd  = r4,  where  r is  the  radius  of  the 
circle  inscribed  in  the  quadrilateral. 
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XVII.  USE  OF  SUBSIDIARY  ANGLES  IN  SOLVING 
EQUATIONS  AND  IN  ADAPTING  FORMULAS 
TO  LOGARITHMIC  COMPUTATION. 

259.  "We  shall  now  shew  how  to  obtain  the  numerical  values 
of  the  roots  of  a quadratic  equation  by  the  aid  of  Trigonometrical 
Tables. 


(1)  Suppose  the  equation  to  be 

x2 — 2px  + q = 0, 

where  p and  q are  both  positive;  from  this  equation  we  obtain 

x=p±J(p2-q)=p^±/sJ  i 

Now  if  q is  less  than  p2  assume  ^ = sin20;  thus 

0 0 

x = p (1  ± cos  6)  = 2p  cos2  - , or  2p  sin2  - . 

A 2 

If  q is  greater  than  p2  the  roots  are  impossible;  we  may  then 

assume  = sec 2 6 ; thus 
P 

x = p{l  =*=  N/(  — 1)  tan 

(2)  Suppose  the  equation  to  be 

x2  — 2px  — q = 0, 

where  p and  q are  both  positive;  from  this  equation  we  obtain 

1 + Js)}  • 

Now  assume  tan20  = ^ ; thus 

p 

cos  6 =*=  1 , cos  0 ± l 

cc  = »(l  ±sec  d)=p — 77- 

r r cos  0 sm  ft 

6 0 

= 0Y  ~ Jv tan  2 ’ 
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(3)  If  the  equation  is  of  the  form  xs  + 2 px  + q = 0,  where 
p and  q are  positive,  we  can  solve  the  equation  x2  — 2 px  + q = 0,  and 
then  change  the  signs  of  the  roots  ( Algebra , Art.  340). 

(4)  If  the  equation  be  of  the  form  x2  + 2px  — q = 0,  where 
p and  q are  positive,  we  can  solve  the  equation  x2  — 2px  — q—  0, 
and  then  change  the  signs  of  the  roots. 


260.  In  like  manner  we  may  obtain  the  numerical  value  of 
the  roots  of  a cubic  equation  by  the  aid  of  Trigonometrical  Tables ; 
we  will  exemplify  this  by  considering  one  case. 

Let  the  equation  be  x3  — qx  ~ r = 0,  and  suppose  27r2  less  than 
45s.  Put  x — ny}  thus 

n3y3  — qny  — r = 0, 


therefore 


^ n2  n3 


How  by  Art.  91,  cos3a  - y cos  a - C0S,  ^ - = 0 : 
4 4 * 


assume 

3 

y — cos  a,  — = 

q ,,  r cos  3a 

— : then  —5  = — - — 

nr*  n3  4 

thus 

§ 

II 

=4^ 

cos3«  = 4I-^J  ; 

the  last  equation  determines  3a,  and  thus  a is  known,  then 
y = cos  a and  x = n cos  a = (t?Ycosa. 


The  value  of  cos  3a  is  less  than  unity,  since  we  have  supposed 
27r2  less  than  4^3. 

It  appears  from  Art.  105  that  we  might  also  suppose 
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consistently  with,  the  value  of  cos  3a  given  above;  thus  finally  the 
three  roots  of  the  cubic  equation  are 


where 


261.  “If  in  mathematical  researches  equations  like  those  that 
have  been  given  of  the  second  and  third  degree,  presented  them- 
selves to  be  solved,  their  solution  would  be  conveniently  effected 
by  the  preceding  methods,  and  by  the  aid  of  the  Trigonometrical 
Tables;  but  the  truth  is,  in  the  application  of  Mathematics  to 
Physics  the  solution  of  equations  is  an  operation  that  very  rarely 
is  requisite,  and  consequently  the  preceding  application  of  Trigo- 
nometrical Formulse  is  to  be  considered  as  a matter  rather  of 
curiosity  than  of  utility.” — (Woodhouse’s  Trigonometry .) 

262.  To  the  examples  which  have  already  occurred  of  the  use 
of  subsidiary  angles  we  will  add  two  more.  See  Art.  231. 


(1)  Required  to  adapt  a + b to  logarithmic  computation. 
If  a and  b are  necessarily  positive  we  may  proceed  thus : assume 

- = tan2  6;  then 
a 


a + b = a ^1  + ^ = a (1  + tan2  6)  = a sec2  6. 

If  a and  b are  not  necessarily  both  positive  we  may  proceed 
thus : assume  — = tan  6 ; then 


t &\  /i  , /n  aJ2/cosd  sin£A 

° + 1 = ° 0 + a)  = ° (1  + *“  6)  = (-J2  + -J3  ) 


6 sin  6 n 

W 


aj  2 . 
sm 

cos  v 


H) 
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(2)  Bequired  to  adapt  a cos  a ± b sin  a to  logarithmic 
computation.  Let  ^ = tan  0 ; thus 

a cos  a ± b sin  a = a ^cos  a ~ si11  = a (cos  a =*=  f an  0 a) 

= — ^-2  cos  (a  - 6)  or  — ^ cos  (a  + 0). 
cos  6 v ' cos  6 v ' 


MISCELLANEOUS  EXAMPLES. 

1.  Solve  a;3-6:c  + 4 = 0. 

2.  Shew  that  the  roots  of  the  equation  cc3  — 3a;  — 1 = 0 are 
2 cos  20°,  -2  sin  10°,  -2  cos  40°. 

3.  Shew  that  the  roots  of  the  equation  xh  —pxz  + qx-r=  0 

are  2 (^j  cos  a,  2 (^j  cos  ± , and  2 (^j  cos  ± aj , 


where 


; 5a 


, j>-a 


provided  y>2  = §q  and  be  not  greater  than  . 


4.  Bind  the  roots  of  the  equation 

xs  — 10a;3  + 20x  — 8 = 0. 

5 . A person  wishes  to  ascertain  the  side  BC  of  a triangular 
field  ABC,  but  is  only  able  to  make  measurement  of  lines  within 
the  boundary  of  a circle  which  passes  through  A and  touches  BC : 
shew  how  after  measuring  four  straight  lines  he  may  determine  BC. 

6.  Two  men  standing  at  the  same  point  C observe  the  hori- 
zontal angle  subtended  by  two  objects  A and  B;  they  then  both 
move  away,  one  in  the  direction  AC,  the  other  in  the  direction  BC, 
until  each  observes  the  horizontal  angle  to  be  half  what  it  was 
before.  The  distance  each  walked  being  given  and  the  horizontal 
angle  at  C,  determine  the  distance  AB. 
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7.  The  altitude  of  a balloon  is  observed  at  three  places 
A , B,  G simultaneously  to  be  45°,  45°,  and  60°  respectively;  A and 
B are  respectively  West  and  North  of  G : form  an  equation  for 
determining  the  height  of  the  balloon. 

8.  The  distances  b and  c of  a station  A from  two  other 
stations  B and  G are  known,  and  the  angle  BAG  is  required.  It 
not  being  practicable  to  observe  the  angle  BAG,  the  angle  BOG 
(a)  and  the  angle  AOG  {(3)  are  observed  at  a position  0 situated  in 
the  plane  ABG,  at  a small  known  distance  n from  A,  such  that 
the  triangle  ABG  is  entirely  within  the  triangle  OBG.  Shew  that 
if  6 be  the  circular  measure  of  the  angle  {BAG-BOC)  then 
approximately 

0 = n fsmfr-ffl  | smff) 
lb  c y 

9.  At  a distance  of  50  feet  from  the  foot  of  a tower  the  eleva- 
tion of  its  top  is  45° : if  the  elevation  and  the  distance  be  correctly 
measured  within  1'  and  1 inch  respectively,  find  approximately 
the  greatest  error  in  the  height. 

10.  A person  standing  at  a distance  a from  a tower  sur- 
mounted by  a spire,  observes  the  tower  and  the  spire  to  subtend 
the  same  angle : if  b be  the  known  height  of  the  tower,  express 
the  height  of  the  spire  (c)  in  terms  of  b and  a. 

If  y be  the  error  in  the  height  of  the  spire  corresponding  to  a 
small  error  (3  in  the  height  of  the  tower,  shew  that 


11.  The  side  a of  a triangle  and  the  opposite  angle  A remain 
constant:  shew  that  the  small  variations  of  the  other  sides  y and 
[3  are  connected  by  the  relation 

y sec  G + f3  sec  B = 0. 

12.  The  angular  altitude  and  breadth  of  a cylindrical  tower 
on  a level  .plane  are  observed  to  be  a and  (3  respectively ; and  at  a 
point  a feet  nearer  the  tower  they  are  observed  to  be  a and  (3 
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find  the  height  and  the  radius  of  the  tower.  Find  also  the  relation 
existing  between  a,  a,  (3,  (3'. 

13.  In  the  preceding  Example  if  the  observed  angular  breadth 
be  subject  to  an  error  8,  and  if  p be  the  greatest  consequent  error 
in  the  calculated  radius  (r),  shew  that  p will  be  given  by  the 
equation 


If  (3  = 6 0°,  (3'  = 120°,  8 = the  circular  measure  of  6',  find  approxi- 
mately the  ratio  of  the  greatest  error  in  the  calculated  radius  to 
the  radius. 

14.  P,  Q,  B are  three  known  positions  in  a straight  line,  and 
PQ,  QR  are  observed  to  subtend  equal  angles  at  a certain  point  S : 
find  the  error  in  the  calculated  distance  of  S from  Q in  conse- 
quence of  a small  error  a in  the  observed  angles. 

XYIII.  INVERSE  TRIGONOMETRICAL  FUNCTIONS. 

263.  The  equation  since  A a asserts  that  a?  is  an  angle  of 
which  the  sine  is  a;  it  is  found  convenient  to  have  a notation  for 
expressing  this  relation  in  which  x stands  alone.  The  notation 
used  is  this,  x = sin-1a.  Similarly  the  equation  x = cos-1a  ex- 
presses that  x is  an  angle  of  which  the  cosine  is  a;  and  # = tan_1a 
expresses  that  x is  an  angle  of  which  the  tangent  is  a;  and  so  on. 

264.  Experience  will  prove  that  the  notation  here  given  is 
often  convenient;  and  we  may  .shew  that  it  is  not  altogether  an 
arbitrary  notation,  but  one  that  naturally  presents  itself.  For,  let 
any  function  of  x be  denoted  by  f(x);  then  the  same  function  of 
f (#),  that  is,  /{/(#)},  may  be  briefly  and  conveniently  denoted  by 
f\x).  Thus,  for  example,  the  logarithm  of  the  logarithm  of  x 
may  be  denoted  by  log2#.  Similarly  _/[/’{/(#)}]  may  be  briefly 
and  conveniently  denoted  by  f3(x);  and  so  on.  Thus  with  this 
notation  we  have,  when  m and  n are  positive  integers, 


f ,/3'K 

cosec  — - cot  — cot  — ?•  6. 

2i  2 2 ) 
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Now  we  may  examine  what  meaning  it  will  be  necessary  to 
ascribe  to  f°(x),  in  order  that  the  relation  just  given  may  hold 
when  m or  n is  zero.  Suppose  n — 0,  then  the  relation  becomes 

this  leads  us  to  settle  that  f°(x)  shall  be  considered  equal  to  x. 

Again  we  may  examine  what  meaning  it  will  be  necessary  to 
ascribe  to  f~l{x ) in  order  that  the  relation  fmfn(x)  = fm+n(x)  may 
hold  when  m or  n is  — 1.  Suppose  m = 1 and  n = — 1;  thus  the 
relation  becomes 

so  that  f~'(x)  must  denote  a quantity  whose  function  f is  x. 

Thus  sin- 'x  should  denote  a quantity  whose  sine  is  x;  and 
this  is  the  meaning  which  we  have  already  assigned  to  the  symbol. 

It  will  be  observed  that  consistently  with  the  remarks  here 
made,  sin2  x should  stand  for  sin  (sin  x),  and  not  for  sin  x x sin  x. 
But  as  sin  (sin  x)  is  a function  which  rarely  occurs,  it  is  custom- 
ary to  use  sin2  x for  what  should  be  denoted  by  (sin  x)2. 

265.  Any  relation  which  has  been  established  among  trigo- 
nometrical functions  may  be  expressed  by  means  of  the  inverse 
notation.  Thus,  for  example,  we  know  that 


tan  20  = 


2 tan  9 
1 - tan2  9 ’ 


this  may  be  written 

29  = tan" 


j / 2 tan  9 \ 
\1  — tan2  9J  ’ 


let 


tan  9 = a,  so  that  9 = tan-1a;  thus 


2 tan-1a  = tan~ 


2 a 


Similarly  the  relation  sin  30  = 3 sin  0—4  sin3  0 may  be  ex- 
pressed thus, 

3 sin”1®  = sin”1  (3®  - 4a”). 
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1 . Shew  that  tan-1  f = 2 tan-1  g. 
u 2.  Find  the  value  of  sin  (sin-1  ^ + cos-1  ^). 

77  3 8 

^3.  Shew  that  sin-1  gg  = sin-1- + sin-1  jy. 

4.  Find  the  value  of  tan  (tan-1#  + cot-1  as). 

^ 5.  Shew  that  tan-1  1 + tan-1  ^ + tan-1  ^ + tan-1  i = ^ . 

*--'6.  Shew  that  tan-1a  = tan-1  -- — ^ + tan-1  — £ + tan-1c. 

1 +ab  l + be 


1 


7.  Find  the  tangent  of  3 tan  1 — + tan-1  ^ + tan 


-i  1 7r 

26  T 


i 8.  Shew  that 

tan-1{(N/2  + 1)  tan  a}  - tan-1{(N/2  — 1)  tan  a}  = tan-1(sin  2a). 
v 9.  If  tan  ( 0 - a)  tan  (9  — ft)  = tan2i9;  then 


.j  2 sin  a sin  ft 


$ — 2 tan  . j . 

* sin  (a  + ft) 


10.  Shew  that  cos" 


jm 


+ cosec- 


W(«)  - 


4 

11.  Shew  that  sin  1 v + sin  1 vrr  + sin' 


5_ 

13 


. 16  7 r 

65  = 2 ' 


12.  Shew  that  3 tan  1 7 + tan-1  = 7 — tan  1 - . 

4 20  4 1985 

to  cn.  , 1 , , _!  2a  - b , _x^b~a  ir 

1 o.  Shew  that  tan  -= — t--  4-  tan  Tc — = ~ . 

6 a ,Jo  6 

1 4.  Shew  that  tan  (2  tan-1  a)  = 2 tan  (tan-1  a + tan-1  a3). 

15.  Shew  that 

tan-1  (|  tan  2^1)  + tan-1  (cot  A)  + tan-1  (cot3 A)  = 0. 

T.  T. 


14 


b®l 
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16.  Shew  that 

25  (it  . a\  fir  . a\ 
-=tan^  + 4coS  -j+tan^-icos  ‘jj. 

17.  Shew  that 

cosec2  (j;  tan-1 0 + ^ sec2  tan-1  ^ = (a  + 5)  (a2  + 52). 
Solve  the  following  seven  equations  in  # : 

no  • -1  . x 7 r 

18.  sm  x + sm  1 - = - . 

2 4 

-in  . 2a  . 25  . 

19.  sm  2 + sin  1 = — ^ = 2 tan  x . 

1 + a2  1 + 53 

20.  tan-1  (#  — 1)  + tan-1#  + tan-1  (#  + 1)  = tan-1  3x. 

2 1 . sin-1 2x  — sin-1  x JZ  = sin-1  x. 

22.  tan-1 1 + 2 tan-1  4 + tan-1 1 + tan-1  - = t • 

4 0 b x 4 

23.  sin  2 cos-1  cot  2 tan-1#  = 0. 

24.  tan-1  - - = tan-1  - +tan-1  — ^ — . 

a— 1 # a —x  + 1 

25.  If  sec  0 — cosec  9 = ~ , shew  that  0 = ^ sin-1  . 

26.  If  sin  (7r  cos  0)  = cos  (-7T  sin  9),  shew  that  9 = ± 1 sin-1 f . 

27.  Shew  that  if  sin2#  + sin2<£  = then  (2n  +1) 
the  values  of  i[/  which  satisfy  the  equation 

\}r  = sin-1  (sin  9 + sin  <£)  + sin-1  (sin  9 — sin  <£). 

28.  rind  # from  the  following  equation, 

3 tan-1  _■  - /rt  — tan-1  - = tan-1  \ . 

2 + JZ  x 3 
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29.  Shew  that  one  of  the  expressions 


. _,2 b + a — c n 

sin  : ± 2 sm 

a + c 


in~V(^) 


is  an  odd  multiple  of  - . 

A 

30.  Find  all  the  positive  integral  solutions  of 

tan-1  x + cot-1  y = tan-1  3. 

31.  Shew  that  if  c be  a positive  integer,  the  equation 

tan-1  x 4-  tan-1  y = tan-1  c 

has  no  positive  integral  solutions;  while  the  equation 
cot-1  x + cot”1  y = cot-1  c 

has  as  many  as  there  are  different  divisors  of  1 + c2. 

32.  Shew  that  tan-1  - = tan-1  — — - + tan-1  — — % 

y cxy  +.  x c2Cj.  + 1 

+ tan-1  — — ^-+ + tan-1  — — -”-1-  + tan-1— , 

c3c2  + 1 c cn_1  + 1 ca 

where  c1}  c2, c„  are  an y quantities  whatever. 

33.  Shew  that  we  can  express  the  sum  of  any  number  of 

angles  of  the  form  sin-1  ~^a\2 , sin-1  - j-- y/2  , in  the  form 

a +b  a‘  + b'2 

. 2 mn 


; , where  m and  n are  rational  functions  of  a,  b,  a , b',... 


34.  Write  down  the  general  value  of  sin 
is  an  integer. 


(-1)" 


where  m 


35.  Write  down  the  general  value  of  cos  1 ^ 3^  , where  m 

A 


36.  Write  down  the  general  value  of  tan-1  (-  l)m,  where 
is  an  integer. 


14—2 
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XIX.  DE  MOIVUE’S  THEOREM. 

266.  The  student  has  already  learned  from  Algebra  that 
although  the  square  root  of  a negative  quantity  is  the  symbol 
of  an  impossible  operation,  yet  such  roots  are  of  great  use  in 
mathematical  investigations.  It  is  usual  to  adopt  the  convention 
that  J(  — a2)  =aj(—  1),  and  that  such  expressions  as  aj(-l) 
shall  be  subject  to  all  the  laws  of  algebraical  transformations. 
In  the  remainder  of  the  present  work  it  will  be  found  that  N/(  — 1) 
occurs  very  frequently  in  our  investigations;  we  shall  for  the 
present  assume  that  this  expression  may  be  freely  used  like  any 
real  algebraical  expression,  and  hereafter  we  shall  give  some  re- 
marks on  the  question  of  the  validity  of  demonstrations  which  are 
obtained  by  the  use  of  the  symbol  J(—  1).  (See  also  Algebra, 
Chap,  xxv.) 

It  is  becoming  usual  in  mathematical  works  to  employ  a 
simpler  symbol  instead  of  N/(—  1)  in  order  to  save  room;  the 
letter  i is  very  convenient  for  this  purpose,  and  we  shall  ac- 
cordingly employ  it  in  some  of  the  subsequent  Chapters. 

267.  De  Moivre's  Theorem.  Whatever  be  the  value  of  n posi- 
tive or  negative,  integral  or  fractional , cos nd  + sin nO  is 

one  of  the  values  of  {cos  @ + J(  — l)  sin  6}". 

Multiply  cos  a + N/(  — 1 ) sin  a by  cos  (3  + — 1)  sin  (3 ; 

the  product  is 

cos  a cos  (3  — sin  a sin  (3  - 1-  v/(  — 1)  {sin  a cos  /3  + cos  a sin  (3 }, 

that  is,  cos  (a  + (3)  + - l)  sin  (a  + (3) ; 

multiply  the  last  expression  by  cos  y + - 1)  sin  y ; the  product 

is  cos  (a  + /3  + y)  + - 1)  sin  (a  4-  (3  + y). 
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By  proceeding  in  this  way  we  obtain  the  product  of  any  num- 
ber of  factors  of  the  form  cos  a+  J(—  1)  sin  a.  Suppose  there  are 
n of  these  factors,  each  factor  being  cos  0 + J{—  1)  sin  0 ; we  then 
have 

{cos  0 + 1)  sin  0}n  = cos  nO  + 1)  sin  nO. 

This  proves  De  Moivre’s  theorem  when  n is  a 'positive  integer. 

Next,  let  wbea  negative  integer ; suppose  n = -m,  then 
{cos  0 + J(-  1)  sin  0}”  = {cos  0 + J(-  1)  sin  9}~n 

1 1 


{cos  0 + s/(—  1)  sin  6}m  cos  mO  + 1)  sin  mO  ’ 

multiply  both  numerator  and  denominator  by 
cos  m6  — J(—  1)  sin  mO, 
cos  mO  — J(—  1)  sin  mO 


thus  we  obtain 

that  is 
that  is 
or 


cos2  mO  + sin2  mO 
cos  md  -t-  1)  sin  mO ; 

cos  ( — mO)  + N/(  — 1)  sin  ( - m6), 
cos  nd  + ^/(  — 1)  sin  nO. 


Tliis  proves  De  Moivre’s  theorem  when  n is  a negative  integer. 

Thus,  since  when  n is  any  integer, 

{cos  6 + — 1)  sin  6}n  = cos  n9  + - 1)  sin  nO, 

it  follows  that  cos  9 + N/(  — 1)  sin  9 is  one  of  the  values  of 
1 

{cos  n9  + ,J(  — 1)  sin  n0}’‘,  when  n is  any  integer. 


7) 

Lastly,  let  n be  a fraction;  suppose  n — -,  then 

{cos  9 + - 1)  sin  0}”  = {cos  0 + - 1)  sin  9}q 

1 

= {cosjp0  + - 1)  siny>0}9, 

and,  by  what  has  just  been  shewn,  one  of  the  values  of  the  last 

p9  ..  . p9 
expression  is  cos  — + — 1)  sin  — . 


Thus  De  Moivre’s  theorem  is  completely  established. 
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268.  We  have  shewn  in  the  preceding  Article  that  when 
n is  fractional,  cos  n6  + J(—  1)  sin  n6  is  one  of  the  values  of 
{cos  6 + x/(  — 1)  sin  0}";  we  shall  now  shew  how  all  the  values  of 

the  last  expression  may  he  obtained.  Suppose  n~^.  Now  both 

cos  6 and  sin  6 remain  unchanged  when  6 is  increased  by  any 
multiple  of  27t,  while  by  putting  6 + 2nr  instead  of  6 , and 
ascribing  to  r in  succession  different  integral  values  the  expression 
cos  nO  + J{  — 1)  sin  nO  assumes  q different  values  and  no  more. 

For  suppose  r successively  equal  to  0,  1,  2, q—  lj  then  we 

obtain  the  series  of  angles 

pO  p(6+  2tt)  p(6+  47t)  p (6  + 2qir  — 2-n) 

7’  <7  ’ <7  ’ <7  * 

and  we  know  that  no  two  of  these  angles  can  have  the  same  sine 
and  the  same  cosine,  because  no  two  of  these  angles  are  equal  or 
differ  by  a multiple  of  27r.  (See  Art.  93.)  Hence  we  obtain 
q different  values  of  the  expression  cos  nd  + - 1)  sin  nO.  We 

shall  not  in  this  way  obtain  more  than  q different  values,  for  if 
r = s + mq,  where  m is  any  integer  positive  or  negative , 

cos  n (6  + 2rv)  and  sin  n (6  + 2rir) 
are  respectively  equal  to 

cos  n (6  + 2s7r)  and  sin  n (9  + 2 sir). 

We  can  thus  find  q different  values  for  the  expression 

p 

{cos  6 + — 1)  sin  ; 

that  is,  we  can  find  q different  expressions,  which  by  being  raised 
to  the  qth  power,  produce  cos p6  + — 1)  sin  pO.  And  it  is  known 

from  the  theory  of  equations  that  there  must  be  q values  of  x,  and 
no  more,  which  satisfy  the  equation  xq  = c,  where  c is  either  real 
or  of  the  form  a + b J(  - 1) ; thus  we  infer  that  we  know  all  the 
values  of  the  expression 

p 

{cos  0 ,/( - 1)  sin  Q)q . 
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269.  De  Moivre’s  theorem,  may  be  usefully  employed  in  ex- 
tracting any  assigned  root  of  an  expression  of  the  form  a + 6 — 1). 

Suppose  for  example  we  require  the  cube  root.  Assume 

a = r cos  0,  b = r sin  6 • so  that 

rs  = a?  4-  b3,  and  tan  6 = - . 

a 

Then  a 4-  b — 1)  = r {cos  6 + - 1)  sin  6} ; 

and  therefore  {a + b %/(  — 1)}^  = {cos  6 4-  - 1)  sin  0}5. 


One  value  of  {cos  6 + — 1)  sin  6} 


^ is  cos 


— 1)  sin  — ; and 


the  other  two  values  are  respectively 


2tt  + 6 ..  ...  . 2tt  + 9 , 4 tt-t-6  ..  . . 

cos— + ,y(-l)sm  — g — and  cos— — + J (-  l)sm— , 


270.  "We  proceed  to  deduce  some  important  results  from  De 
Moivre’s  theorem.  In  the  equation 


cos nO  4-  N/( - 1)  sin nO  = {cos  9 sin  6)% 

suppose  n a positive  integer.  Expand  the  right-hand  member  bv 
the  Binomial  Theorem,  and  equate  the  possible  and  impossible 
parts  of  the  two  members ; thus 


cos  n&  = cos"  6 — 


n(?i-  1) 

1.2 


cos*  3 6 sin20 


♦ > <*--3  <”-3>co rv+tt- 

sin  n6  = n cos*-1  6 sm  9 — — — cos*-3  6 sin3  9 

15 

n (n  - 1)  (n  - 2)  (n  - 3)  (n  - 4)  m_5.  . 5. 

+ — '-± — cos’  3 6 sm  0 - 

15 


271.  The  preceding  formulas  hold  whether  n be  odd  or  even, 
but  the  last  terms  of  the  expressions  on  the  right-hand  side  are 
different  in  the  two  cases,  and  it  will  be  useful  to  distinguish  the 
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If  n be  even,  the  last  term  of  the  expansion  of  {cos  0 + — 1)  sin  0}" 

is  possible,  namely,  ( — l)2  sin"  0 ; and  tbe  last  term  but  one 

n-l 

is  impossible,  namely,  n{- 1)2  cos  0 sin"-1 0,  which  may  be 
«- 2 

written  — 1)  n ( — 1)  2 cos  0 sin”-1  0.  Thus  when  n is  even  the 

n 

last  term  of  cos  nO  is  ( — l)2sin”  0,  and  the  last  term  of  sin  n0  is 

tt-2 

n ( - 1)  2 cos  0 sin”-1  0. 

If  n be  odd,  the  last  term  of  the  expansion  of  {cos  0 + J(  - 1)  sin  0}" 

n 

is  impossible,  namely  ( — l)2  sin"  6,  which  may  be  written 

n-l 

As/(  — 1)  ( — 1)  2 sin”  0 ; and  the  last  term  but  one  is  possible, 

n-l 

namely  n(-  1)  2 cos  6 sin"-1  0.  Thus,  when  n is  odd,  the  last 

n-l 

term  of  cos  n6  is  n(—  1)  2 cos  6 sin”-1  6,  and  the  last  term  of 

n-l 

sin  nO  is  (-  1)  2 sin”  0. 

272.  From  the  formulae  for  sin  n6  and  cos  nO  we  can  deduce 
an  expression  for  tan  n$  in  terms  of  the  powers  of  tan  0. 

_ . sin  n0 

For  tan  n0  = z 

cos  n0 

- v . . n(n-V){n-2)  SQ  . 3Q 

7b  cos”-1  0S1U0 r-Q- -7  cos”  0 sm3  0 + . . . 

I.d 

- n n(n—  1)  <n—2  f\  " 2/1 

cos”  0 \ - cos”  0 sin2  0+  ... 

1 o A 


Now  divide  both  numerator  and  denominator  of  this  expres- 
sion by  cos”0 ; thus  we  find  for  tan  nB  the  expression 

H jg 

71  (/n-l)  71  (7b-  1)  On-  2)  (n- 3)  4 

1 y~9  tan  0 + — — — tan  0 - ... 
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If  n be  even,  the  last  term  of  the  numerator  of  tan  nO 

71-2 

is  n ( - 1)  2 tan"-1 6,  and  the  last  term  of  the  denominator  is 
(-l)2tan"0.  If  n be  odd,  the  last  term  of  the  numerator  is 
(— 1)  2 tan”0,  and  the  last  term  of  the  denominator  is 
n ( - 1)  2 tan”_10. 

These  results  follow  from  those  established  in  Art.  271. 

273.  We  may  also  obtain  general  formulse  for  the  sine,  cosine, 
and  tangent  of  the  sum  of  any  number  of  angles  which  are  not 
all  equal.  We  have  seen  (Art.  267)  that 

{cosa  +v/(  - l)sin  a}  {eos/?  + 1)  sin/?}  {cosy  + J(  - 1)  siny} 

= cos  (a  + /?  + y + ) 4-  ^/(  — 1)  sin  (a  + /3  + y + ). 

Now  cos  a + */(  — 1)  sin  a = cos  a {1  + N/(  - 1)  tan  a}, 
cos  (3  + — 1)  sin  /?  = cos  /?  {1  + - 1)  tan  /?}, 


thus  we  obtain 

cos  a cos (3  cos y . . . { 1 + J(- 1 ) tan  a}  { 1 + 1 ) tan /?}  { 1 + */(- 1 ) tan y } . . . 

= cos  (a  + (3  + y + ) + V(  ~ 1)  sin  (a  + /?  4-  y 4- ). 

Let  sl  denote  the  sum  tan  a + tan  (3  + tan  y + ; let  s2 

denote  the  sum  of  the  products  of  the  tangents  taken  two  at 
a time ; let  s3  denote  the  sum  of  the  products  of  the  tangents 
taken  three  at  a time ; and  so  on. 

Then  by  multiplying  together  the  factors  1 + - 1)  tan  a, 

1 + J{—  1)  tan  (3,  1 + — 1)  tan  y, and  equating  possible  and 

impossible  parts  we  obtain 

COS  (a  + (3  + y + . . .)  = COS  a cos  (3  COS  y . . . {1  — S2  + S4  — S6  + . . , }, 
sin  (a  + (3  + y +...)  = cos  a cos  (3  cos  y ...  {Sj  - s3  + sB  - S7  + ...}. 
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By  division, 


tan  (a  + /3+y+  ...)  = 


1 “ S2  + S4  ~ S6  + 


If  n be  even,  the  last  term  in  the  numerator  is  (- 1)  2 sji_1, 
and  the  last  term  of  the  denominator  is  ( - 1)fsb  ; if  n he  odd,  the 


last  term  in  the  numerator  is  ( - 1)  2 sn,  and  the  last  term  in  the 


denominator  is  (-  1)  3 sn_,.  If  the  angles  a,  /?,...  are  all  equal, 
the  formula  will  coincide  with  that  given  in  Art.  272. 

274.  We  shall  now  prove  formulae  for  the  expansion  of  sin  a 
and  cos  a in  series  of  powers  of  a. 

We  have,  when  n is  a positive  integer, 


Let  n0  = a;  and  suppose  n to  increase  without  limit,  and  let 
6 so  change  that  n may  remain  a positive  integer  and  n6  he  always 
equal  to  a ; thus  6 must  diminish  without  limit.  The  preceding 
equation  may  he  written 


n- 1 


+ 


n (n  — 1)  (n  — 2)  (n  — 3) 

E 


cosn“40  sin4#  — 


+ 


a (a  — #)  (a  — 2 6)  (a  — 3#) 

g 


cos”-4# 


Now  when  n increases  without  limit,  and,  therefore,  # dimi- 
nishes without  limit,  is  equal  to  unity,  and  so  is  every  power 
# 
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cos  9 up  to  cos” 6 (Art.  150).  Hence  the  above  formula  becomes 


- a a a 
oosa=l-0+g-g  + 


Also 


sinw0  = wcos”  'tfsin#-- 


(n-l)(n-2) 

11 


thus  sin  a = a cos”-1 6 


sin  9 a (a  — 9)  {a-  29) 


cos”-3  0 sin8  0 + 


9 [3 

Hence,  by  supposing  n to  increase  without  limit,  we  obtain 


s™a  = a"“[3  +[B  ~[7  + 

The  results  of  this  Article  are  of  the  greatest  importance;  we 
shall  make  some  remarks  upon  them  in  the  next  three  Articles. 

275.  It  must  be  observed  with  respect  to  the  formulae  esta- 
blished for  the  expansion  of  sin  a and  cos  a,  that  a is  the  circular 
measure  of  the  angle  considered;  for  it  is  only  when  an  angle  is 

estimated  in  circular  measure  that  is  unity  when  9 is  indefi- 
nitely diminished.  It  is  easy  to  obtain  the  requisite  modification 
of  the  formulae  when  any  other  -unit  of  angular  measurement  is 
adopted.  Thus,  for  example, 


o a a 

n “a”[!+l£~ 


where  a is  the  circular  measure  of  the  angle  of  n° ; thus  a 
and  we  have 

0 mr  1 /mr\3  l/mr\5 

SmW  ~l80“[|(l8oJ  + [5Vl80/  ”'*■■■■ 

Similarly  1 (^)’  + g 


180’ 
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276.  The  series  for  sin  a and  cos  a are  convergent  for  all 
values  of  a. 


( - l)”-1  a2”-1 

The  nth  term  in  the  series  for  sin  a is  - — r~ : hence  the 

\ 2n  - 1 

numerical  value  of  the  ratio  of  the  (n+  I)*  term  to  the  nth  is 
a2 

- — ; and  whatever  be  the  value  of  a we  can  take  n so 

2n(2n  + 1)' 

a2 

large  that  for  such  value  of  n and  all  greater  values  - — -v 

a 2 n (2  n + 1) 

shall  be  less  than  any  assigned  quantity ; hence  the  series  is  con- 
vergent ( Algebra , Art.  559). 


Similarly  it  may  be  shewn  that  the  series  for  cos  a is  always 
convergent. 


277.  The  proof  given  in  Art.  274  involves  one  point  that 
may  not  at  first  appear  quite  satisfactory.  The  (r  + l)th  term  of 
cos  a is  strictly 


~Srn(n-  1)  (n-2)...(n-2r  + 1)  2 . 

(-  l)r— — cos”  r6  sm  r6 ; 


this  we  write  in  the  form 


(-iy 


a ( a — 6)  (a  — 20) ...  (a  — 2 1’6  4-  6) 


Now  it  is  proved  in  Art.  150  that  the  limit  of  cos”  2r6  is 
/sin  0\2r 

unity,  and  also  that  the  limit  of  \~~qj  is  the  only  ques- 


tion is  whether  the  limit  of 


a(a-d)(a-26)...(a-2rd  + 6)  a2r 
\2r  ™ \2r 


for  all  values  of  r.  This  is  obviously  true  when  r = 1 ; that  is 

i-6).  a2 

3 


the  limit  of  a ^ ^ is  %.  ; and  we  can  shew  by  induction  that  the 
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required  result  is  always  true.  For  assume  tliat 

a (a  — 0)  (a  — 20)  ...  (a  — 2 rO  + 9)  _ a2r  ^ 

(2r  _[2r 

where  R diminishes  without  limit  when  6 does  so,  so  that  the  limit 
of  the  right-hand  member  is  ^ ; introduce  a new  factor  > 


thus 


a (a  — 6)  ...  (a  — 2 r6)  _ ( a 


|2r+  1 


_ fa2r  ) f a 2r0  ) 

_\[2r  + J^J  f2r+l  2r+lj 


Ra 


|2r  + 1 2r+  1 2r  + 


** 

r + 1 ([2r  J 


and  when  0 diminishes  without  limit  all  the  terms  on  the  right- 

2r+l 


hand  side  vanish  except 


|2r  + 1 


, which  is  therefore  the  limit  of  the 


left-hand  member.  Similarly  we  can  shew  that  when  another 
factor  - r~  is  introduced  the  limit  is  * and  so  on. 


2r  + 2 


|2r  + 2 ; 


278.  The  following  example  will  shew  how  the  series  for 
cos  0 may  be  practically  useful.  Suppose  two  sides  a and  b of  a 
triangle  are  known,  and  the  included  angle  G ; if  G be  a very 
obtuse  angle  we  can  give  a convenient  expression  for  the  third  side 
of  the  triangle. 

For  suppose  tt— 6 to  be  the  circular  measure  of  the  angle  C, 
so  that  0 is  very  small ; thus 

c2  = a2  + b2  - 2 ab  cos  C = a2  + b2  + 2ab  cos  0 
/ $2\ 

= a2  + b2  + 2 ab  ( 1 — approximately, 


Hence,  by  extracting  the  square  root, 
abO2 


c = (a  + b)  jl  -2  ^ + 5j8|  approximately. 
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EXAMPLES. 

1.  Extract  the  square  root  of  cos  4 A + — 1)  sin  4 A. 

2.  Find  the  values  of  ( — 1)^. 

3.  Obtain  the  six  values  of  ( — 1)^. 

4.  Find  the  three  values  of  {1  + N/(  - 1)}^. 

5.  Given shew  that  6 is  nearly  the  circular 
measure  of  3°. 

^ = 36  / A 7 

6.  Given  sin  0^  = *51,  find  approximately  the  value  of 
6,  neglecting  powers  of  6 above  the  second. 

7.  If 

shew  that 
a 


, o,x  a.x 

tan  x = atx  + -~r-  + -jt—  -f 
[3  [6 


(2»+l)2  n (2»  + l)2»(2»-l)(2»-2) 

- T72  > [4 


8.  If 

shew  that 


+ ...  + (-l)"+1  (2»  + l)a1  + (-l)". 

6 cot  6 = a0  + a2  6 2 + aj)4  + ... 


(-i  r\  .(-I)". 

J 2 n + 1 1 2 n * 


|3_  |5 

hence  find  6 cot  6 to  four  terms. 

9.  If  sec0  = ao  + a202  + a,J)4  + ...  + a2n62n  + ... 
shew  that 

_^!=S_2lI=4+  +H& 

|2  (4  [2 n • 

10.  If  cos  2a  + N/(  — 1)  sin  2a  be  substituted  for  a in  the  ex- 

bc 

pression  ^ + ^ , and  similar  quantities  for  b and  c,  and  the 

result  reduced  to  the  form  A + B J(-  1),  find  the  values  of  A and 
B in  terms  of  a,  j3,  y. 
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11.  Shew  that 


{cos  6 + cos  6 + - 1)  (sin  6 + sin  <£)}’ 


in 


+ {cos  6 + cos  $ -J(-  1)  (sin  6 + sin  <£)}" 


12.  Shew  that  if  x = e0^  and  J(1  - c~)  = nc—l, 
l+cc0se  = £i(l+nx)(l  + l'). 


13.  Prove  the  following  rule  for  finding  the  length  of  a 
small  circular  arc : from  eight  times  the  chord  of  half  the  arc  sub- 
tract the  chord  of  the  whole  arc,  and  one-third  of  the  remainder 
will  give  the  length  of  the  arc  nearly. 

14.  Shew  that  the  following  rule  for  finding  the  length  of  a 
small  circular  arc  is  more  accurate  than  that  in  the  preceding 
example : to  256  times  the  chord  of  one-fourth  of  the  arc  add 
the  chord  of  the  arc;  subtract  40  times  the  chord  of  half  the  arc, 
and  divide  the  remainder  by  45. 

15.  Prom  the  identical  equation 

(as  - b)  (x  - c ) (as  -c)  (as  - a)  (as  - a)  (as  - b)  _ 1 

(a  — b)  (a  — c)  (b-  c)  (6  — a)  + (c  - a)  (c  - b)  ~ ’ 

deduce  the  following  by  assuming 

as  = cos  20  + N/(  - 1)  sin  20, 
and  corresponding  assumptions  for  a,  b,  and  c: 


sin  2 (0  - y)  = 0. 


( 224  ) 


XX.  EXPANSIONS  OE  SOME  TRIGONOMETRICAL 
FUNCTIONS. 


279.  Let  x denote  cos  6 + */(  — 1)  sin  6 ; tlien 

- = z . h = cos  6 - - 1)  sin  0 ; 

a;  cos  0 +,</(- l)sm0  vx  ' 

thus  03  + i = 2 cos  9,  and  x — “ = 2 J[—  l)sin0; 

also  xn  = {cos  6 + s/(  — 1)  sin.  9)n  = cos  nd  + SJ{  — 1)  sin  nd, 

1_  = 1 1 

xn  {cos 6 + sj{  — 1) sin d\n  cos nd  + 1)  sin nd 

= cos  nd  — — 1)  sin  nd ; 

thus  xn  + \ = 2 cos  nd,  and  xn  — \ = 2(S/(—  1)  sin  nd. 

X X 

We  shall  find  this  notation  useful  in  the  following  investi- 

gations. 

280.  To  express  cos”0  in  terms  of  cosines  of  multiples  of  d 
when  n is  a positive  integer. 

2”  cos”  6 = (x  + ^\  =xn  + nxn~l . - + n^-  ^ ™n~2  * 

\ xj  X 1 . 2 

■{n~  1)  - 1 


X"-  .-s  + 

X2 


v , 11 

+ 1 tf~X  * n—2  + UX  • 1FT  + “=  ' 

1.2  xn  2 xn  xn 


Now  rearrange  the  terms  on  the  right-hand  side,  putting 
together  the  first  term  and  the  last,  the  second  and  the  last  but 
one,  and  so  on ; thus  we  obtain 

°f,+^+n  + ( *"'4  + JF*)  + - ; 

but  xn  +—  = 2 cos  nd , xn~2  + — r2  = 2 cos  ( n - 2)  9,  and  so  on ; 
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therefore 

2n~l  cos n6  = cos nd  + n cos  {n  — 2)  6 + n^ -^cos  (n  - 4)  9 + ... 


n (n-l)  ...  (n-r+  1)  , .. 

+ — ^ r- ^ cos  (n  -2 r)$- 


t 

* 

The  last  term  of  the  series  on  the  right-hand  side  will  take 
different  forms  according  as  n is  even  or  odd.  In  the  expansion 

of  (x  + ^ by  the  Binomial  Theorem  there  are  n+1  terms ; thus 
when  n is  even,  there  will  be  a middle  term,  namely  the  ( ^ + 1 ) , 


which  is 


\hn 


-x 


that  is 

LL  y). 


X 


Hence,  when  n is  even,  the  last  term  of  2n~l  cos"  6 is 
n(n- 1)  ...  + 1) 

When  n is  odd  suppose  it  = 2m  + 1 ; there  are  two  middle 
terms  in  the  expansion  of  ^se  + ^ , namely,  the  (m  + l)th  and 
( m + 2)th : their  sum  is 

n (n—  1)  ...  (n  — m + 1) 

| m 


K) 


Hence  when  n is  odd,  the  last  term  of  2”_1  cos"  0 is 

-("-,!)/•••  *,{"■  +g)e»ft 

281.  We  shall  find  that  sin"  0 can  be  expressed  in  terms  of 
cosines  of  multiples  of  6 if  n be  an  even  positive  integer,  and  in 
terms  of  sines  of  multiples  of  6 if  n be  an  odd  positive  integer; 
this  will  appear  in  the  following  two  Articles. 

T.  T. 


15 
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282.  To  express  sinn0  in  terms  of  cosines  of  multiples  of  6, 
when  n is  an  even  positive  integer . 


” / 1\"  „ nil  .o  1 

2*  (- 1)  W 0 = (*--)=»"  ~ • - + iTa  **  ■ p 

Now  rearrange  the  terms  on  the  right-hand  side,  putting 
together  the  first  term  and  the  last,  the  second  and  the  last  but 
one,  and  so  on ; thus  we  obtain 

_ 1 / 2 1 \ n(n-l)  ( n_4  1 \ 

• x+f*~nXc  + xn~2)  1.2  V xn~y  ■" 

n{n-V)  ...(£m+1) 

+ \ Hot 


Therefore  t 

W ^ \ rfb  — X ) 

2n_1  (- 1)5  sin"  6 — cos  n6  - n cos  ( n -2)6  + —T — cos  {n  - 4)  6 


+ (-l) 


„_rn(n—l)  ...  (n  — r + 1) 


cos  (n  — 2r)6+  ... 


, / ,*2n(n-l)...Qn+l) 

' > 2[i» 

283.  To  express  sin”  0 in  terms  of  sines  of  multiples  of  6 
when  n is  an  odd  positive  integer. 


2"(-l  )W*  = (*--)'= 

n[n  — 1) 


IN  „ „_i  1 n(n- 1)  „_2  1 

x - nx  . - + -A — x . — 5 
x 1.2  332 


2 1 11 

1 o x\-^  + nx . — z 

1.2  33  33  X 


Now  reaiTange  the  terms  on  the  right-hand  side,  putting 
together  the  first  term  and  the  last,  the  second  and  the  last  but 
one.  and  so  on  ; thus  we  obtain 
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+'(-1) 


**^n(n-l) ...£(ra+3)  / IN 


K) 


but 


a;”  — - = 2 ^/(-  1)  sin 


xn-2  - ~ = 2 J(-  1)  sin(w  - 2)  9, 
and  so  on ; therefore 

2n_1(-  1)  2 sin”0  = sin  w0  — w sin  (n  — 2)  d + — sin  (n - 4)  0 

1 • A 

n(n  — Y)(n  — 2)  . . . f^n(n- 1) ...^(n  + 3)  . . 

' [J1 ' 6)g+--K-l)8  ; — «• 

284.  If  n be  not  a positive  integer,  the  expressions  for  cos"  9 
and  sin"  9 in  terms  of  the  cosines  and  sines  of  multiples  of  0 are 
very  complicated.  For  these  we  may  refer  to  the  Theory  of 
Equations , Chapter  xxxi. 

285.  In  Art.  270  it  is  shewn  that  when  n is  a positive 
integer, 

cos  nd  = cos"  9 — n cos”-2  6 sin2  9 

1 • J 


(.-l)(.-2)(»-3) 

11 


since  sin2  9=1  — cos2  9,  sin4  9 = (1  - cos2  9)2, 

and  so  on,  it  is  obvious  that  cos  n9  can  be  expressed  in  terms  of 
powers  of  cos  9 ; we  will  now  give  a direct  investigation  of  this 
expression. 

286.  To  express  cos  n9  in  a series  of  descending  powers  of 
cos  9 when  n is  a positive  integer. 

Let  x = cos 9 + J(-  1)  sin0, 


15—2 
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so  that 

1 

£C  + - 

cc 

= 2 cos  6,  and  xn  + \ = 2 cos  nO  : 
* xn  ’ 

now 

l—^  = l—z(x  + ^sj+z*=\—z(c 

where 

c = 2 cos  6. 

Take  the  logarithms  of  both  members ; thus 

log  (1  - zx)  + log  ^1  - = log  {1  - z(c  - *)} ; 

2 3 

therefore  zx  + lz2x2  + bz3x3  + ...  + - + b~2  + h^3  + ■■■ 
2 d x 2 x2  3 x 


= z(c  — z)  + -|s2 (c  — z)2  + jjZ3 (c - z)3  + ...  + - zn(c  — z)n  + 


In  this  identity  we  may  equate  the  coefficients  of  zn.  On 

• %+4), 

n\  x J 


the  left-hand  side  the  coefficient  of  zn  is 

9, 


that  is 


n 


cos  n6  j the  coefficient  of  zn  on  the  right-hand  side  must  be 


obtained  by  picking  out  the  coefficient  of  zn  from  the  expansion  of 
- zn  (c  — z)n  and  of  the  terms  which  precede  it. 

1 . cn 

The  coefficient  of  zn  in  -zn(c-  z)n  is  — : 
n v ' n 


the  coefficient  of  zn  in 


„.  zn-1(c-z)n~1. 


n—  1 


T (n  - 1)  c" 

n-1  x ' 


i m • + r » * z (c-z)n  . 1 (n-2)(n~  3)  n_4 

the  coefficient  of  z m — ^ — is  h c ; 

n- 2 n-2  1 . 2 


and  generally  the  coefficient  of  zn  in  zn  r(c-  z)n~r  is 


(—  l)r  (n  - r)  (n  - r - 1)  ...  (n  — 2r  + 1)  „_s 
7i  — r [r 
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Thus  2 cos  n9  = (2  cos  6)n  -n(2  cos  6) 


r n (n  — r — 1)  (n  — r — 2)  ...  (n  — 2r  + 1) 

1 I 


(2  COB  0)“"”+... 


The  series  on  the  right  hand  is  to  continue  so  long  as  the 
powers  of  2 cos  6 are  not  negative. 

287.  It  is  obvious  either  from  the  above  series  or  from  that 
in  Art.  270,  that  when  n is  an  even  'positive  integer  cos  nO  can  be 
arranged  in  a series  of  powers  of  sin2  0.  Thus  we  may  assume  in 
this  case 

cos  n0=  1 + A2  sin2  6 + A4  sin4  6 + A6  sin6  0+  ...  +An  sin”  6. 

It  is  clear  that  the  first  term  must  be  unity,  because  when 
0 = 0 we  liave  sin  0 = 0 and  cos  nO  = 1.  Now  we  shall  adopt  an 
indirect  method  of  determining  the  values  of  the  coefficients 
As,  A4,  Change  0 into  6 + h;  thus  cos n6. becomes 


now  put  for  cos  nh  and  sin  nh  their  values  in  terms  of  nh  by 
Art.  274;  thus  the  above  expression  becomes 


Again  in  the  term  ASr  sin2r  6 change  0 into  6 + h ; we  thus  get 
A2r  (sin  6 cos  h + cos  6 sin  h)2r,  that  is, 


If  this  be  expanded  in  powers  of  h the  term  involving  h2  is 


cos  n6  cos  nh  — sin  nO  sin  nh  • 


cos  n6  - nh  sin  n9  — — cos  ?i9  + ... 
A 


Equate  the  coefficients  of  h2 ; thus 
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iSTow  put  1 — sin2  6 for  cos 2 6 on  the  right-hand  side;  then  the 


f2r(2r-l)  ) (Sr*  2).(2r  + l) . 

» I 1.2  +rj+^«rt!  1,2  ’ 

and  this  coefficient  must  he  equal  to  that  of  sin2r  0 in  the  series 

for  - cos  nO,  that  is,  to  — A • thus 
A A r 


therefore 


jA2=2r2A2r-A2r+2(r  + 1)  (2r+l), 

, n2~Vr)* 


C2r  + 1)  (2r  + 2) 


A„_. 


By  means  of  this  law  we  may  form  the  coefficients  in  succes- 
sion ; we  may  consider  A0  = 1 ; then 

2 2 
A j _ n- 

2 1.2°  1.2* 

. n2-22  ■ n2(n2-22) 

a _ -A=,  v — sii 


3 . 4 


1 . 2 . 3 . 4 : 


and  so  on. 

Hence,  finally, 


cos  nd  = 1 —■= — jrsin2#- 

1 • A 


n2(n2—22) 

l± 


sin4(9- 


n2{n2-22){n2-¥)  . 


6 


in60+... 


In  the  above  process  by  equating  the  coefficients  of  h we  shall 
obtain 

— nsmnO  = -432sin0  cos0+.d44sin30  cos0-K.  +^2r2r  sin2r-1 6 cos  6 + . . . 
Substitute  the  values  of  A2,  Ai... ; thus 


n a , . a n2-22  . 8.  (n2  - 22)  (n2  - 42)  . . 

sm  = n cos  6 < sm  6 nr — sm  9 +- 'r~ sm50 


I [3  [5 

When  n is  odd,  we  may  start  by  assuming 

sin  nO  — Al  sin  6 + Aa  sin3  6 + As  sinB  6 + ...  +An  sin"  9 ; 
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then,  by  proceeding  as  before,  we  shall  find 

. „ . . n(n2-  1)  . SZ1  n(n2  -1)  (n2  — -3s)  . s 

sin  nO  = n sin  6 — - sin  6 + — - — - sm5  6 - ... 

[3  l£ 


cos  nO  = cos  6 O - -j — g-  sin3  6 ■,  ^ 


sin4  d 


-I 


288.  In  the  four  formulae  obtained  in  the  preceding  Article 

change  6 into  Z-6 ; thus  we  haye,  if  n be  an  even  integer, 

A 

( - 1)S  cos  = 1 - cos” e + cos*0-  ... 

(-l)^‘sm^=msmg|cos9-^--cos,fl+^*~2,|^~4,)cos^-...|; 


/ is'-r  n ■/,  w(^2-l)  3.  rc(w8-lY(rc2-32)  5/1 

(-1)  2 COSW0  = WCOS0 ^T- — -cos  6+-± r4A ^cos  0-... 

ll  1® 

(-  1)  2 sinvi0  = sin0(l  — lcos30+ — — cos4 9 - 


MISCELLANEOUS  EXAMPLES. 

1.  Expand  (sin  0)4rc+2  in  terms  of  cosines  of  multiples  of  6. 

2.  Expand  (sin  6)in+l  in  terms  of  sines  of  multiples  of  6. 

3.  Expand  (cos  6)2n  in  terms  of  cosines  of  multiples  of  6. 

4.  Prove  that  in  any  triangle 

a2  cos  | (B  - C)  b2  cos  ^ (0  -A)  c2  cos  % (A  - B) 
cos  ^ (B  + C)  + cos  \{C  + A)  + cos  | {A  + B) 

= 2 (ab  + bc  + ca). 

5.  Prom  the  angles  of  a triangle  ABO,  perpendiculars  AD, 
BE,  OF  are  let  fall  on  the  opposite  sides  : prove  that 

a sin  {BAD  - CAD)  + b sin  (QBE - ABE)  + csin(AOF-  EOF)  = 0. 
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6.  From  A and  B two  acute  angles  of  a triangle  draw  AD 
and  BD  at  right  angles  respectively  to  AC  and  BC.  If  p be  the 
radius  of  the  circle  inscribed  in  ABD,  then 


7.  Three  equal  circles  of  radius  a touch  each  other  : shew 
that  the  area  of  the  space  between  them  is 


8.  The  area  of  a regular  polygon  inscribed  in  a circle  is  a 
geometric  mean  between  the  areas  of  an  inscribed  and  of  a 
circumscribed  regular  polygon  of  half  the  number  of  sides. 

9.  The  area  of  a regular  polygon  circumscribed  about  a circle 
is  an  harmonic  mean  between  the  areas  of  an  inscribed  regular 
polygon  of  the  same  number  of  sides,  and  of  a circumscribed 
regular  polygon  of  half  that  number. 

10.  If  the  side  of  a pentagon  inscribed  in  a circle  be  c,  the 


11.  Three  circles  whose  radii  are  a , b,  c touch  each  other 
externally : prove  that  the  tangents  at  the  points  of  contact  meet 
at  a point  whose  distance  from  any  one  of  them  is 


12.  The  sides  taken  in  order  of  a quadrilateral  whose  opposite 
angles  are  supplementary  are  3,  3,  4,  4 : find  the  area  and  the 
radii  of  the  inscribed  and  circumscribed  circles. 

13.  The  area  of  a regular  polygon  inscribed  in  a circle  is  to 
that  of  the  circumscribed  polygon  of  the  same  number  of  sides  as 
3 is  to  4 : find  the  number  of  sides. 

14.  If  the  radii  of  three  circles  which  touch  each  other  be 
a,  b,  c,  and  a,  ft,  y be  the  chords  of  the  arcs  between  the  points 
of  contact  in  each,  shew  that 


AB  = p (sec  A + sec  B + tan  A + tan  B). 


radius  is 


c J(5  + J5) 
J10 
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15.  Shew  that  the  limit  of  , when  0 is  indefinitely 

diminished,  is  e. 

16.  The  two  diagonals  of  a quadrilateral  figure  whose  oppo- 

site angles  are  supplementary  cannot  he  equal  unless  some  one  of 
the  sides  be  equal  to  the  opposite  one.  °i_ 

17.  Two  circles  whose  radii  are  a and  b cut  one  another  at 
an  angle  y : shew  that  the  length  of  the  common  chord  is 

2 ah  sin  y 

J(a2  + 2 ab  cos  y + b2) ' 

18.  The  radius  of  the  circle  inscribed  in  a triangle  can  never 

be  greater  than  half  the  radius  of  the  circle  described  about  the 
triangle.  X-  ^ ^ -s^,  4 'i  \ < J /i  :if 
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289.  If  we  expand  and  e **  by  the  exponential  theorem 
we  obtain 

I/*,  i ^ ^ 

2<e  +e  )=1  + o + ^+ir  + - 


JL  , - .V  dj  li/  \Aj  /V  W 


If  it  were  possible  to  make  Jc2  = —1,  so  that  k*  = 1,  7c8  = — 1, 
and  so  on,  then  the  right-hand  member  of  the  first  equation  would 
be  the  expansion  of  cos  x,  and  the  right-hand  member  of  the 
second  equation  would  be  the  expansion  of  since  (see  Art.  274). 
Hence  we  are  led  to  these  results, 


cos  x = 


,W(-1)  + g— *V(-1) 
2 


sincc  = 


V(-1)  * 


dov  x — t/=r  — 
An,  x ~f  e-A  y ~ £ 


c*% 

Xt^Tf 
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The  meaning  of  these  equations  is  simply  this : if  we  expand 
gV(-1)a:  and  e~^~1)x,  by  the  exponential  theorem,  in  the  same  way 
as  if  1)  were  a real  quantity,  we  shall  by  the  above  formulae 
obtain  the  known  series  for  cos  x and  sin  x. 


These  expressions  for  cos  x and  sin  x are  called  the  exponential 
values  of  the  cosine  and  sine. 

290.  From  the  exponential  values  of  the  cosine  and  sine  we 
may  deduce  similar  values  for  the  other  trigonometrical  functions. 
Thus,  for  example, 

_ g-zy(-i) 

tan  x = ^ {elVW)  + ' 

We  shall  now  use  the  exponential  values  in  establishing  certain 
results.  In  the  remainder  of  this  Chapter  and  in  the  next  Chapter 
we  shall  employ  the  letter  i instead  of  the  symbol  1). 

291.  To  expand  6 in  powers  of  tan  6. 

g-0i 

By  Art.  290,  i tan  0 - —Q ^ ; 

J ' edl  + e~ei 


therefore 


1 + i tan  6 _ 2(?t 

1 — t tan  6 e~9t  6 


Take  the  logarithms  of  both  members ; thus 

29l  = log  (1  + 1 tan  6)  — log  (1  - 1 tan  6) 


A 


tan  6- 


^ tan3 *0  + \ tan5 6 - 
6 5 


therefore  6 = tan  6 - ^ tan3  0 + ^ tan5  6 - . .. 

This  is  called  Gregory's  Series. 

Let  tan  6 = x,  so  that  6 = tan-1  x ; 

1 3 1 . 

thus  tan  1 *x  = x-7rx+wx~... 

,3  5 
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292.  The  preceding  investigation  is  unsatisfactory,  because  it 
gives  no  indication  of  the  extent  to  which  the  result  may  be  relied 
upon  as  arithmetically  intelligible  and  true.  The  nlh  term  of  the 

(-ly-v— 

2»  — 1 


last  series  is 


hence  the  numerical  value  of  the  ratio  of 


the  (n  + I)4*  term  to  the 


. 2?i-l  2 
IS  -=■ r X 


therefore  the  series  is 


2*4+1 

convergent  if  x be  less  than  unity  ( Algebra , Art.  559).  The  series 
is  also  convergent  when  x is  equal  to  unity  ( Algebra , Art.  558). 
For  values  of  x greater  than  unity  the  series  is  not  convergent, 
and  is  therefore  not  arithmetically  intelligible. 


293.  Moreover  tan-1  as  has  an  infinite  number  of  values  corre- 
sponding to  the  same  value  of  x,  so  that  one  member  of  what 
appears  as  an  equation  admits  of  more  values  than  the  other; 
this  point  is  left  unexplained  in  the  investigation  which  has  been 
given. 

The  subject  of  series  cannot  be  adequately  treated  without 
using  the  Differential  Calculus.  The  student  must  therefore  be 
referred  to  treatises  on  that  subject  for  a satisfactory  demonstra- 
tion of  Gregory’s  Series.  It  is  there  shewn  that  so  long  as  9 lies 

between  — % and  ~ , the  result  9 = tan  9 — tan3 0 + \ tan5  0 — ... 
4 4’  3 5 

is  absolutely  true.  (See  Differential  Calculus,  Chapter  VII.) 

If,  however,  9 -mr  + </>,  where  <f>  lies  between  - ~ and  ^ , then 
<fi  = tan  cj>  - i tans<£  + ^ tan5<jf>  - . . . ; 

O5  u 

that  is,  Q — mr=  tan  6 - \ tan3 6 + \ tan5  9 - ... 

O u 

In  Gregory’s  Series  put  9 = ^;  then  since  tan^  = l, 

7T , _1  1 _ 1 1 

4-i  3 + 5 7 + 9 *•* 


294. 
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This  series  might  be  used  for  calculating  the  value  of  tt  ; but 
it  is  very  slowly  convergent,  so  that  a large  number  of  terms 
would  have  to  be  taken  to  calculate  tt  to  a close  approximation. 

295.  Euler's  Series. 

1 1 

t .,1  , , _;2+3  A 7T 

tan  ^ + tan  3 — tan  —J  ~ tan  1 = j ; 

1 "6 


x i 1 1 

thuS  4 =2  -3723+FT25  7 . 27 


_1 

}3  + 5 . 25  7 

1 1 L 

296.  Machin's  Series.  We  shall  first  shew  that 


1 


3 3.33  + 5.35  7 . 37’ + " ’ 


77  a*.  -i1  x -i  1 

^ = 4 tan  ^ — tan  ^ 


-,1  . _x  5 4.  -1 10  A _x  5 

2 tan  - = tan  ~ = tan  — = tan  1 


1-1 


24 


4 tan' 


.,1 


12 


25 

10 

: tan-1 

12 

1-A5 

144 

tan' 


12’ 


.j  120 

Hr 


l . 


Hence  4 tan  1 - is  a,  little  greater  than  ^ ; suppose 
4 tan-1  \ = v + tan-1  x. 


then 


5 4 


120  (i r _j  \ l+fl3 

= tan  v + tan  x)  = - : 

119  \4  / l-x} 


from  this  we  find  x = • 

7T  .,  i 

4 = ^ tan  g-taa  239. 


therefore 
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Therefore  _ = 4 ^ — 


5 3 . 5a 

1 


_1 1_  \ 

.5s  7 . 57  + 


!39)7+  "’}* 


239  3(239)3  5(239)5  7(239) 

297.  It  may  be  shewn  that  tan-1  — = tan-1  - tan-1  ^ ; 

jiOu  iU  yy 


thus 


^ ^ 1 , -1  1 x -1  1 

^ = 4 tan  g — tan  ^xtan  gg. 


1 


i 1 


The  series  for  tan  1 — and  tan  1 — are  convenient  for  pur- 


70 

poses  of  numerical  calculation. 


99 


uritTfWj' 


The  value  of  ir  has  been  calculated  by  two  computers  inde- 
pendently to  500  places  of  decimals,  and  by  one  of  them  to  707 
places  of  decimals  : see  Contributions  to  Mathematics .. .by  William 
Shanks,  London,  1853 ; and  the  Proceedings  of  the  Royal  Society , 
Yol.  xxi.  page  319,  and  Yol.  xxii.  page  45. 

180 

The  value  of has  been  calculated  to  52  places  of  decimals  : 

7 r A 


see  the  Proceedings  of  the  London  Mathematical  Society , Yol.  iv. 
page  308. 


298.  Given 

sin  x = n sin  (oc  + a),  required  to  expand 

powers  of  n. 

Here 

ext  - e~xl  = n {e{:c+a)t  - e~ix+a)% 

therefore 

e**-l  =n{e^)l-e-at}, 

therefore 

e-XL  (1  - neai)  = 1 - ne~°-\ 

therefore 

l-ne™’ 

therefore 

2xt  = log  (1  - ne~ai)  - log  (1  — neai) 

= n (eai 

- e~ai)  + j (e2at  - e~2at)  + ~ (e2ai - e~Sal)  + ... 

therefore 

n2.  ns  . 

x = n sin  a + sin  2a  + — sm  3a  + 

& O 
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As  an  example,  suppose  a = 7r  — 2x,  then  n = l;  thus 


: sin  2x  — ~ sin  4x  + ^ sin  6x  — ^ sin  8#  + 
A o 4 


299.  Given  tan  x — n tan  y,  required  to  find  a series  for  x. 
exl  - e~xi  eyL  - e~yl 


Here 

therefore 

therefore 

therefore 


+ e^1  eyl  + e~yl  ’ 
e2xl  - 1 e2yl  - 1 


e2xl+l  e2yl  + 1 ’ 

_ (1  + n)  e2yL  + 1 — n 
(1  — n)  e2yL  + 1 + n 

1 + me~2yl  , 1 —n 

= e2yL  x — , where  m = , ; 

1 + me  y ’ 1 4-  n 


2xi  = 2yi  + log  (1  + me~2yl)  — log  (1  + me2yl) 


= 2yi-m  (e2yL  - e~^)  + y {eiyl  - e^1)  - ... ; 

in  . _ m*  . , m3  . 

therefore  x-y  -m  sm  2y  + — sin 4 y — r-sm  by  4-  ... 


300.  To  find  the  coefficient  of  xn  in  the  expansion  of  eax  cos  bx 
in  powers  of  x. 

Here  eax  cos  bx=%  eT  (ebxl  + e~hxl)  = | e(a+lt)*  + J e(a~uK 

Expand  these  two  exponential  expressions  by  the  exponential 
theorem ; then  the  coefficient  of  xn  is 


2 1 n 


{(c&  + bif  + (a  — Si)"} 


2 \n  (.\r  r J \r  r ) ) 


How  suppose  - = cos  6,  - = sin  6 , so  that  r*  = a2  + b2. 
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Thus  the  coefficient  of  xn  becomes 


n 


\n 


Similarly  the  coefficient  of  xn  in  the  expansion  of  e0*  sin  bx  in 


301.  The  series  in  Art.  298  may  sometimes  be  of  assistance 
in  the  solution  of  triangles. 


fraction  a few  terms  of  this  series  may  give  B to  a sufficient  degree 
of  approximation ; the  series  gives  the  circular  measure  of  B,  and 
the  measure  in  degrees  or  minutes  or  seconds  may  be  deduced  by 
the  aid  of  Art.  22. 

302.  Given  two  sides  of  a triangle  and  the  included  angle , to 
find  a series  for  the  logarithm  of  the  third  side. 

Suppose  a and  b the  given  sides  and  G the  circular  measure  of 
the  given  angle ; suppose  b less  than  a,  we  have 


We  have  sin  B = — sin  A = — sin  (B  + C);  hence,  by  the  formula, 


a a 


If  b be  less  than  a the  series  is  convergent,  and  if  - be  a small 

Oj 


c2  = a2  + b2  — 2ab  cos  C = a2  + b2  — ab  ( eCl  + e-w) 
= (a-beci)(a-be~ci) 
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thus  2 log  c = 2 log  a + log  ^1  - - ec^j  + log  ^1  - - e~°^j 

= 2 log  a - h-  (eCL  + e~CL)  - ~ (e20t  + e~2Ct)  - . . . ; 

CL  Jid 


therefore  logc  = loga--cos  C--£-2 cos  2(7-^008  3C- ... 


2 a3 


3a3 


b 


This  series  is  conyergent  since  b is  supposed  less  than  a,  and 
b 

if  - be  small  a few  terms  may  give  logo  to  a sufficient  degree 
of  approximation. 


EXAMPLES. 


1.  Apply  the  exponential  values  of  the  sine  and  cosine  to 

, , sin  20 

shew  that  i ^ = cot  0. 

1 - cos  20 


2.  If  the  sides  of  a right-angled  triangle  be  49  and  51,  shew 
that  the  angles  opposite  to  them  are  43°  51'  15"  and  46°  8'  45" 
nearly.  - 4'7'  2-<?r77?r/ 


7 


3.  If  the  angle  C of  a triangle  be  given,  and  the  other  two 
adjacent  sides  a,  b be  nearly  equal,  shew  that  the  other  angles  are 

^nearly  equal  to 

I 2 73-  (a + 6 2 3\a  + 6 2/J 

4.  In  any  triangle,  if  A — B be  small  compared  with  C,  shew 
that  the  circular  measure  of  A — B is  equal  to 

na-b  . -r,  (a  - b\2  . _ „ . 

2 sm  B + ( ) sm  ZB  nearly. 

c \ c ) 

5.  If  a and  b be  the  sides  of  a plane  triangle,  A and  B the 
opposite  angles,  then  will  log  b - log  a 

= cos  2 A - cos  2B  + ~ (cos  4 A — cos  4 B)  + ^ (cos  6 A - cos  6B ) + ... 

6 , 


cv-e'j 
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6.  Shewtlmtg=r^  + 5E  + _LI+... 


ibjh 


7.  If  A + Bl  = log  ( m + m),  sliew  that  € - v*  ^ 

£ ri  + L aA.  pj  - m +nr  < 

tan  B = — , and  2.4  = log  ( n 2 + m2). 
m 

8.  Reduce  oos  (6  + </>i)  to  the  form  a + /3i. 

9.  Reduce  sin  ( 0 + <jn)  to  the  form  a + / 3i . 

10.  If  u = [a  + &i)p+?t,  express  log  u in  the  form  a + /3i. 

11.  Reduce  (a  + bi)p+q''  to  the  form  a + /h. 

12.  Prove  that 

{sin  (a  — 6)  + e±ai  sin  6)n  = sinw_1  a {sin  (a  — nd ) + e±ai  sin  n6). 


XXII.  SUMMATION  OF  TRIGONOMETRICAL 
SERIES. 

303.  To  find  the  sum  of  the  sines  of  a series  of  angles  which 
are  in  arithmetical  progression. 

Let  the  proposed  series  consist  of  the  following  n terms, 
sin  a + sin  (a  + ft)  + sin  (a  + 2/1)  + . . . 4-  sin  {a  + (n  - 1)  /3}. 


We  have 

cos  | 

:-w 

1 - cos 

(a+s/3) 

( = 2 sin  ^ /3  sin  a, 

cos  ( 

fl?) 

- COS  ( 

;•#) 

= 2 sin  ^ )8  sin  (a  + /3), 
A 

COS  I 

(a+f/J) 

1 - COS  ( 

v“+^) 

= 2 sin  ^ /3  sin  (a  + 2/3), 

+ —2~  ft)  ~ cos  (a  + — 2~  ft)  = 2 sin  | /3  sin  {a  + (n  - 1)  /?}. 


T.  T. 


16 


242  SUMMATION  OF  TRIGONOMETRICAL  SERIES. 
Let  S denote  the  proposed  series ; then,  by  addition, 

cos  (a  - - cos  (a  + ^ /?)  = 2£  sin  i /? ; 


therefore  S ■ 


os  cos  (“  + 2n2  V) 

2sini/3 

. / n - 1 \ . n(3 

3m  Va+_2_^jsmT 


sini/3 


304.  To  find  the  sum  of  the  cosines  of  a series  of  angles 
which  are  in  arithmetical  progression. 

Let  the  proposed  series  consist  of  the  following  n terms, 

cos  a + cos  (a  + (3)  + cos  (a  + 2(3)  + ...  + cos  {a  + (n  -1)  (3 }. 

We  have 


sin  ^ (3^  - sin  ^ (3^  = 2 sin  ^ (3  cos  a, 

sin  | (3^  - sin  ^ (3^  = 2 sin  ^ (3  cos  (a  + (3), 

sin  | (3]  — sin  1 /3^  = 2 sin  ^ /3  cos  (a  + 2(3), 


(a  + -n9—  - sin  + ——9  — = 2 sin  ^ (3  cos  {a  + (n  - 1)  (3}t 


Let  S denote  the  proposed  series ; then,  by  addition, 
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therefore 


sin  (a  + — — ^ ft)  ~ sin  (f~\  = 2S  sin^  /?; 

sin  (a  + 2U^--P)  - sin  (a  - ^ ft) 


2sin|/5 


(a  + ~~2~  ^0 


. n3 
smT 


• 1 o 

sm2 13 


305.  Suppose  in  Arts.  303  and  304  that  /5  = — ; then  since 
71/13 

sin  -g-  = sin  tt  = 0,  the  sum  of  the  sines  or  the  sum  of  the  cosines  of 

,,  • p . 2tT  4:7V  2(n-  1)  7T  . 

the  series  of  angles  a,  aH , a + — ,...aH — — is  zero. 

n n n 

This  is  a very  important  result,  and  the  student  should  pay  great 
attention  to  it.  Moreover  we  may  give  this  wide  extension  to  our 
result : let  m and  n he  positive  integers , m being  less  than  n,  and 

(3  = — , then  the  following  sum  is  a number  independent  of  angles , 
sin”'  a + sin”  (a  + /5)  + sin”  (a  + 2/5)  + ...  + sinm  (a  + n — 1/5). 


theorem  is  established  by  the  aid  of  Arts.  2 80... 2 8 3.  Suppose, 
for  example,  we  take  m=  4.  We  have 

sin4  a = | {cos  4a  — 4 cos  2a  + 3}, 


sin4  (a  + /5)  = | {cos  (4a  + 4/5)  — 4 cos  (2a  + 2/5)  + 3), 
and  so  on. 

Thus  the  proposed  series  can  be  replaced  by  other  series ; the 
sum  to  n terms  of  cos  4a  + cos  (4a  + 4/5)  + ...  is  zero  by  Art.  304  ; 
the  sum  to  n terms  of  cos  2a  + cos  (2a  + 2/5)  + ...  is  zero  by  the 

same  Article  ■ thus  the  proposed  series  reduces  to  -g- . 


16—2 
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The  condition  that  m is  less  than  n ensures  that  the  denomi- 
nators in  the  expressions  for  the  sums  of  the  sines  and  cosines  do 
not  vanish. 

306.  The  series  in  Art.  304  may  be  deduced  from  that  in 
Art.  303  by  writing  a + ^ for  a ; the  sums  of  these  series  are  re- 
quired so  often  in  the  solution  of  problems,  that  the  student 
should  be  able  to  quote  them  from  memory.  As  we  have  just 
intimated,  if  the  first  result  be  known  it  is  sufficient,  since  the 
second  can  be  obtained  from  the  first  by  changing  sine  into  cosine 
in  the  first  factor  of  the  numerator.  It  will  be  seen  that  the 
results  are  obviously  correct  when  n — 1,  and  when  n — 2'-,  thus 
there  is  a test  of  the  accuracy  with  which  the  formulae  are  quoted. 
The  cases  in  which  /3  = a may  be  specially  noticed ; we  have  then 


sin  a + sin  2a  + sin  3‘a  4- 


. n + 1 . na 

sm-y  asm  — 


a + COS  2a  4-  COS  3a  + ...  4-  COS  na  ■■ 


n + 1 . na 

cos  — — — a sm  — 


307.  "We  may  now  deduce  the  sum  of  the  following  n terms  : 
sin  a — sin  (a  + (3)  + sin  (a  + 2/3)  -...  + (-  I)"-1  sin  {a  + (n  - 1)  (3 }. 


This  series  may  be  written 

sin  a 4-  sin  (a  + (3  4-7r)  4-  sin  (a  4-  2/3  4-  2tt)  4- ...  4-  sin  {a  4-  (n—  1)  (/3+7r)}. 

We  have  then  only  to  change  (3  into  (3  + ir  in  the  result  of 
Art.  303. 


f (n-1)  (/3  + rr))  . n((3  + 

|a  + ^ 


. (3  + 
sm~Y 


Hence  the  required  sun),  is 
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cos 


Similarly 

a - cos  (a  + /3)  + cos  (a  + 2/3 ) I)"-1  cos  {a  + (n-  1 )(3} 

(n—  1)  (/?  + 7r)'l  . n (/3  + 7r) 


. (3  + 

smT 


308.  To  find  the  sum  of  the  following  n terms : 
cosec  x + cosec  2x  + cosec  4x  + cosec  8a;  + ...  + cosec  2"-1  x. 

We  have  cosec  x = cot  ^ — cot  x, 

cosec  2x  — cot  x — cot  2a;, 


cosec  2n  1a;  = cot2n  2a;-cet2n  *a;. 

Let  S denote  the  proposed  series ; then,  by  addition, 

$ = cot  ~ — cot  2n_1  x. 

A 

309.  To  find  the  sum  of  the  following  n terms : 

1 1 oo  1 oo 

tan # + 2 tan 2 + 23tan22  + • 


We  have  tan  x = cot  x — 2 cot  2a;, 
cot  a;, 


1 , x 1 , x 

jtaj-jeotj. 


1 , X 1 , X 1 X 

^^  = Woot^~2cot2’ 


Let  S denote  the  proposed  series ; then,  by  addition, 
1 00 

8 = cot  2^1  ~ 2 cot  2a:. 
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\ OG  \ 13  OG 

The  term  T cot  = - cos  (3  , where  (3  = ; if  we 

2  *  1 2 1 x suijS  2 1 

suppose  n to  increase  indefinitely,  cos  /?  = 1,  and  — = 1* 

Thus  the  limit  of  the  proposed  series,  when  n is  indefinitely 

increased,  is  - - 2 cot  2x. 

X 

310.  To  find  the  sum  of  the  following  n terms  : 
sin  a + c sin  (a  + (3)  + c2  sin  (a  + 2(3)  + ...  + cn~l  sin  {a  + (n- l)/3}. 

Let  S denote  the  proposed  series;  substitute  for  the  sines 
their  exponential  values  : thus 

21$  = eal  + ce(a+P^  + c2e(a+2P)L  + . . . + cn~1e^a+nP~P^ 


— g - ai  — ce  - (“+ 0)‘ — c2e  - (a+ 2P)1  — . . . — cn  - ^e  ~ (“+ nP  ~ 0)‘, 
"We  have  now  two  geometrical  progressions  ; thus 


. e 1 —cnenPl 
2 1 S=eai— ^ e- 


1 — cne  ~ nPl 


1 -cePL  1 -ce~PL 

eat_g-at_c|g(a-/3)i_g-(a-P)i|._cn|g(a+W^)i_g-(a+n^)i|4.cJt+l|g(w3+a-j3)t_g-(n^+a-|S)i 


1 — c (ePL  4-  e~P l)  + c2 


therefore 

sin  a - c sin  (a  -(3)-cn  sin(a+  n(3)  + c”+1  sin  {a  + (n  - 1 )(3} 

~ 1 - 2c  cos  (3  + c2 

If  c be  less  than  unity,  then  when  n is  indefinitely  increased 
c°  and  c"+1  diminish  without  limit;  hence  if  c be  less  than  unity, 
the  limit  of  the  proposed  series  when  n is  indefinitely  increased  is 

sin  a - c sin  (a  - (3) 

1 - 2c  cos  (3  + c2 

Similarly  we  can  shew  that 

cos  a + c cos  (a  + (3)  + c2  cos  (a  + 2/3)  + ...  + c"-1  cos{a+  ( n - l)(3\ 

_ cos  a — c cos  (a  — (3)  — c"  cos  (a  + n(3)  + cn+1  cos  {a  + (n  — 1)  (3} 

1 - 2c  cos  (3  + c2 
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This  result  may  also  be  obtained  from  the  preceding  by  chang- 
ing a into  a + 7) . If  c be  less  than  unity  the  limit  of  the  proposed 
series,  when  n is  indefinitely  increased,  is 
cos  a-  c cos  (a  - (3) 

1 - 2c  cos  /3  + c2 


311.  To  sum  the  infinite  series 

c2  c3 

c sin  (a  + (3)  + ^ sin  (a  + 2/3)  + sin  (a  + 3/3)  + ... , 

Z \6 


c*  c 

and  c cos  (a  + (3)  + cos  (a  + 2(3)  4-  ^ cos  (a  + 3/3)  + . . . 
A \o 


Denote  the  former  series  by  S and  the  latter  by  C ; multiply 
the  former  by  i and  add  it  to  the  latter : thus 

C + iS=c#l*+Q  + ? + Cle‘l*+W  + ... 

A I o 


= ea(eceiP  — l)  = eta(eccosj3+icsin/3  — 1)  = gccosPgtfa+esin p)  _ gca 


.=  gccosS  |cos  (a  + c sin  (3)  + i sin  (a  + c sin  /?)}  - (cos  a + t sin  a). 
Equate  the  real  and  imaginary  parts  : thus 

G — eccosfrCGS  (a  + c sin  (3)  — cos  a. 
a S'  = ec  coa.s  sin  (a  + c sin  /3)  - sin  a. 


The  method  of  this  Article  might  be  used  in  Art.  310;  or  the 
method  of  that  Article  might  be  used  here. 

312.  We  shall  not  solve  any  more  examples  of  the  summa- 
tion of  Trigonometrical  Series;  the  student  will -find  more  exer- 
cise of  this  kind  in  the  collection  of  examples  for  practice.  In 
many  cases  the  summation  is  effected  by  the  artifice  which  is 
employed  in  Arts.  308  and  309,  by  which  each  term  of  the  pro- 
posed series  is  resolved  into  the  difference  of  two  terms.  Practice 
alone  will  give  the  student  readiness  in  effecting  such  transforma- 
tions. If  he  cannot  discover  the  necessary  mode  of  resolution  in 
any  example,  he  will  find  no  difficulty  in  recognizing  it  when 
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he  sees  the  result  of  the  summation  given  in  the  collection  of 
answers.  Thus,  for  example,  required  the  sum  of  the  following 
n terms : 


sec  a sec  2a  + sec  2a  sec  3a  + sec  3a  sec  4a  + ...  + sec  na  sec  ( n + 1)  a. 
The  result  is  cosec  a {tan  (n  + 1)  a — tan  a} ; and  by  putting  n—  1 
this  suggests  the  necessary  transformation,  namely, 
sec  a sec  2a  = cosec  a;{tan  2a  — tan  a} ; 
then,  sec  2a  sec  3a  = cosec  a {tan  3a  — tan  2a}, 

and  so  on. 


The  student  who  is  acquainted  with  the  Differential  and  In- 
tegral Calculus,  will  be  able  to  deduce  numerous  series  from  known 
series  by  differentiation  or  integration ; and  when  the  results  are 
obtained  they  can  frequently  be  established  by  more  elementary 
methods.  Thus,  for  example,  differentiate  both  members  of  the 
equality  established  in  Art.  309 ; then 


„ 1 „x  1 , x 

sec  x + j2  sec“  - + ^ sec  ^ 


1 „ X 

2^  sec  ]p 


2- 


+ 4 cosec 22x. 


Again  in  Art.  310  put (3  = a;  thus 

Sin  a . • ~ (>*o  •»  • . 

= 5=  sm  a + c sm  2a  + cr  sm  3a  + c sm  4a  + ... 

1 — 2c  cos  a + c 

Integrate  with  respect  to  a ; thus 


ji  Q Qp 

— -jr-  log  (1  — 2c  COS  a + c2)  = cos  a + - cos  2a  + s-  COS  3a  + — cos  4a  + . . . 
JiG  O 4: 

Ho  constant  is  required;  for  when  a is  zero  both  sides  are 

equal. 


EXAMPLES. 

1.  Find  the  sum  of  n terms  of  the  series 

sin2  a + sin2  (a  + (3)  + sin2  (a  + 2(3)  + ... 

2.  Find  the  sum  of  n terms  of  the  series 

sin3  a + sin3  (a  + (3)  + sin3  (a  + 2(3)  + ... 
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3.  Find  the  sum  of  n terms  of  the  series 

cos4  a + cos4  (a  + f3)  + cos4  (a  + 2/3)  + . . . 

sin  0 + sin  30  + sin  50  + ...  to  n terms 

4.  Shew  that  tan  nO  = j. ^ t 1 • 

cos  0 + cos  3 0 + cos  50+  ...  to  n terms 

5.  Sum  to  n terms  the  series 

cos  0 cos  (0  + a)  + cos  ( 0 + a)  cos  ( 0 + 2a)  + cos  ( 6 + 2a)  cos  (0  + 3a)  + . . . 

6.  Shew  that 

sin  0 — sin  20  + sin  30—  ...  to  n terms  +q\ 

cos  0 — cos  20  + cos  30  — ...  to  n terms  2 ' ' 

7.  Sum  to  n terms  the  series 

sin  (p  + 1)  0 cos  0 + sin  (p  + 2)  0 cos  20  + ... 

8.  Sum  to  n terms  the  series 

sin  a sin  2a  + sin  2a  sin  3a  + sin  3a  sin  4a  4-  ... 

9.  Deduce  from  the  result  of  Example  8 the  sum  to  n terms 
of  the  series 


10.  Sum  to  n terms  the  series 

sin  30  sin  0 + sin  30  sin  20  + sin  120  sin  40  + ... 

Sum  to  infinity  the  following  series  contained  in  the  Examples 
from  11  to  16  inclusive  : 


1.2  + 2.  3 + 3.4  + .... 


11. 


12. 


. /y  OJJ-L 

sm6-T7T  + 


sin  20  sin  39 


13. 


cos  20  cos  4 0 


14. 


15.  sin  0 cos  0 + 


sin  20  cos2  0 sin  30  cos3  6 

s +■ fo + 


250 


EXAMPLES.  CHAPTER  XXII. 


17.  Shew  that  cos  0 - ^ cos  20  + ^ cos  30  — ...  = log  ^2  cos ^ . 

18.  Shew  that  cos  20  + | cos  60  + ^ cos  100  + ...  = ^ log  (cot  0). 

19.  Shew  that 

£c2sin20  x3  sin  30  /cosec  0 , ^ 


— ...  = cot' 


cot  0 


20.  Shew  that 


. , 0 . 0 . /sin  20\ 

log  cos  0 + log  cos  ^ + log  cos  ^ + ...  = log  [—^q- J • 

Sum  the  following  series  to  n terms  contained  in  the  Examples 


from  21  to  35  inclusive 


L 
l 


01  . , ( . 0\2  O . 0 f . 0\2  . . 0/  . 0\2 

21.  sin  0 (sin  + 2 sm^lsm-J  + 4sm-(snigJ  + ... 

on  x ^ n , 0 0 x 0 0 

22.  tan  ^ sec  0 + tan  - sec  ^ + tan  77  sec  --  + ... 

2 4 2 8 4 

23.  cot  0 cosec  0 3-  2 cot  20  cosec  20  + 22  cot  220  cosec  220  + ... 


24. 

25. 


1 


sin  0 sin  20  sin  20  sin  30  sin  30  sin  40 

1 


1 A 1 


sin  0 cos  20  cos  20  sin  30  sin  30  cos  40 
26.  tan- 


1 


1+1  + 1 
27.  tan-1  a;  + tan-1 


+ tan-1 


1 + 2 + 2s 


+ tan  1 


1 


1 + 3 + 32 


+ ... 


1 + 1 . 2 . SB* 


+ tan" 


x 


. . 0 . a . ua  . a . 

28.  sm  a sm  6a  + sm  ^ sm  — + sin  sm 
A A A A 


1 + 2 . 3 . a2 
3a 


29. 


1 


1 


cos  0 + cos  30  cos  0 + cos  50  cos  0 + cos  70 
sin  0 sin  20  sin  30 


n+  ••• 


+ 


cos  20  + cos  0 cos  40  + cos  0 cos  60  + cos  0 


+ ... 


30. 
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sin  0 3 sin  30  32  sin  32  0 

<3L  1+2  cos0  + 1 + 2 cos  30  + 1 + 2 cos  320  + '" 

32.  cot-1  (2a-1  + a)  + cot-1  (2a-1  + 3a)  + cot-1  (2a-1  + 6a) 

+ cot'1  (2a-1  + 10a)  + ... 


36.  An  equilateral  polygon  is  inscribed  in  a circle  and  from 
any  point  in  the  circumference  chords  are  drawn  to  the  angular 
points : find  the  sum  of  the  squares  of  the  chords  and  the  sum  of 
the  fourth  powers  of  the  chords. 

37.  Circles  are  inscribed  in  triangles,  whose  bases  are  the 
sides  of  a regular  polygon  of  n sides,  and  whose  vertices  lie  in 
one  of  the  angular  points : shew  that  the  sum  of  the  radii  of  the 

circles  is  2r(\—n  sin2  , where  r is  the  radius  of  the  circle 

circumscribing  the  polygon. 

38.  Circles  are  inscribed  in  triangles  whose  bases  are  the 
sides  of  a regular  polygon  of  n sides  and  whose  vertices  lie  in  one 
of  the  angular  points  ) r is  the  radius  of  the  circle  circumscribing 
the  polygon  : shew  that  the  sum  of  the  areas  of  the  circles  is 


n sin  0 + (n  - 1)  sin  29  + (n  — 2)  sin  30  + . . . + sin  n6 
n + 1 , 0 sin  (n  + 1)0 

~cotS— j~jT- 

4sm  2 

40.  Shew  that  if  n be  a positive  integer 
(ft+l)rasin0+rc(w-l)sin20+(w-l)(?i-2)sin30+  ...  +2.  Isinw0 


35.  cos  ^ + 2 cos  - cos  + 23  cos  ^ cos  — „ cos  ^ + . . . 
A A A A A~  A 


39.  Shew  that  if  n be  a positive  integer 


6(  39 

-J  cos  T- cos 


{' 


2 n + 3 
~~2~ 
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XXIII.  RESOLUTION  OF  TRIGONOMETRICAL 
EXPRESSIONS  INTO  FACTORS. 

313.  It  is  known  from  treatises  on  the  Theory  of  Equations 
that  the  expression  a?"  — 1,  where  n is  a positive  integer,  can  be 
resolved  into  n factors,  each  of  the  form  x — a,  where  a is  either 
a real  quantity  or  an  expression  of  the  form  a + — 1),  where 

a and  (3  are  real:  and  there  is  only  one  such  set  of  factors.  We 
proceed  now  to  resolve  the  expression  xn  — 1,  and  some  similar 
expressions,  into  component  factors.  The  factors  of  the  expression 
xn  — 1 are  found  by  solving  the  equation  xn  - 1 = 0 ; every  root  of 
the  equation  determines  one  factor  of  the  expression : thus  if  a 
denote  a root  the  corresponding  factor  is  x — a. 


314.  To  resolve  xn  — 1 into  factors. 


The  expression  cos ± N/(  — 1)  sin 


wlier 


.’e  r is  any  in- 


teger, is  a root  of  the  equation  xn=  1 ; for  the  nth  power  of  this 
expression  is  by  De  Moivre’s  Theorem  cos  2r7r  ± x/(  — 1)  sin  2m, 
that  is  1. 

First,  suppose  n even.  If  we  put  r = 0 we  obtain  a real 
root  1,  and  the  corresponding  factor  is  x-1 ; if  we  put  r = ™ 
we  obtain  a real  root  —1,  and  the  corresponding  factor  is  x+  1. 
If  we  put  for  r in  succession  the  values  1,  2,  3,  ... 


-1 


we  obtain  n - 2 additional  roots,  since  each  value  of  r gives 
rise  to  two  roots.  These  roots  are  all  different,  for  the  angles 

2rvr 

are  less  than  tt  and  all  different,  and  thus  cos cannot 

n 

have  two  coincident  values.  Therefore  xn  - 1 = {x—  1)  (x  + 1)  P, 
where  P is  the  product  of  n — 2 factors  obtained  by  ascribing 
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to  r in  succession  the  values  1,  2,  3, — 1 in  the  expression 

A 

2ttt  . . 2rir 

x — cos =f  J(—  1 ) sin . 

n n 

The  product  of  the  two  factors  x-  cos  — - — */(-!)  > 

and  x — cos  + J(—  1)  sin  — — , is  the  real  quadratic  factor 
n n 

( 2nr\2  . 2 2rir  . . 2 _ 2r7r 

(,  x — cos +sm  , that  is,  x — 2x  cos + 1. 

\ n J n n 

Hence  when  n is  even 


xs-  2x  cos  — + 1 )... 
n 


xn  - 1 = (x  - 1)  (x  + 1)  (x2  — 2x  cos  ^ + 1^ 

...  -Tcc2 — 2a? cos  — tt  + l||a;2 - 2aj cos ^ — - tt  + 1 j ....(1). 

Secondly,  suppose  n odd.  The  only  real  root  of  xn  = 1 
is  now  1 ■ the  other  n—1  roots  are  obtained  by  giving  to  r 

Yb  ~~~  \ 

in  succession  the  values  1,  2,  3,  — x—  in  the  expression 

A 

2rir  ..  ...  . 2tk 

cos ± J(-  1)  sm . 

n x n 

Hence  when  n is  odd 

xn  - 1 = (x  - 1)  (x2  - 2x  cos  — + 1^  (x2  - 2x  cos  ~ + 1^ . . . 

...  | a:2  — 2&cos- — -7r  + l|  j#2  — 2a: cos— — - 7r  + lj-  ....(2). 

315.  To  resolve  xn  + 1 into. factors. 

2 x + 1 2r  +1 

The  expression  cos tt  ± 1)  sin tt,  where  r is 

any  integer,  is  a root  of  the  equation  xn  = - 1 ; for  the  nth  power 
of  this  expression  is  cos  (2 r + 1)  tt  ± 1)  sin  (2 r + 1)  tt,  by  De 

Moivre’s  Theorem,  that  is  — 1. 
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First,  suppose  n even;  there  is  no  real  root  of  the  equation 
a?”  = — 1 ; the  n roots  are  all  imaginary,  and  are  found  by  giving  to 

r in  succession  the  values  0,  1,  2,  3, ^ - 1,  in  the  expression 

2r  + 1 . . . 2r  + 1 

COS  TT±J(—  1)  Sin  7J\ 

n n 


The  product  of  the  two  factors  x— cos  ~~~  77  — 1)  sin  — ~~  7 r, 

and  x — cos  — T + —7 r 1 ) sin  ^ 7 r,  is  the  real  quadratic  factor 

n -v  \ / n 

f 2r+l  V . 22r+l  . 2 2r  + l 

a; -cos 7 r +sm'  tt,  that  is,  a? -2a?  cos tt  + 1. 

\ n J n n 


Hence  when  n is  even 


c"+  1 = (i 


x 2 — 2x  cos : 


. . . (x2  — 2x  COS  — 7T  + 1^ 


5-rr 


x2- 2x  cos i-l  )( x2-  2x  cos  — + 1 


0- 


x2 - 2a: cos--—-  7 r + 1 )...(!). 


Secondly,  suppose  n odd.  The  only  real  root  of  xn  = - 1 
is  — 1 ; the  other  n—  1 roots  are  obtained  by  giving  to  r in 

succession  the  values  0,  1,  2,  3,  n in  the  expression 

A 

2r  + 1 ,,  . 2r  + 1 

COS  7T  sfc  v/(—  1)  Sin 7T. 

n n 

Hence  when  n is  odd 


af  + 1 


= (x  + 1)  (x2  - 


2x  cos  — + 
n 


1^  (x2  — 2x  cos  ^ + 1^  . . . 


2a?  cos  - — - 7r  + 1^  ^a?2  — 2a?  cos 


-2 


(2). 


316.  The  four  formulse  established  in  the  two  preceding 
Articles  are  identically  true ; we  may  deduce  many  particular 
results  by  supposing  particular  values  assigned  to  a?.  Thus  hi  (1) 
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of  Art.  314,  divide  both  sides  by  x — 1 ; the  quotient  on  the  left- 
hand  side  will  be  af1  + xn~2  + ...  + x + 1.  Now  put  cc=l;  thus 
when  n is  even 

“ 2tt\/i  4tt\  /i  n-i  \f  n- 2 \ 
w=r22  ( 1-cos—  HI- cos  ( l-cos— — - ir Jl  1-cos  — 7T  1 ; 

and  by  extracting  the  square  root, 

Jn 


Vq}  . 2ir  . 4tt  . n - 4 . n - 2 

2 2 sm  — sin  ^r-  . ..  sin  — r — 7r  sin  — ^ — 
An  An  'An  An 


(1). 


The  positive  sign  of  the  radical  must  be  taken  on  the  left- 
hand  side,  because  the  right-hand  side  is  obviously  positive. 

Again,  in  (2)  of  Art.  314,  divide  both  sides  by  tc— 1,  and 
afterwards  put  x = 1 ; thus  when  n is  odd 

0^Vi  2tt\  f 47r\  / n-  3 \ / w - 1 \ 

n = A 2 ( 1-cos — 1— cos — ...(  1-cos- tt  j 1-cos 7 r : 

\ »A  nJ  \ n J\  n )’ 

and  by  extracting  the  square  root, 


/ JJ  . . 47r  . n — 3 . n — 1 

Jn  =2  2 sin  7—  sm-7—  . . . sm  — - — ir  sin  — 
v 2n  2 n %r». 


2n 


..  (2). 


Again,  in  (1)  of  Ant.  315,  put  x=  1 ; thus  when  n is  even 
2 = 22  ^1  - cos  ^ ^1  - cos  ...  ^1  - cos ^1  - cos  — — - 71-^  ■ 


and  by  extracting  the  square  root, 


3tt 
2 n 2 n 


- 3 


,-  1 


1=2®  sin  sin—  ...  sin— — 7rsin— — it (3). 

2n  2 n v ' 


Again,  in  (2)  of  Art.  315,  put  x=l ; thus  when  n is  odd 
2 = - cos  =)(l  - cos  ^). . .(1  - cos  ^ *)(l  - COS  n-J  ; 

and  by  extracting  the  square  root, 

, .7T.37T  . n — 4 . n—2  ... 

1 = 2 2 sm—  sin  — ...  sin  — — tt  sm  — — it (4). 

2 n An  2n  2n  v ‘ 
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Four  other  results  may  apparently  be  deduced  from  the  four 
formulae  of  the  two  preceding  Articles  by  putting  a>=  - 1 ; but  it 
will  be  found  on  trial  that  these  results  do  not  differ  really  from 
those  already  deduced.  Thus,  for  example,  in  (1)  of  Art.  314, 
divide  both  sides  by  x+1,  afterwards  put  x = — l,  and  extract 
the  square  root ; thus  when  n is  even 


J7 


Air 

cos—  cos 
An 


4t r 
An 


n — 4 
An 


An 


7 r : 


this  however  is  the  same  result  as  that  in  (1)  of  the  present  Arti- 
cle, the  factors  on  the  right-hand  s-ide  being  merely  differently 


arranged;  for 


cos 


Att  . n—A 
7; — = sm  -jj — tt, 
An  An 


4 77 


- 4 


cos  = sm  — — 7 r, 

An  An 


317.  To  resolve  x2n  — Axn  cos  0 + 1 into  factors. 

If  cos  6 = 1 the  expression  becomes  (xn  — l)2,  and  if  cos  6 = - 1 
it  becomes  (xn  + l)2 ; in  these  cases  the  resolution  into  factors  is 
effected  by  what  has  already  been  given  in  Arts.  314  and  315,  and 
we  will  therefore  suppose  these  cases  excluded  from  what  follows. 
If  we  put 

x2n  — Ax"  cos  6 + 1 = 0, 


we  obtain  xn  = cos  6 =±=  J(—  1)  sin  6 ; hence  a:  is  an  nth  root  of 
cos  6 +sj(—  1)  sin  6 ; the  nth  roots  are  found  from  the  expression 
2r7r  + 6 ..  _ . . 2r7r  + 6 

cos — ±^(-1)  sm — — — by  ascnbmg  mtegral  values  to  r, 

for  it  is  obvious  from  De  Moivre’s  Theorem  that  the  nth  power  of 
the  last  expression  is  cos  {An?  + 6)  ± J(—  1)  sin  (Arir  + 6),  and  if  r 
be  an  integer  this  reduces  to  cos  6 ± J(—  1)  sin  6.  If  we  ascribe 
to  r in  succession  the  values  0,  1,  2,  ...  n — 1 in  the  expression 

cos  ^ T7r  + ^ l)sin  ^ T7r  + ^ we  obtain  An  different  values  for 
n ^ n 

the  expression.  For  if  r =p  and  r=q  could  give  the  same  value 
to  the  expression  we  should  have 

6 Aqir  +6  ..  - . . Aqir  + 6 


Apir  + 6 . . Aptr  ■ 

cos— ±^/(-l)sm-^— 
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, A J.  no  , -i  2pir  + 0 2qir  + 0 

now  by  Art.  vo  we  cannot  have  cos  — = cos— and 

n n 

. 2pir  + 0 . 2qtt  + 6 2pir  + 6 2qir  4-  0 1 

sin  — = sin  — : nor  can  cos  — = cos  — and 

n n n n 

sin.  ^>7r  + ^ = — sin  + ^ , for  that,  by  Art.  94,  would  require 

n n ’ 1 

2pir  + 6 + 2qrr  + 6 ^ a ranltiple  of  2tt,  so  that  6 would  be  a 
n n 

multiple  of  w,  and  this  value  of  6 has  been  expressly  excluded 
above.  Thus  we  obtain  2n  different  values  of  x. 


The  product  of  the  two  factors  a;-cos-?7r+—  - ff(- 1)  sin  ^r7r+^, 
and  x - cos  -T7r  + ^ + */(-!)  sin  - ' V7r  + ^ , is  the  real  quadratic  factor 


2rTr  + 6\2 


n 


V 

J + sin2 


2r:r  + 0 


n 


, that  is,  a:2  - 2x  cos 


2rir  + 0 


+ 1. 


Thus  xSn  - 2xn  cos  0 + 1 
x“  — 2x  cos 


(x2  — 2x  cos  ^ + 1^  (x2  - 2; 


2ir  + 0 _ 

ZX  cos + 1 


).(*■ 


47T  + 0 

2x  cos hi 


...lx2  — 2x  cos 


(2  n — 4)  7r  + 0 


1 J |a;2 - 2a; cosffl*  — + 1 j • 


318.  We  shall  now  deduce  some  important  results  from  the 
preceding  general  theorem.  Suppose  x = 1 ; then 

2 (1  - cos  0)  = 2n(\-  cos  0 (l  - cos — ^ (l  - cos  ••• 


-0 


2nir-2 


7T  + 6^ 


Let  0 = 2 ncfj  and  — = a;  extract  the  square  root ; thus 

* sin  ncjj  = 2n_1  sin  <£  sin  (2a  + <£)  sin  (4a  + <£) sin  ( 2na  - 2a  + <£). 

T.  T.  17 
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We  shall  now  prove  that  the  upper  sign  must  always  be  taken 
on  the  left-hand  side.  First,  suppose  <£  to  lie  between  0 and  2a ; 
then  every  factor  on  the  right-hand  side  is  positive,  and  so  is 
sin  n^.  Next  suppose  <£  to  lie  between  2a  and  4a;  then  every 
factor  on  the  right-hand  side  is  positive  except  the  last,  and 
sin  n<f>  is  negative.  Next  suppose  cj>  to  lie  between  4a  and  6a, 
then  every  factor  on  the  right-hand  side  is  positive  except  the  last 
two,  and  sin  ncf>  is  positive.  By  proceeding  in  this  way  we  see 
that  for  every  value  of  between  0 and  2na,  the  upper  sign  must 
be  taken,  so  that  we  have  for  all  values  of  <j>  between  0 and  tt 

sin  ncf>  = 2n~1  sin  sin  (2a  + <£)  sin  (4a  + cf>) sin  (2wa  — 2a  + <£). 

We  shall  next  shew  that  this  formula  is  true  for  all  values 
of  cfi ; for  suppose  </>  ==  vmr  + if/  where  m is  any  integer,  positive 
or  negative,  and  if/  is  between  0 and  ^ r;  then  we  know  that 

sin  nxf/  — 2"-1  sin  i}/  sin  (2a  + if/)  sin  (4a  + if/) sin  (2 na  — 2a  + if/) ; 

but  sin  nif/  — sin  (n<p  — nmit)  = sin  n<f>  cos  nmir  = (—  1 )nm  sin  n<f>, 
sin  if/  = sin  (<£  — mir)  — sin  cos  rmr  = (—  l)m  sin  <f), 
sin(2a+i/f)  = sin(2a+<£— mir)=  sin(2a+<£)  cosm7r  — (— l)m  sin  ( 2a  + cf> ), 
and  so  on. 

Substitute  these  values  of  sin  nif/,  sin  if/,  sin  (2a  + if/), in 

the  formula  which  expresses  sin  nif/  in  factors;  then  divide  both 
sides  by  (— l)nm  and  we  obtain  the  required  formula  for  sin  n<f>, 
whatever  may  be  the  value  of  cf>. 

In  the  expression  for  sin ncfj  change  (f>  into  <£  + a;  then  n<f>  is 
changed  into  ncf>  4-  ^ ; hence 

cos  n<f>  = 2”~1  sin  (<£  + a)  sin  (<£  + 3a)  sin  (<£  + 5a) . . . sin  (2 na  - a + <jE>). 

In  the  last  result  put  (f>  = 0 ; thus 

1 = 2”-1  sin  a sin  3a  sin  5a sin  (2na  - a), 

7 r 

a = 2n' 


where 
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Again  we  have 

= S^tl  + ^ s^n  (^a  + <£) sin  ( 2na  — 2a  + <£)  ; 


now  let  <£  diminish  without  limit;  then  since  the  limit  of 
is  n we  obtain 


sin  n<fi 
sin<j !> 


n = 2n~1  sin  2a  sin  4a  sin  6a sin  (2/za  — 2a). 

These  two  formulae  are  sometimes  useful;  the  first  includes 
(3)  and  (4)  of  Art.  316,  and  the  second  includes  (1)  and  (2)  of 
Art.  316. 


If  we  divide  the  expression  for  sin  n<f>  by  that  for  cos  ncf>  we 
obtain  an  expression  for  tan  ; when  n is  odd  this  takes  a 
simple  form  which  we  may  obtain  more  readily  thus : in  the 

expression  for  sin  n<j>  change  <f>  into  <f>  + Z;  we  obtain 

Jj 

cos  ncjj  sin = 2”-1  cos  <£  cos  (2a  + <£)... cos  (2 na  - 2a  + <£). 

Divide  the  expression  for  sin ncji  by  this;  hence  when  n is  odd 

tan  n(f>  = (—  1)  2 tan  <£  tan  ^cf>  + ~^ tan  + ~~~  7^  • 

319.  The  expression  for  shincf)  in  Art.  318  may  be  put  into 
a different  form;  for 

sin  (2 na  - 2a  + </>)  = sin  (71-  — 2a  + <£)  = sin  (2a  - <^>), 
sin  (2na  - 4a  4-  6)  = sin  (tt  - 4a  + <£)  = sin  (4a  — <f>), 
and  so  on. 

Then  by  multiplying  together  the  second  factor  and  the  last,  the 
third  and  the  last  but  one,  and  so  on,  we  have 

sin  ncji  = 2n~1  sin  </>  (sin2  2a  — sin2  </>)  (sin2  4a  - sin2  <£)... 

It  will  be  necessary  to  examine  separately  the  cases  when  n is 
even  and  when  n is  odd. 


17—2 
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First  suppose  n even;  then  the  factor  sin  (na  + <f>),  that  is, 
cos  <j>,  will  occur  without  any  factor  to  multiply  it : hence  if  n he 
even,  we  have 

sin  ncji  = 2n-]  sin  <jf> cos  <£  (sin2  2a  — sin2  <f)  (sin2 4a  — sin2  <£)... 

. . . {sin2  (n - 4)  a - sin2  <£}  {sin2  (n  — 2)  a- sin2  <£}. 
Next  suppose  n odd;  then  we  have 
sin ii(f>  = 2”-1  sin  (sin2  2a  — sin2  cj>)  (sin2  4a  — sin2  <£)... 

. . .{sin2  (n-  3)  a-  sin2  <£}  {sin2  (n  - 1)  a - sin2  <£}. 

Similarly  from  the  formula 

cos  n<f)  = 2n~ 1 sin  (<£  + a)  sin  (^>  + 3a)  sin  (<£  + 5a)  . . . sin  (2wa  — a + <£) 
we  obtain  if  n be  even 

cos  nd>  = 2n~l  (sin2 a — sin2  <f)  (sin2  3a  — sin2 <£)... 

. . . {sin2  (n  — 3)  a - sin2  <£}  {sin2  (n  -1)  a-  sin3  <£} ; 

and  if  n be  odd 

cos  ncji  = 2”_1  cos  cji  (sin2  a - sin2  <ft)  (sin2  3a  - sin2  <£)... 

. . . {sin2  (n  — 4)  a — sin2  <£}  {sin2  (n  — 2)  a - sin2  <£}. 

320.  We  can  now  resolve  sin  6 and  cos  6 into  their  factors. 
Suppose  ncjj  = 6 and  that  n is  odd;  then  by  the  preceding  Article 

sin 6 = 2"-1  sin  — ( sin2 2a  — sin2 ( sin2 4a  — sin2 -^  ... 

n \ n)  \ nj 

6 

Divide  both  sides  by  sin  - , and  then  diminish  6 indefinitely ; since 
6 

the  limit  of  sin  0-i-sin-  is  n we  obtain 
n 

n = 2n_1  sin2  2a  sin2  4a. . . ; 
therefore  by  division, 
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Now  suppose  n to  increase  without  limit ; then  since  a = 


sin- 


e 


. e 

■n  0 sm~  0 

the  limit  of  is  - , the  limit  of  is  w , and  so  on  : 

sin  2a  7r  sm  4a  27 r 


thus  finally. 


“9  = K1”4(1_2v)(1''3v)---  ' 

We  shall  obtain  the  same  result  if  we  begin  by  supposing  n even. 
Similarly  we  may  shew  that 


321.  In  the  same  way  as  x2n  — 2x"  cos  6 + 1 was  decomposed 
in  Art.  317  we  may  decompose  x2n  — 2xnan  cos  0 + a2n,  and  each 
quadratic  factor  of  the  last  expression  will'  be  of  the  form 


x2  — 2xa  cos  ^r7r+  ^ + az}  -where  r is  an  integer ; and  all  the  factors 


are  found  by  giving  to  r in  succession  the  values  0,  1,  2, ...  n—  1. 


2(n  — 1W  + 0 2tt  — 6 2(n  — 2)ir+6  4zir  — 6 

And  cos — = cos , cos — = cos 


n n n n 

and  so  on;  thus  all  the  factors  will  be  found  if  we  take 

x2  — 2xa  cos  — - + a2,  and  use  both  signs  and  give  to  r in  suc- 


n—\ 

cession  the  values  0,  1,  2,...  up  to  --  if  n be  odd,  and  up  to 

A 


^ if  n be  even ; in  the  latter  case  when  r = ^ we  must  take  only 
2 2 - 


one  factor  x2  — 2xa  cos  n7r+-  + a 2 


Now  suppose  x = 1 4-  ^ > an<*  a - 1 - n ‘}  t^us 
*2 


(1+s)  -a(1_ s?)  cose+(1_&) 
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is  the  expression  to  be  decomposed  into  factors ; and  the  general 
form  of  the  factors  is 


2r7r±  0 


0-rJ> 


that  is,  K1+®)-2(l_S?) 

. „ 2r7r  =±=  6 , 


that  is, 


2r7r±6 

s , 

n 

2r7r  =t  6\ 


4^^(1+S?C°t!  2 n 


Suppose  n to  increase  indefinitely  - then 

(}  + = (1  “ in)  = e_*’  (Al9d™,  Art.  552), 


also 


Z 2 2r?r±0 

1—2  COt 
4n2 


2n  (2vtt  ± 0)2 

and  by  putting  « = 0 ve  obtain 

A - 2$  ; • 2 6 1 . 227T±0  > .b47T±0 

4 sm  - = 4 sm  — 4 sin — - — 4 sm  — - — . . . ; 

2 2n  2 n 2 n 

thus  finally 

* - 2 008  e + = 4 s“"  I {i + Pi  l1 + l1  + (cby 


Let  i stand  for  1) ; then  we  may  put 

, n „ . . 6 + lz  . 6 - LZ 

e — 2 cos  0 + e =2  (cos  lz  — cos  0)  = 4 sm  — ^ — sm  — : 

it  will  be  a useful  exercise  to  resolve  sin  — ^ — and  sin  — lZ 

2 2 

into  factors  by  Art.  320,  and  to  shew  that  the  result  agrees  with 
that  which  has  just  been  obtained. 

For  6 put  7r  + <£ ; thus  we  can  obtain  a formula  for  resolving 
■e*  + 2 cos  <£  + e~z  into  factors. 
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322.  It  is  usual  in  works  on  Trigonometry  to  give  a brief 
though  unsatisfactory  demonstration  of  the  results  of  Article  320 
in  the  following  manner. 

Since  sin 0 vanishes  when  0 = 0,  or  ± tt,  or  ± 2ir,  ...it  follows 
that  sin  0 must  he  divisible  by  0,  0 + tt,  6-tt,  6 4-  2tt,  6 -2tt,  ...  ; 
therefore  we  may  assume  that 

sin  0 = A9  (0  - tt)  (0  -k)  (0  - 2 tt)  (0  + 2ir)  (0  - 3tt)(0  + Zn) . . . 
where  A is  some  quantity  independent  of  0;  thus  we  may 
suppose 


/,  e‘\{ 

& 02 \( 

\ 

r 2vv  \ 

< "svy 

where  a is  also  some  quantity  independent  of  0.  Divide  both 
sides  by  0 and  then  suppose  0 = 0;  thus  a = 1,  and  consequently 


Sir 


Again,  since  cos 6 vanishes  when  0 = or  ± — , ...  it 

TT  7T  3^ r 

follows  that  cos  0 must  be  divisible  by  0 — 9+-x,  0 — — , 

AAA 

3^ 

0 + — , ...  therefore  we  may  assume  that 

where  A is  some  quantity  independent  of  0 ; thus  we  may 
suppose 

where  a is  also  some  quantity  independent  of  0 ; and  by  putting 
0 = 0 we  find  a = 1 ; thus 


The  portions  of  the  preceding  investigations  which  are  printed 
in  italics  involve  assumptions  which  cannot  be  considered  legitimate. 
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323.  De  Moivre's  property  of  the  Circle.  Let  0 be  the  centre 
of  a circle,  P any  point  within  it  or  without  it ; divide  the  whole 


circumference  into  n equal  arcs  BC,  CD,  DE,  ...,  beginning  at 
any  point  B,  and  join  0 and  P with  the  points  of  division 
B,  C,  D,...  Let  BOB  = 6 ; then  will 

OP2"  — 20P"  . 0Bn  cos  nd  + OB2"  = PB2 . PC2 . PD2.  ..ton  factors. 

Lor  PB2  = OP2  - 20P . OB  cos  6 + OB2, 

pc2 = op2  -20P.0C  cos  (e + + OC2, 

PD2  = OP2  - 2 OP . OD  cos  (e  + ^ + OD2, 

and  the  radii  OB,  OC,  OD  are  all  equal. 

Thus,  by  Arts.  317  and  321,  the  product  of  all  the  terms  on 
the  right-hand  side  of  these  equations  is 

0P2n  - 20Pn . 0Bn  cos  nd  + OB2" ; 
this  proves  the  proposition. 
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The  particular  case  when.  P is  on  the  circumference  may  he 
noticed;  then 

rvo  @ 

20 Bn  sin  — = PB  . PC . PD  ...  to  n factors. 

Jj 

Cotes’ s properties  of  the  Circle.  These  are  particular  cases  of 
De  Moivre’s  property  of  the  circle. 

Let  OP  produced  if  necessary  meet  the  circle  at  A,  and  sup- 

r 

pose  AB  = BC  — — : then  n6  = 2-n-.  Thus  we  obtain 
n 

(0Pn  - 0Bn)2  = PB2 . PC2  .PD2  ...ton  factors ; 

therefore  0Pn ~ 0Bn  = PB . PC . PD  ...  to  n factors. 

Again,  let  the  arcs  AB,  BC,  ...  be  bisected  at  a,  b,  ...;  then 
by  the  theorem  just  proved, 

0P2n ~ 0B2n  — Pa . PB . Pb . PC  ...  to  2n  factors ; 

therefore  by  division, 

0Pn  + 0Bn  = Pa . Pb  . Pc  ...  to  n factors. 


324.  It  has  been  stated  in  Art.  169,  that  the  tables  of  the 
logarithms  of  Trigonometrical  functions  can  be  calculated  without 
the  use  of  the  tables  of  the  Natural  functions ; we  will  here  briefly 
indicate  how  this  may  be  effected.  We  have 


sin  6 


-(-SO 


put  — 7T  for  0 and  take  logarithms  : thus 
1 n 2 ° 


. . m 7r  , m . tt  . m“  \ 

log  sm  — K = log 1-  log  tt  + log  1 - —s 

° n 2 & n & 2 °\  4^7 

+ log(1-2&)  + log(1 


m2  \ 

+- 
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The  terms  in  the  last  line  may  he  expanded  by  Art.  145  in 
series  which  will  converge  with  sufficient  rapidity ; thus  we  shall 
have  if  /x  denote  the  modulus 


log  sin  — ^ =log7r+logw+log(2w+m)+log(2w-7w)-3(log2+logn) 
/111  \m2 

-£(1+1+1+  w 

2 U*  64  8‘  "7  n' 

/x  / 1 1 1 \m6 

" 3 V46  + 66  +F  + '”)^ 


Similarly  we  may  find  log  cos 


(Airy’s  Trigonometry.) 


^ 


Ay// A 

/A  7 *.*. 


& 


7T1/L'  ^/ryt'  J'-rr'J  ' ' ' ' 

<*.  ■/ ■■  -/  />  *•  EXAMPLES. 
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Sum  the  infinite  series 


1111 

l2  + 23  + 33  + 42 


2.  Sum  the  infinite  series 


l4  + 24  + 34  + 44  +’- 


3.  Sum  the  infinite  series 


1 1 1 1 

l2  + 32  + 52  + V 


4.  Sum  the  infinite  series 


14  + 34  + 54  + 74  + 


5.  If  a = -r-,  shew  that 
4 n 


sin  a sin  5a  sin  9a sin  (4 n — 3)  a = 2"'n+£. 


. =.  ^ tSL^  (^4  V-(pJ -2j6  ■+ 

(X  — — r 

ycU  ^ 
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6.  A polygon  of  n sides  inscribed  in  a circle  is  such  that  its 
sides  subtend  angles  a,  2a,  3a,  ...  na  at  the  centre : shew  that  the 
ratio  of  the  area  of  this  polygon  to  the  area  of  the  regular 

inscribed  polygon  of  n sides  is  equal  to  that  of  sin  ~ to  n sin  ^ . 

A A 


7.  The  product  of  all  the  straight  lines  that  can  be  drawn 
from  one  of  the  angles  of  a regular  polygon  of  n sides  inscribed  in 
a circle  whose  radius  is  a to  all  the  other  angular  points  is  nan~l. 

a:  z^CL  ** Ooi.  ? - 3/S-  faj 

8.  If  px,  P2,---P2n- 1,  P2n  he  the  perpendiculars  drawn  from 
any  point  in  the  circumference  of  a circle  of  radius  a on  the  sides 
of  a regular  circumscribing  polygon  of  2n  sides,  shew  that 

an 

PiPsPa  • P2n- 1 + P2Pi  -P»  = jp=i- 

9.  A polygon  is  described  about  a circle  touching  it  at  the 
angular  points  of  an  inscribed  polygon ; the  product  of  the  perpen- 
diculars drawn  to  the  several  sides  of  the  inscribed  polygon  from 
any  point  in  the  circumference  of  the  circle  is  equal  to  the  pro- 
duct of  the  perpendiculars  drawn  from  the  same  point  to  the 
several  sides  of  the  circumscribed  polygon. 

10.  Shew  thaA 

16  cosAcos  (72 °-A)  cos  (72°+-4)  cos  (144°-J4)cos(144°-i-.4)=cos5.4. 


11. 


12. 


From  the  expression  for  sin  6 in  factors  shew  that 

36  144  324  576  ^ ' T 

77  .‘35 '143 ‘323  *575  

Shew  that  ^ ~ ^ ^ 6j  (j  wj 


e*  + e~*  = 2 ( 1 + 


■S)(1+h?)(] 


4s2  \ 

+ 5V)“‘ 


13.  Shew  that 


Ysl^ 
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14.  Find  the  sum  of  the  series  formed  by  multiplying  to- 


16.  Shew  that  sin  5 A — cos  5 A = - ^ 

= 16  cos  (A  — 27°)  cos  (A  + 9°)  sin(J.  + 27°)  sin(A  — 9°)  (cos  A - sin  A). 

17.  Shew  that 

-a  ~ Os.\  'M  7T  2. 2. 4. 4. 6. 6. 8.8  ... 

0 1 . S . 3 . 5 . 5 . 7 . 7 .ITT 


1 8.  By  aid  of  the  formula  cos  6 = ^ deduce  the  expression 

J 2 sm  0 * 

for  cos  6 obtained  in  Art.  320  from  that  for  sin  9. 


19.  Shew  that 


JL  6j  a^t  3^ 


V 2 


4. 36.  100.  196. 324  ... 
3.35.  99.195.323...* 


20.  Shew  that 


J3  8.80.224.440... 

2 T 9. 81 .225.441  ...* 


(z  Y .yjy  21.  Shew  that  cos  x + tan  ~ sin  x = > * 


' * \ 


V 

22.  Shew  that  cos  x — cot  ~ sin  x = 
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ro  . cos  x — cos  y 

23.  Shew  that  — ^ — = 

1 — cos  y 


(‘-so 


1 

fj  x ) 

li  1 

(l  35  ) 

(2  TT-y)2} 

l (2  *-  + y)'J 

1 (4tt  — y)*) 

1 (47T  + 2/)2] 

24.  Shew  that  = 

1 + cos  y 


(’T-y)s}{1  (>r  + 2/)a}{1  (Sir-^)*}!1  (3 


r+i/)1)'" 


25.  Shew  that 

sm  y 

0 +t)(1  + V1  “ ^i)  (X  +^T~y)  (* " 2^)  - 

26.  In  Example  21  by  expanding  both  sides  in  powers  of  x 
and  equating  the  coefficients  of  x,  shew  that 

2 2 2 


V 2 
tan-  = 


2 2 

2 7r  — y 7r  + y 3tt  — y Sir  + y 5V  — y &7r  + y 


27.  Shew  in  like  manner  from  Example  22  that 

2 2 


, y 2 
cot  ^ = 


2 2 
+ 


2 y 2tt  — y 2i r + y Air  — y 4-7 r + y 

28.  Shew  that 

7T  _ ! 1_  1 1_  1 1 v U 

3^3  _1  2 + 4 5 + 7 _ 8 + TO  — ‘ ' 


29.  Shew  that 


7T  11 

1 

f 

1 

1 1 

cl-l  ^ 

273 = "5+7 

11 

13 

17  + 19 

30.  Shew  that  -3 — = 

CveU 

siny 

11  1 1 

1 

1 

J 

1 

1 

y Tt-y  2? r-y  7 t + y : 

2rr  + y 

T 0 

i)7T- 

-7/  4tt  - y 

37T  + 7/^’ 
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XXIY.  MISCELLANEOUS  PROPOSITIONS. 

325.  Many  demonstrations  have  been  given  of  the  very 
important  formulae  of  Arts.  76  and  77;  see,  for  example,  the 
Messenger  of  Mathematics,  Yol.  in.  pages  100  and  123.  The 
demonstrations  which  we  have  adopted  have  the  great  advantage 
of  being  readily  applicable  whatever  may  be  the  size  of  the  angles. 
The  following  process  is  very  simple  for  the  case  of  angles  which 
are  not  too  large. 


D 


Let  the  angle  COD  be  denoted  by  A,  and  the  angle  CD 0 
by  B ; draw  CF  perpendicular  to  OD,  and  DM  perpendicular 
to  OG  produced. 

Then  the  angle  DGM—  A + B. 


Now  by  similar  triangles,  or  by  two  expressions  for  the  area 
of  the  triangle  OGD,  we  have 


OG . DM  = OD  . CM. 


(1). 


Therefore 


DM  OD  , CM 
CD  ~ OG.CD 


(OF +FD)  CM 
OG.CD 


CF  FD  OF  CF 
OG'  CD  + OG'CD’ 


that  is,  sin  (A  + B)  = sin  A cos  B + cos  A sin  B. 

Again,  by  similar  triangles,  or  by  Euclid,  in.  36,  Cor., 

OC . 0M=  OF.  OD ; 
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therefore 

therefore 

therefore 
that  is, 


00 . CM+  OG2  = ON . ND  + ON*, 
00 . CM=  ON.  ND  - ON2 ... 


CM__ON  ND 
CD  ~ 00  ' CD 


O N ON 
00  • CD  ’ 


cos  (A  + B)  = cos  A cos  B — sin  A sin  B. 


Again,  from  (1)  and  (2), 


(2), 


DM  00.  DM  OD.CN  (ON  + ND)  ON 

CM  ~ 00  . CM  ~ ON  .ND-  ON 3 ~~  ON.  ND  - ON2 

ON  ON 
ON+lm 
~ _CN_  CN_’ 
l~0N'  ND 


that  is, 


tan  (A  + B)  = 


tan  A + tan  B 
1 — tan  A tan  B * 


326.  Having  given 

sin  (A  + B)  = sin  A cos  B + cos  A sin  B, 
and  cos  (A  + B)  = cos  A cos  B — sin  A sin  B, 

we  can  deduce  the  formulae  for  sin  (A  — B)  and  cos  (A  — B). 

For  put  A-rB  = S;  therefore  A = S — B.  Thus 
sin  S = sin  ( S-B ) cos  B + cos  (S - B)  sin  A, 
cos  8 = cos  (S  — B)  cos  B — sin  (S  — B)  sin  B ; 

multiply  the  first  by  cos  B,  and  the  second  by  sin  B,  and  subtract, 
and  we  obtain  the  formula  for  sin  (S-B):  multiply  the  first  by 
sin  B and  the  second  by  cos  B , and  add,  and  we  obtain  the  formula 
for  cos  (S  — B). 

Similarly  from  the  formula  for  tan  (A  + B)  we  can  deduce  the 
formula  for  tan  (A  — B). 

We  might  even  deduce  all  the  other  formulae  from  that  for 
sin  (A  + B).  For  since 

(sin  A cos  B + cos  A sin  B)2  + (cos  A cos  B - sin  A sin  B)2  = 1, 
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it  follows  that  if  sin  (A  + B)  = sin  A cos  B + cos  A sin  B,  then 
cos2  {A  + B)  = (cos  A cos  B — sin  A sin  Bf, 
and  therefore 

cos  ( A + B)  = ± (cos  A cos  B — sin  A sin  B) ; 
and  a little  consideration  shews  that  we  must  take  the  upper 
sign. 

327.  In  Chapter  viii.  we  have  given  exact  expressions  for  the 
sines  and  the  cosines  of  certain  angles;  we  may  add  that  the  sines 
and  the  cosines  of  some  other  angles  can  be  readily  obtained  by 
calculating  the  roots  of  certain  equations. 

For  example,  we  know  that 

sin  30°  = 3 sin  10°  - 4 sin3 10° ; 
put  x for  sin  10°:  thus 

l = 3a  - 4a3. 

A 

Now  by  Horner’s  method  which  is  explained  in  the  Theory  of 
Equations  we  can  easily  calculate  the  numerical  values  of  the 
three  roots  of  this  equation;  the  least  positive  root  will  be  equal 
to  sin  10°,  and  the  greatest  positive  root  be  equal  to  sin  50°,  and 
the  negative  root  fco  - sin  70°:  see  Arts.  105  and  106. 

It  is  obvious  that 

sin  10°  + sin50°  — sin70°  = 0, 

so  that  the  accuracy  of  the  calculation  can  be  easily  tested. 

Since  sin  10°  can  thus  be  found,  and  sin  9°  is  also  known,  we 
can  by  ordinary  arithmetical  calculation  find  the  sine  and  the  cosine 
of  1°;  and  then  the  sine  and  the  cosine  of  any  multiple  of  1°. 

328.  The  propositions  which  are  given  in  Chapter  ix.  admit 
of  some  extensions  beyond  the  enunciations  to  which,  for  the  sake 
of  simplicity,  we  have  there  confined  ourselves.  It  will  be  suffi- 
cient if  we  consider  only  'positive  angles. 

We  have  shewn  in  Art.  116  that  sin  0 is  less  than  6 so  long 

as  6 is  less  than  ~ ; it  is  obvious  then  that  sin  0 is  less  than  0 for 
A 

every  value  of  6. 
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Now  consider  Art.  120.  The  demonstration  thero  given  de- 

0 0 

pends  on  the  fact  that  tan  - is  greater  than  - . Thus  it  is  really 
Z Z 

o3 

shewn  that  sin  6 is  algebraically  greater  than  # - — as  long  as  0 

is  less  than  tt  : on  examination  we  shall  find  that  this  holds  for 

/ 03\ 

every  value  of  6;  that  is,  sin0  - ( 0 — -^j  is  always  positive.  For 

Q3 

we  find,  by  calculation,  that  -j  — 6 is  greater  than  unity  when 
0 = tt,  and  it  increases  as  0 increases  beyond  this  value : thus 

o3 

— 6 + sin  6 is  always  positive.  And  sin  0 is  arithmetically  greater 

o3 

than  6 — certainly  as  long  as  both  are  positive,  that  is  certainly 

up  to  6 = 2,  which  is  beyond  6 = ^ . 

z 

Next  consider  Art.  121.  From  that  Article  combined  with 
the  extension  just  given  to  Art.  116,  it  follows  that  cos  6 is  always 


algebraically  greater  than  1 


I' 


And  from  Art.  121  combined 


with  the  extension  just  given  to  Art.  120,  it  follows  that  cos0  is 

/ 62\2  0 

algebraically  less  than  ( 1 — — J , certainly  as  long  as  ^ is  less 

than  2 : hence  it  follows  that  cos  0 is  always  algebraically  less 

($2\2 

1 — — J , for  this  expression  is  greater  than  unity  if 

e 

^ is  not  less  than  2.  But  cos  0 is  not  always  arithmetically 
& 

On  the  other  hand 


greater  than  1 — , even  if  9 is  less  than 

z 


2' 

Q2K2 


f 6\ 2 

cos  6 is  arithmetically  less  than  f 1 — — j , while  6 lies  between 

0 and  some  value  which  is  greater  than  ^ and  less  than  tt. 

~ Z 

Now  consider  Art.  130.  In  the  same  manner  as  we  extended 
Art.  120  we  can  shew  that  sin  0 is  algebraically  greater  than 
t.  t.  18 
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(9  — g-  for  every  value  of  9,  and  that  sin  9 is  arithmetically  greater 
63 

than  0 — -q,  certainly  up  to  9 = JQ.  And  cos  9 is  algebraically 
62  94  9 

less  than  1 — i>  + , certainly  as  long  as  ^ is  less  than  JQ  : 

A Ai  A 

hence  it  will  follow  that  cos  9 is  always  algebraically  less 

0 a 04  02  04 

than  1 — 2 + 2i"  C°S  ^ ar^ime^ca^2/  ^ess  ^an  1 — + 24  > 

7T  62  6 * 

certainly  while  9 lies  between  0 and  ^ i for  1 - is  positive 

throughout  this  range,  and  until  9-  J(Q  — Jl2). 

329.  We  may  add  the  following  proposition  to  those  of 
Chapter  ix. : 

If  9 be  the  circular  measure  of  a positive  angle  less  than  a 

o3 

right  angle  tan  9 is  greater  than  9 + — . 

O3 

For  sin  9 is  greater  than  9 — ^ , and  cos  9 is  less  than 

02  04 

1 ~~  ~2  + 04  ’ ^erefore 


93 


tan  9 is  greater  than  ry  ; 

i V V 

1-2  + 2j 


hence,  by  division,  we  find  that 


tan  9 is  greater  than  9 + — + 
o 


Now  if  9 is  less  than  - both  the  numerator  and  the  denomi- 
A 

nator  of  the  last  fraction  are  certainly  positive ; and  so  tan  9 is 
93 
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Also,  since 

and 

we  have 
therefore 


26  - 2 sin  0 is  less  than 
tan  6 — 0 is  greater  than 


20-2  sin  0 less  than  tan 0-0 ; 

1 2 

0 is  less  than  y tan  0 + - sin  0. 

o o 


(Serret’s  Trigonometry.) 


330.  The  following  is  an  extension  of  Art.  149:  the  quan- 
tity e cannot  he  the  root  of  a quadratic  equation  with  rational 
coefficients. 

For  suppose,  if  possible,  that 

ae2  + he  + c-  0, 

where  a,  h , c are  integers : we  may  take  a positive.  Divide 
by  e j thus 

ae  + ce~1  + 6 = 0. 

Replace  e by  the  series  1 +1  + ^+  -^+^+...  • and  e-1  by 

z H \± 

the  series  1 - 1 + ^ — + — — ... , which  we  obtain  by  putting 

* Lr  L_ 

- 1 for  x in  the  expansion  of  ex : then  multiply  by  [ n.  Hence 
we  obtain 

——j  (l  + — ^ + ...}  ± (l n + •••)  = an  integer. 

?a+l(  n + 2 J ?i+l(  n + 2 j ° 

We  can  always  make  ± nfi  positive  by  taking  n odd  when 

c is  positive,  and  n even  when  c is  negative.  Then  by  supposing 
n large  enough  we  have  a fraction  on  the  left-hand  side  of  the 
equation,  which  of  course  cannot  be  equal  to  an  integer. 

(Liouville’s  Journal  de  Mathematiques,  1840.) 
We  may  add  that  it  has  also  been  demonstrated  that  no 
commensurable  power  of  e can  be  a rational  quantity  : see  Algebra , 
Art.  803. 

18—2 
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331.  The  following  theorem  is  giyen  for  the  sake  of  an 
important  application : 

EDII  is  a triangle  haying 
the  sides  ED  and  DU  equal. 

Produce  DU  to  any  point 
U \ and  EH  to  a point  I, 
such  that  EP  — kDII . DU. 

Draw  ’ DM  at  right  angles 
to  DE,  and  IM  parallel  to 
DE.  Then  the  circle  which 
has  the  centre  I and  the 
radius  IM  will  touch  the  cir- 
cle which  has  the  centre  U 
and  the  radius  UD. 

Let  DU  = h,  El  = i, 

DN  = n ; DEU  = 0. 

Then  EU  — 2h  cos  0 ; and  from  the  triangle  I IIN 

IU2  = (i  — cos  6)2  + (n  — hf  — 2(n  — h ) ( i — 2h  cos  0)  cos  0 

= i2  + (n-  hf  -2 i(n  + h)  cos  6 + 4 nh  cos2  6 
= (n  + lif  -2i(n  + h)  cos  0 + i2  cos2  0 
= (n  + h — i cos  6f. 

Thus  IU  = DU-  IM;  therefore  DU  = IU  + IM,  which  de- 
monstrates the  theorem. 

332.  The  application  of  the  preceding  theorem  which  we 
propose  to  make  is  this : the  nine  points  circle  of  any  tria/ngle 
touches  the  inscribed  circle  and  the  escribed  circles  of  the  triangle. 

For  an  account  of  the  nine  points  circle  the  student  is  referred 
to  the-  Appendix  to  Euclid,  pages  317,  318,  where  the  following 
theorems  are  demonstrated : ABC  is  a triangle,  and  P is  the 
intersection  of  the  perpendiculars  from  A,  B,  C on  the  opposite 
sides ; the  circle  which  passes  through  the  middle  points  of 
PA,  PB,  PC  passes  through  the  feet  of  the  perpendiculars  and 
through  the  middle  points  of  the  sides  of  the  triangle;  the 
diameter  of  the  nine  points  circle  is  equal  to  the  radius  of  the 
circumscribed  circle  of  the  triangle. 
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Let  ABC  be  a triangle,  0 the  centre  of  the  circumscribed 
circle,  B the  middle  point  of  BC ; let  AG  be  perpendicular  to  BC, 
let  P be  the  intersection  of  the  perpendiculars,  F the  middle 


point  of  PA.  Let  OB  be  produced  to  meet  the  circumference  of 
the  circumscribed  circle  at  E • join  OA,  AE , and  ED. 

Since  the  nine  points  circle  passes  through  D,  F,  G it  follows 
that  DF  is  a diameter ; and  therefore  BE  = OA.  Hence  since 
OB  is  parallel  to  AF,  we  see  that  BE  is  parallel  to  OA.  Thus  if 
II  be  the  point  of  intersection  of  EA  and  FD  we  hare  EB  = BH. 

Suppose  that  in  Art.  331  the  letters  D,  E,  I indicate  the 
same  points  as  in  Art.  253.  Let 


thus  N is  the  centre  of  the  nine  points  circle  of  the  triangle ; and 
therefore  the  nine  points  circle  touches  the  inscribed  circle. 

Again,  suppose  that  in  Art.  331  the  letters  D,  E indicate  the 
same  points  as  in  Art.  253;  and  let  I now  denote  what  was  de- 
noted by  J in  Art.  253  ; then  we  see  that  the  nine  points  circle 
touches  the  escribed  circle  which  is  opposite  the  angle  A. 
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Since  the  nine  points  circle  of  the  triangle  ABC  passes  through 
the  middle  points  of  AB,  BP,  and  PA,  it  is  also  the  nine  points 
circle  of  the  triangle  APB  • and  so  it  touches  the  inscribed  and 
escribed  circles  of  that  triangle.  A similar  remark  holds  -with 
regard  to  the  triangles  BPC  and  CPA. 


333.  For  the  following  investigation  of  the  theorem  of 
Art.  286,  and  of  a corresponding  theorem,  I am  indebted  to 
the  late  Professor  De  Morgan. 

It  is  easy  to  see  that  cos  n6  can  be  developed  into  a series  of 
powers  of  cos  6 ; we  require  the  law  of  the  coefficients. 

"We  know  from  Art.  310  that  if  x be  less  than  unity 


1 - £C2 

% — -x j. 2 = 1 + 2x  cos  6 + 2x2  cos  26  + 2x 3 cos  30  + . . . : 

1 - 2x  cos  6 + x2 

but  without  using  imaginary  quantities  this  equality  may  be 
demonstrated  by  clearing  of  fractions.  The  left-hand  member 
may  be  expanded  by  the  Binomial  Theorem  into  the  series 


1-  x2  (1  — x2)  x 
l+x2+  (l+xf 


2 cos  0 + ...  + 


(1  —x2)  xm 
(1  + x2)m+1 


(2  cos  6)m+ 


and  by  comparing  this  with  the  right-hand  member  we  obtain  the 
following  result : the  coefficient  of  (2  cos  6)m  in  the  development  of 
2 cos  n 6 is  equal  to  the  coefficient  of  x“  in  the  expansion  of 


(l-x2)k 


(i  + *7 


that  is  to  the  coefficient  of  xn-m  in  the  expansion  of 


1-x2 

(1  + x2)ro+1 ! 


Hence  n — m must  be  even,  say  equal  to  2r,  so- that  m-n-2r. 
The  coefficient  required  is  therefore  that  of  yr  in  the  expansion  of 


1 -y 

(1  + yrw 


and,  by  the  Binomial  Theorem,  this  is 


(~l)r 


f(n—2r+ 1)  (n-2r+2)...(n-r)  (n-2r+l)  (n-2r+2)...(n-r—V)'\ 

(.  Jr  + EEI  J 
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/ isr  (ra-2r  + l)  (n-2r  + 2)...(n-r-l) 
that  is  (-  1 Yn  — ; — . 

Ir 

In  the  same  manner,  starting  from 
x sin  6 


1 - 2x  cos  6 + xs 


= x sin  6 + x2  sin  20  + x3  sin  30  + . . . , 


we  see  that  the  coefficient  of  (2  cos  0)m  in  the  development  of 
S^n  is  equal  to  the  coefficient  of  xn  in  the  expansion  of 

m+1 

. Hence  we  shall  find  that  the  coefficient  of 


(1  + 

(2  cos  6y~2r~l  in  the  development  of  is 


/ 1Nr(^-2r)  (w-2r  + 1)  ...  (w-r  — 1) 

v-1)  • 

334.  The  following  is  a very  general  theorem  in  the  summa- 
tion of  Trigonometrical  Series. 

Having  given  the  value  of 

c0  + cxx  + c2x*  + ...+cnxn, 

where  cQ,  c , ...  cn  are  independent  of  x ; required  the  value  of 
c0  cos  a + cl  COS  (a  + /?)  + . . . + cn  cos  (a  + n/3), 
and  c0  sin  a + c}  sin  (a+  /?)  4- ...  + cMsin  (a  + n/3). 

Let  f (x)  denote  the  known  value  of 

ca  + ope  + cp ca  + . . . + cnxn.  _ 

For  x put  in  succession  e‘£  and  e~LP ; multiply  the  former 
result  by  ela,  and  the  latter  by  e~La,  and  add : thus 


c0  cos  a + cl  cos  (a  + /3)  -t-  . . . + cn  cos  (a  + nfi) 


1 

2 


xfifp),  + e-laf(e~'P)  J . 
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Similarly 

c0  sin  a + Cj  sin  (a  + f3)  + . . . + cn  sin  (a  4-  n/3 ) 

The  expressions  thus  obtained  on  the  right-hand  side  must  be 
reduced  and  simplified ; we  have 

elaf(elP ) = (cos  a + i sin  a) /(cos  (3  + i sin  (3), 
e~ia  f (e~lP)  = (cos  a — l sin  a)  / (cos  /3  - i sin  /3) ; 

and  when  a definite  meaning  is  assigned  to  f (x)  we  can  obtain  a 
definite  result. 


335.  The  investigations  of  Arts.  310  and  311  will  furnish 
examples  of  Art.  334 ; for  another  example  take  the  following : 
let 

c„  = l,  e,-«h,  c=n^ph\  ; 

thus  / ( x ) = (1  + hx)n. 

Then  / (eLP)  - (1  + h cos  (3  + di  sin  f3)n 

= rn  (cos  </>  + 1 sin  </>)” 

= r11  (cos  n<[)  + i sin  n</>), 
r cos  <f>  = 1 + h cos  f3 , and  r sin  </>  = h sin  (3, 

h sin  (3 


where 

so  that  r2  = 1 + 2 h cos  (3  + h2,  and  tan  </>  = 


1 4 - h cos  (3 

Similarly  f = rn  (cos  nd>  — t sin  ncfi). 

Hence  finally 

n (n  — 1) 


h2  cos  (a  + 2/3) 


hn  cos  (a  + nfj) 


cos  a + nh  cos  (a  + (3)  + ^ 

= rn  (cos  a cos  w</>  — sin  a sin  n<fi)  = rn  cos  (n<j>  + a), 

and 

sin  a + nh  sin  (a  + /3)  + 71  ^ A2  sin  (a  + 2/3)  + . . . + hn  sin  (a  + n/3) 


rn  sin  (ncf)  + a). 
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Various  particular  cases  are  included  in  these  general  results ; 
for  instance  we  may  put  h — 1 or  — 1 ; we  may  put  a = 0 or  j3 ; 
or  we  may  put  a = my  and  /3  = — y or  — 2y  and  so  on. 


336.  Algebraical  identities  of  more  or  less  interest  can  be 
obtained  by  ascribing  special  values  to  tbe  angles  which  occur  in 

Trigonometrical  formulae.  For  instance  put  6 = ^ in  the  two 

formulae  of  Art.  270 ; put  6 = 0 in  the  four  formulae  of  Art.  288, 

observing  that  the  limit  of  ^ ~ is  n when  6—  0 ; put  6 = 0 in 

the  two  results  of  Art.  333. 


337.  We  will  now  make  a few  remarks  on  the  symbol  1), 
which  has  been  used  very  often  throughout  the  latter  portion  of 
this  book.  We  may  consider  that  the  symbol  has  been  used  in  an 
experimental  manner,  and  many  results  have  been  obtained  by 
means  of  it:  the  point  now  to  be  considered  is  how  far  these 
results  can  be  received  as  true. 

In  the  first  place,  some  of  the  results  obtained  by  using  the 
symbol  — 1)  may  be  shewn  to  be  true  by  other  methods.  Thus 
for  example  in  Art.  333  we  demonstrated  without  the  use  of  the 
symbol  JS/(  — 1)  a result  obtained  in  Art.  286  with  the  aid  of  the 
symbol.  So  also  the  values  of  sin  nO  and  cos  nO  obtained  in 
Art.  270  may  be  verified  by  induction.  Moreover  the  resolution 
of  an  expression  into  factors  in  Art.  317  may  be  effected  without 
the  use  of  J(-l) : see  Theory  of  Equations,  Chapter  xxxi. 

Again,  the  following  example  will  shew  how  in  some  cases 
a strict  demonstration  may  be  obtained  even  with  the  use  of 
the  symbol  */(-!).  Let  n be  a positive  integer,  and  suppose  it 
required  to  expand  cosn0  in  terms  of  cosines  of  multiples  of  6; 
we  may  proceed  as  we  did  in  Art.  280,  supposing  x to  stand 
for  e0V(- 1).  Now  we  know  that 


{f  + e~y)n  =.  eny  + e~ny  + n {e(n“2)2/  + + 


n {n-  1) 
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thus 


+ 


Now  this  is  true  for  all  values  of  y,  that  is,  if  all  the  opera- 
tions indicated  be  performed,  the  two  members  of  the  equation 
are  identically  equal.  We  may  therefore  put—  62  instead  of  y2, 
and  the  result  will  still  be  true.  Thus 


Thus  2"_1  cos"  6 = cos  n6  + n cos  (n  — 2)  6 + 

See  the  Article  Equations  in  the  Encyclopaedia  Britannica  by 
Ivory,  and  Airy’s  Trigonometry. 

Finally,  the  student  may  be  informed  that  a theory  has  been 
constructed  which  offers  a complete  explanation  of  the  symbol 
(S/(—  1),  and  thus  enables  us  to  obtain  rigid  demonstrations  by  the 
use  of  this  symbol.  It  is  not  consistent  with  the  plan  of  the 
present  work  to  give  any  account  of  this  theory;  the  student, 
however,  is  recommended  hereafter  to  read  the  Trigonometry  and 
Double  Algebra  of  Professor  De  Morgan. 

338.  The  ratio  of  the  circumference  of  a circle  to  the  diameter 
is  denoted  by  7 r;  this  quantity  7 r cannot  be  commensurable,  nor 
can  7 r2:  we  will  give  a demonstration  of  the  latter  statement, 
which  of  course  includes  the  former.  The  demonstration  depends 
on  the  theory  of  Continued  Fractions  which  is  explained  in  the 
Algebra , Chapter  lvii,  and  will  be  readily  intelligible  to  a student 
who  has  mastered  that  Chapter. 


= 1- 


n*e  n464 


i?  + If 
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Let  /( y)  stand  for 


x x * x 

1 “ 177  + I - 2.7(7+ 1)  " 1.2. 3. 7(7+1)  (7+2)' 


then 


therefore 


/(r+i)-/(r)  = 


x 


Ay) 


7(7  + 1) 

x' 


/(y  + 2); 


= 1- 


f(y  + 2) 


/(7+1)  7(y  + l) /(>  + !)’ 


Put 


„ /(7+1)  1 £C2  , 

2;  for  . , then  s = % -where  it  , and 

/( 7)  _ i-iv^  J 7(7+ 1) 

% is  what  z becomes  when  7 is  changed  into  7 + 1 . 

Thus  ^7±1I  can  be  transformed  into  an  infinite  continued 

/ (7) 

fraction  of  the  second  class;  see  Algebra , Art.  778.  Put  - for  7, 

A 

and  ~ for  x ; then  f(y)  = cos  0,  and  f(y  + 1)  = ^ ^ ; then  multiply 

the  result  previously  obtained  by  0,  and  simplify  the  fractions. 
Thus  we  find  that  tan  $ is  transformed  into  an  infinite  continued 

fraction  of  the  second  class,  in  which  the  first  component  is  6, 

g 2 

the  second  component  is  — , and  generally  the  rth  component  is 

02 

2r- V 

Divide  this  result  by  0,  then  invert  and  transpose;  thus  we 
find  that  1—0  cot  0 is  transformed  into  an  infinite  continued 

Q2 

fraction  of  the  second  class  in  which  the  first  component  is  — , 

o 

Q2 

and  the  rth  component  is  ~ - . 

In  the  last  result  put  ^ for  0)  and  if 
A 

denote  it  by  ^ where  m and  n are  integers.  Thus  we  have  unity 
equal  to  an  infinite  continued  fraction  of  the  second  class,  in  which 


GO' 


is  commensurable 


284 


MISCELLANEOUS  PROPOSITIONS. 


by  simplifying  the  fractions  we  find  the  first  component  is  — , the 
second  component  is  , that  is  ^ , and  the  rth  component  is 


(2r  + 1)  n 


that  is 


2r  + 1 


1 = 


o 

So  that 
m 


3 n-- 


5n  — 


7 n—  ... 

But  this  result  is  impossible,  for  we  know  that  such  an  infinite 
continued  fraction  must  be  incommensurable,  and  so  cannot  be 
equal  to  unity:  see  Algebra,  Art.  792. 

Hence  tt2  cannot  be  commensurable. 


339.  There  is  in  the  investigation  of  Art.  320  a point  which 
may  require  examination. 

0 7T 

Let  <b  stand  for  - , and  B for  - : then  we  have  to  find  the  limit 
^ n n 

when  n is  indefinitely  great  of  -U\-  , where  r is  an  integer  which 

sin  rf3 

(ft j[ 

lies  between  1 and  — - — inclusive.  "We  suppose  that  n is  odd ; 
the  process  is  similar  if  n is  supposed  even. 

How  if  r denote  any  fixed  finite  number,  then  when  n is  in- 

62 

definitely  great  the  required  limit  is  hut  we  are  not  justi- 

fied in  making  this  statement  when  r itself  increases  indefi- 
nitely with  n,  as  for  instance  when  r — n — or  — ^ . The  fact 

however  is  that  in  such  a case  both  ^ and  -f-p  are  indefinitely 

sm2  r{3  T it 

small,  and  we  are  not  led  into  error  by  our  use  of  the  latter  in- 
stead of  the  former.  This  we  will  now  shew. 
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Let  m be  an  integer  which  may  be  as  large  as  we  please  pro- 
vided it  remain  fixed,  so  as  not  to  change  when  n increases ; then 
by  the  method  of  Art.  320  we  shew  strictly  that 


sin  0 = 


where  Q is  the  limit  when  n is  indefinitely  great  of  a set  of  factors 

of  the  type  1 — Sf°„  the  integer  r taking  all  values  between 
sin  r/3  ° & 

m+  1 and  U 0 ^ inclusive.  Now  we  have  to  shew  that  instead  of 
A 


Q we  may  take  the  product  of  a set  of  factors  of  the  type  1 — 2— 2 


the  integer  r taking  the  same  values  as  before.  Let  JR  denote  the 
product  which  we  propose  to  substitute  for  Q ; then  we  must  shew 
that  JR  — Q,  and  this  we  do  by  shewing  that  each  of  them  is  equal 
to  unity. 


Now  we  may  suppose  m large  enough  to  'ensure  that  sin  <f>  is 
less  than  sin  r(3 ; hence  every  factor  in  Q is  positive,  and  less  than 
unity;  so  that  the  limit  of  Q cannot  be  greater  than  unity. 

Let  s = U ~ - m ; then  Q is  greater  than  ( 1 i-  ^ I 

£ l sin  (m-r  l)/3j 

for  every  factor  of  Q is  greater  than  the  first  factor.  But  the  limit 

of  the  last  expression  when  n is  indefinitely  great  is  unity,  as  we 

see  in  the  manner  of  Art.  150. 


Hence  the  limit  of  Q is  unity. 

In  a similar  manner  we  may  shew  that  the  limit  of  JR  is  unity. 

340.  There  is  a point  in  Art.  321  of  the  same  nature  as  that 
just  noticed  with  respect  to  Art.  320,  and  which  we  may  treat  in 
the  same  manner.  It  is  the  statement  that  when  n is  indefinitely 
great  we  have 

z2  2 2r7r  ± 6 _ z 3 

L? COt"  2n  ~(2r7r±6y  ‘ 
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EXAMPLES. 


1.  Prove  that  sin  0 cos  ^ = 8 sin  ^ sin2  sin2  ^ ^ ^ . 

2.  Prove  that 


( 


X)sec2  g - sec: 


tan5  = ^ 


3.  Prove  that 

tan  3(9  — tan  20  — tan  6 = tan  30  tan  20  tan  0. 

4.  Find  x from  the  equation 

tan3  x + cot3  x = m3  — 3 m. 

5.  The  circumference  of  a circle  is  divided  into  2n  equal 

parts  at  the  points  A , P,  Q, Tangents  are  drawn  at  the  points 

A,  P,  Q,  ...  and  perpendiculars  OA,  OB,  OG,  ...  are  let  fall  on 
them  from  0 the  extremity  of  the  diameter  OA.  Shew  that 

OA2  + OB2  + OC2  + =3 n (radius)2. 

6.  ABC  is  a quadrant ; AP,  AQ,  AR  are  three  arcs  in 
ascending  order  of  magnitude,  each  being  less  than  AB,  and 
their  sum  equal  to  twice  AB  ; radii  CP,  CQ,  CR  are  produced 
to  meet  the  tangent  at  A at  p,  q,  r,  and  a triangle  is  formed 
with  Ap,  Aq,  Ar.  Find  the  condition  that  this  may  be  possible, 
and  the  inferior  limit  of  Aq  and  the  superior  limit  of  Ap.  Prove 
also  that  in  all  such  triangles  the  radii  of  the  inscribed  and 
circumscribed  circles  are  inversely  proportional. 

7.  ABC  is  a right-angled  triangle,  C being  the  right  angle, 
E is  the  point  at  which  the  inscribed  circle  touches  BC,  and  F the 
point  at  which  the  circle  drawn  to  touch  AB  and  the  sides  CA,  CB 
produced  meets  CA  ; shew  that  if  EF  be  joined  the  triangle  FEG 
is  half  the  triangle  ABC. 

8.  Through  the  angular  points  of  a triangle  straight  lines  are 
drawn  bisecting  the  exterior  angles.  If  S be  the  area  of  the 
original  triangle  and  S'  that  of  the  new  triangle,  shew  that 


S'  = ^ S cosec  — cosec  ^ cosec  . 
Z A A A 
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9.  ABGB  is  a horizontal  straight  line.  From  a point  imme- 
diately above  B the  known  distances  AB  and  BO  are  observed  to 
subtend  the  same  angle  a.  If  AB  = a and  BO  — b,  shew  that  the 
height  of  the  observer’s  position  above  B is 

‘lab  ( a + b)  tan  a 
(a  — b)2  + (cc  + b)2  tan2  a * 

10.  If  in  any  arc  not  greater  than  a quadrant  a point  be 
taken,  and  from  this  point  two  straight  lines  be  drawn,  one  to  the 
extremity  of  the  arc,  the  other  perpendicular  to  its  chord  and 
terminated  by  it,  prove  that  the  sum  of  these  two  straight  lines  is 
less  than  the  chord  of  the  arc. 

11.  Suppose  a the  angle  of  elevation  of  a cloud,  j3  the  angle 
of  depression  of  the  image  of  the  cloud  seen  by  reflection  from 
a lake,  h the  height  of  the  observer’s  eye  above  the  lake,  then 
the  height  of  the  cloud  is 

h sin  (/3  + a) 
sin(/3  — a) 

12.  At  noon  a person  standing  on  a cliff  h feet  above  the 
level  of  the  sea,  observes  the  altitude  of  a cloud  in  the  plane 
of  the  meridian  to  be  a and  the  angle  of  depression  of  its  shadow 
on  the  surface  of  the  water  to  be  (3;  the  sun  being  behind  the 
observer  when  he  is  looking  at  the  cloud : shew  that,  if  y be 
the  sun’s  altitude  at  the  time  of  observation,  the  height  of  the 
cloud  above  the  surface  of  the  water  will  be 

h sin  y sin  (a  4-  (3) 
sin /3  sin  (y  + a) 

13.  Shew  that  the  formula  of  Art.  280  may  be  verified  by 
induction. 

14.  Shew  that  the  formulae  of  Arts.  282  and  283  may  be 
obtained  from  that  of  Art.  280  by  changing  6 into  ^ - 6. 

15.  Express  cos  6 (tan"1  x)  in  terms  of  x. 

16.  If  a quadrilateral  can  be  inscribed  in  a circle  and  can 
also  have  a circle  described  about  it,  the  area  of  the  quadrilateral 
is  equal  to  the  square  root  of  the  product  of  the  four  sides. 
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17.  The  sides  of  a quadrilateral  figure  are  a,  b,  c,  d ; and 
the  sum  of  two  opposite  angles  is  6.  If  8 denote  the  area  of  the 
figure,  and  s half  the  sum  of  the  sides,  shew  that 

S2=(s-a)(s-b)(s-c)(s-d)-  abed  cos2 1 . 

A 

18.  Shew  that 

na  a 1 n(n+l)  2a  n(n+  l)(n  + 2)(n+  3)  4a 

cos"  0 cos  n6  = 1 — - tan2  6 + — ^ — . , — ^ '-tan4#-. . . 

If  If 

1 9.  Shew  that 

n n • o ± /i  n(n  + l)  (n  + 2) , , „ 

cos  6 sm  nO  = n tan  6 tan  6+  .... 

Jf 


20.  If  9 is  a positive  angle  less  than  ^ shew  that 


continually  increases  with  0. 


6 

tan  d 


continually  decreases  as  6 increases. 

22.  In  the  diagram  of  Art.  332  if  PO  be  joined,  shew  that 
it  bisects  DF,  and  is  bisected  by  DF. 

23.  Shew  also  that  PO  divides  DA  into  parts  which  are 
in  the  ratio  of  1 to  2. 

24.  Shew  that  the  following  four  points  connected  with  any 
triangle  are  in  a straight  line : the  centre  of  the  circumscribing 
circle,  the  centre  of  the  nine  points  circle,  the  point  of  intersection 
of  the  perpendiculars  from  the  angles  on  the  opposite  sides,  and 
the  point  of  intersection  of  the  straight  lines  drawn  from  the 
angles  to  the  middle  points  of  the  opposite  sides. 

25.  Shew  that  the  length  of  the  perpendicular  from  the 

centre  of  the  nine  points  circle  on  BO  is  ^ R cos  (0  — B). 

A 

26.  Shew  that  the  length  of  the  perpendicular  from  the 
centre  of  the  nine  points  circle  on  A G-  in  the  diagram  of  Art.  332 

is  \ R sin  (C  - B). 
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27.  In  the  diagram  of  Art.  332  shew  that 

OP2  = R2  (1  - 8 cos  A cos  B cos  C ). 

28.  Shew  that  the  distance  of  the  centre  of  the  nine  points 

circle  from  the  angular  point  A is  ^ ^/(l  + 8 cos  A sin  B sin  G). 

A 

29.  The  centre  of  the  nine  points  circle  cannot  coincide  with 
the  centre  of  the  circumscribed  circle  unless  the  triangle  is 
equilateral. 

30.  The  centre  of  the  nine  points  circle  cannot  coincide  with 
the  centre  of  the  inscribed  circle  unless  the  triangle  is  equilateral. 


T.  T. 


19 
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MISCELLANEOUS  EXAMPLES. 

1.  If  an  angle  of  3°  be  represented  by  *15  find  bow  many  de- 
grees are  contained  in  the  unit  of  that  measure.  Find  also  wbat 
number  will  represent  a right  angle  in  the  same  measure. 

■2.  The  difference  of  two  angles  is  1°;  the  circular  measure  of 
their  sum  is  1 : find  the  circular  measure  of  each  angle. 

3.  Find  tan  x from  the  equation  tan  x + ab  cot  x = a + b. 

4.  If  sin  3 9 — sin  9 cos  2 9 then  9 = ~ where  n is  zero  or  an 

A 

integer. 

f 5.  If  an  angle  be  divided  into  two  equal  and  also  into  two 
unequal  parts,  the  product  of  the  sines  of  the  unequal  parts 
together  with  the  square  of  the  sine  of  the  angle  between  the 
dividing  straight  lines  is  equal  to  the  square  of  the  sine  of  half  the 
angle. 

6.  Shew  that 

(sec  9 sec  <£  + tan  9 tan  <f>)2  — (tan  0 sec  <£  + see  9 tan  <£)9 

2(1+  tan2  9 tan2  <£)  — sec2  9 sec2  cf> 

_ sec  29  sec  2cf> 
sec2  0 sec2  </> 

7.  If  A + B + G = 360°,  shew  that 

1 - cos2  A — cos1  B — cos3 * * * *  G + 2 cos  A cos  B cos  G = 0. 


3 12  7 

» 8.  If  sin  A = g , sin  B = ^ , and  sin  G = ^ > where  A , B,  and 


G are  positive  angles  less  than  90°,  find  sin  (A  + B + G). 

| (9  - a)  and  y = r sin  ^ (9  + 

c9  - 2 xy  cos  a +ys  = r1  sin*  a. 


9.  If  a;  = rsin^  (0-a)and  y- rsin^  (0  + a),  shew  that 
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10.  Eliminate  6 from  the  equations 

0 d> 

(a  — b)  sin  (0  + <£)  = (a  ■+•  b)  sin  ( 6 — <£),  a tan  ^ - b tan  ^ = c. 

11.  The  number  of  degrees  in  one  of  the  acute  angles  of  a 
right-angled  triangle  is  three-tenths  of  the  number  of  grades  in  the 
other:  determine  the  angles  in  degrees. 

12.  Shew  that  if  the  circular  measure  of  an  angle  is  , 

zo 

where  n is  any  integer,  the  angle  can  be  expressed  by  an  integer 
both  in  degrees  and  in  grades. 

13.  If  sin  (a  + j3 ) cos  y = sin  (a  + y)  cos  j3,  shew  that  /3  — y is  a 
multiple  of  tt,  or  a an  odd  multiple  of  ^ . 

14.  Shew  that 

sin  44  tan4  4 + 4 tan3 .4  + 2 sin  4 A tan 2 A — 4 tan  A + sin  44  = 0. 


15.  Shew  that  sin2  24°  - sin2  6°  = ^ ^ . - . « — ^ 

o 

16.  If  A + B + G = 360°,  shew  that 

2 (cos  A sin  B sin  0 + cos  B sin  G sin  A + cos  G sin  A sin  B) 
+ sin2  A + sin8  B + sin2  (7  = 0. 


17.  If  a and  j3  are  the  two  values  of  6 in  the  equation 

1 


cos  6 cos  y sin  9 sin  y 
a be 


■hv-J  S-'"-  V 

a*  M h 


shew  that  V * v ; 

(62  + c2  — a2)  cos  a cos  (3  + ( a * + c2  - bs)  sin  a sin  (3  = a2  + b2  - c2. 


A?  18.  If  sin  4 = ^ , and  sin  B—\,  where  A and  B are  positive 
3 Z 

angles  less  than  90°,  find  sin  2 (4  + B). 

*S\  9.  Solve  the  equation  cos  4x  + cos  2x  + cos  x — 0. 

20.  If  A + B + G + D = 360°,  shew  that 

a t>  n t\  a A + B B + G G + A 
cos  A + cos  B + cos  C + cos  D = 4 cos  — ^ — cos  — 2 — ’ cos  ~~2 — * 

19 — 2 
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21.  With  two  units  of  angular  measurement  differing  by  10° 
the  measures  of  an  angle  are  as  3 is  to  2 : determine  those  units. 

22.  If  sin  x + sin2  x = l,  find  sin  x\  and  shew  that 

cos2  x + cos4  X = 1. 

23.  Solve  the  equation  tan2  x + cot2  x = 2. 

U 24.  If  a sin  6 + b cos  6 = c = a cosec  6 + b sec  0,  shew  that 

sm  26  = f ~2  ■■■  g . 
c ■-  a r - b 

25.  Simplify  cos2  (A  + B)  + cos2  (A  —B)  — cos  2 A cos  2 B.  - / 

26.  If  2 tan  A = 3 tan  B , then 

. . . tan  B sin  2 B 

tan  (A— B)  — 2 + 3 tan2^  " 5 -cos  2 B' 

27.  Solve  the  equation 

. n+ 1 . . n- 1 , . a 

sm  — — 6 + sm  — - — Q = sm  6. 

A A 

28.  If 

tan  (2a  — 3(3)  = cot  (3a  — 2/3),  and  tan  (2a  + 3/8)  = cot  (3a  + 2(3), 


shew  that  both  a and  (3  are  multiples  of 
29.  Solve  the  equation 


10* 


, . , . , 1 - 2 cos  2a 

tan  (a  + x)  tan  (a  - x)  = - — H jr- 

x ' v ' 1 + 2 cos  2a 


30.  If  A + B+  G + D = 360°,  shew  that 

. , . D . „ . _ A+B  . B+G  . G + A 

sm  A + sm  B + sm  t7  + sm  B = 4 sm  — ^ — sm  — ^ — 8111  — 2 — * 

31.  One  angle  of  a quadrilateral  contains  60  degrees,  another 

3tt 

contains  50  grades,  the  circular  measure  of  another  is  -j-  : express 
all  the  four  angles  in  degrees. 
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32.  If  cos  A = and  cos  B = where  A and  B are  angles 
41  61  a 


A-B 


less  than  a right  angle,  shew  that  sin5  ^ ^ ^ . 

33.  Solve  the  equation  sin  39  = 8 sin3  0. 

34.  Eliminate  9 and  from  the  equations 

a2  cos2  0 — b2  cos2  <J>  = c3,  a cos  9 + b cos  cf>  = r,  a tan  9 = b tan  <£. 

35.  If  tan  A,  tan  B,  tan  G are  in  Arithmetical  Progression, 
and  tan  A,  tan  B,  tan  D in  Harmonical  Progression,  then 

tan  G _ i 8 sin2  (A  - B) 
tan  D sin  2 A sin  2B  * 

36.  Find  cos  cc  from  the  equation  cos  x sin2  x — sin  a cos2  a, 
having  given  as  one  solution  cos  x = sin  a. 

4- 

37.  Shew  that  i <^> ^ ” z^Q+'f  T 

(2  cos  6 - 1)  (2  cos  29  - 1)  (2  cos  22  6 - 1) (2  cos  2""1  (9-1) 

_ 2 cos  2”  6 + 1 
2 cos  6 + 1 

38.  If  tan  (jc  cot  6)  = cot  {ir  tan  6),  shew  that  - UA.  Lt  ~ 17 

, „ "2n+  1 ^(4^+  4^  - 15) 

4 4 

where  n is  a positive  or  negative  integer. 

%a,  39.  Express  in  factors 

cos 2 A + cos2  B + cos2  C - 2 cos  A cos  B cos  C — 1. 

40.  If  A + B + G + D = 360°,  shew  that 

• i " T)  ' n • t\  a A + B B-+  G . G + A 

sin  A - sm  B + sm  G ~ sm  B 4 cos  — - — cos  — ^ — sm  — - — . 

A A A 

41.  Express  in  each  system  of  angular  measurement  the 
angle  described  by  the  minute  hand  of  a watch  in  25  minutes. 

42.  Shew  that 

(cos  6 + sin  6)  (cos  29  + sin  26)  = cos  9 + cos  ^30  - ^ . 
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43.  Shew  that 

cosec  A cosec  2 A + cosec  2 A cosec  3 A = cosec  A (cot  A — cot  3 A). 

44.  Shew  that 

, cot2  \ A - cot2 1 A 

sec2  A sec  A ^ , = 8. 

2 „3 


1 + cot2  x A 
A 


45.  Shew  that 


{sec  A + cosec  A (1  + sec  -4)}  |l  - tan2  ^ A j j 1 - tan2  ^ A 


= (sec| 


A + cosec  7T  A ) sec2  v A 


46.  If 


( a - b)  sec0  = + ~r~Yj  5 and  («  + b)  sec  6 = ' (a?  + 

then  tan  \ (0-6)  = — — — r . 

2 v ^(a2-  1) 

47.  Eliminate  0 and  <^>  from  the  equations 

a sin  (6-6)  c . , „ 6 sin  0 

r = ~ — /j — j - = cos  (<£  - 0),  - = - . 

6 sm  (6+6)  x ' x sinc6 


Find  cos  ^ from  the  equation 


2 ' 


49.  If 

cos  (0  + 3<£)  = sin  (20  + 2<£),  and  sin  (6  + 30)  = cos  (20  + 26), 
shew  that  0 = (3m  — 5n)  — + and  6 = fin  — 5m)  g + jg  ? 

or  else  </>  - 0 = 2m7r  — ^ ; where  m and  n are  integers. 

A 

50.  Shew  that 

(1  + sec  20)  (1  + sec  40)  (1  + sec  80) (1  + sec  2"0) 

tan  2"  0 


tan  0 


MISCELLANEOUS  EXAMPLES. 


295 


51.  The  circular  measure  of  a certain  angle  is  equal  to  the 
ratio  of  the  number  of  degrees  in  it  to  the  number  of  grades  : 
find  the  magnitude  of  the  angle  in  degrees. 


52.  Shew  that 

{sin  (A  — B)  + sin  (A  + .3i?)} sec  2 B = (cos  2B  — cos  2 A)  cosec  (A  — J5). 

__  tan  0 l + cos20  . H . /n 

53.  If  - = - r-gTj,  shew  that  sin  (30  + a)  = 7 sin  (0  - a). 

tan  a.  1 + sm  0 

54.  Solve  the  equation 

cos  30  + cos  56  + J2  (cos  6 + sin  6)  cos  0 = 0. 

55.  Eliminate  from  the  equations 

n sin  6 — m cos  6 = 2m  sin  <fr,  n sin  26  — m cos  2cjj  = n. 

56.  Solve  the  equation 

8 sin  (d-  cos3  0+8  cos  ^0  - ^ sin3  0 - 6 sin  (26  = Jo. 

57.  Among  all  values  of  0 between  0 and  ir  find  that  which 
makes  sin  0 cos  ((3  — 6)  greatest ; (3  being  a given  angle  between 

0 and  Z • 


then 


58.  Shew  that  cos  55°  + cos  65°  + cos  175°  = 0, 

cos  55°  cos  65°  + cos  65°  cos  175°  + cos  55°  cos  175°  = , 

4 

cos  55°  cos  65°  cos  175°  = — ^5—7^ . 

59.  If  a:  cos  (a  + /3)  + cos  (a  - j3) 

= x cos  ((3  + y)  + COS  ({3  —y)  = X cos  (y  + a)  + cos  (y  - a) 
tan  a _ tan  f3  _ tan  y 


tan  \{(3Jry)  tan  4 (y  + a)  tan  ^ (a  + (3) 
AAA 


60.  If  A + B + G + D = 360°,  shew  that 


a n t\  ..  A + B . B + G G + A 

cos  A - cos  B + cos  C - cos  D — 4 sin — ^ — sm  — ^ — cos 


2 


2 * 
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61.  The  number  of  degrees  in  an  angle  of  one  regular  polygon 
is  to  the  number  of  grades  in  an  angle  of  another  as  3 is  to  5 : 
find  the  number  of  sides  in  each  polygon,  shewing  that  there 
are  only  three  solutions. 

62.  Solve  the  equation  sec2  ~ + cosec2  S = 1 6 cot  x. 

A A 

63.  Eliminate  9 from  the  equations 

m sin  29  = n sin  9,  p cos  2 9 = q cos  6. 

64.  Eind  6 from  the  equation 

cos-0  - sin  9 = cos  a - sin  a. 

65.  Shew  that  if  sin  (A  + B + G + D)  = 0,  then 

sin  {A  + C)  sin  {A  4-  D)  = sin  ( B + C)  sin  ( B + L). 

66.  Shew  that  all  the  values  of  6 which  satisfy  the  equations 

sin  0 + sin  <£  =p,  cos  6 + cos  ^-q, 
are  contained  in  the  expression  mr—  a+  (—  1)"  /?,  where  a and  /3 
are  angles  determined  by  the  equations 

tana=|,  sin (3  = | J(p2  + q2) . 

67.  Shew  that 

7T  2 7T  3 7T  4tT  5 IT  6tT  'll T 

COS  pp  COS  YP  COS  -T-p  COS  =-=  COS  -pp  COS  zrp  COS  = 

15  15  15  15  15  15  15 

68.  Shew  that  whatever  $ may  be, 

a sin2  0 + b sin  6 cos  6 + c cos2  9 
lies  in  value  between 


i (a  + c)  + i Jb2  + (a  - cf  and  i (a  + c)  - - Jb*  + (a  - c)2. 

69.  Shew  that 


(2ir  \ (2ir  \ - 

cos  a + cos  r + a J + cos  f — - aj  = 0, 

/2i t \ (2i r \ (2ir  \ /2ir  \ 

cosacosl -g-+ a I + cosacosf -g-  -a)  + cos  ( + a 1 cos  I - a I = — 


/2ir  \ (2ir  \ 
a COS  I-3-  + a)  cos  f y - a J = 


3a 


4 


vM  Oo 
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70.  Find  an  expression  for  tlie  product 

(cos  ~ + cos  (cos  ^ + cos  |2) (cos  yn  + cos  . 

71.  An  angle  is  the  excess  of  a°b'  above  pa  <7' : find  the  ratio 
of  thisangle  to  a right  angle. 

72.  Solve -the  equation  2 sin2  x + sin2  2a:  = 2. 

7 3.  Shew  that 

tan  4 + 2 tan  2A  + 4 tan  44  + 8 cot  8A  = cot  A. 

7 4.  Solve  the  equation  cos  2x  - cos  4x  = sin  x. 

7 5.  If  the  sum  of  the  angles  A,  B,  C,  B be  four  right  angles, 
and  their  tangents  in  geometrical  progression,  shew  that  the 
ratio  = — 1 ; or  else  that  tan  A tan  B — tan  B tan  G = 1, 

76.  The  angles  A , B,  G of  a triangle  are-  in  Arithmetical 
Progression ; and  cosec  2 A,  cosec  2B}  cosec  2G  are  in  Arithmetical 
Progression : shew  that  the  cosine  of  the  common  difference  of 


the  angles  is  /y/g  • 


77.  Shew  that  cos  A + cos  2 A + cos  3.4  = 

78.  Shew  that 

/ _ 2 7T\  / 0 47t\  / 67A 

\x  — 2 cos  -y-  J lx  — 2 cos  -y  W a;  — 2 cos  y J 


cos  2.4  sin  y 
. A ' 

sin^ 


: a3  + a;2  - 2a:  — 1. 


79.  If  4 + A + G = 180°,  shew  that 

.3,  . 37J  . 3/Y  0 A B G 34  3 B 3 G 

smd4  + sin  D + sin  G = 3 cos  — cos  --  cosy  + cos  y-cos  -y  cos  y 


80.  Investigate  the  conditions  which  must  hold  in  order 
that  the  equation  sin2  x + 2b  sin  x + c = 0 may  give  two  admissible 
values  for  sin  x,  when  b is  positive. 
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81.  The  number  of  the  sides  of  one  regular  polygon  is  to 
the  number  of  the  sides  of  another  as  m is  to  n ; and  the  number 
of  degrees  in  an  angle  of  the  first  is  to  the  number  of  grades  in 
an  angle  of  the  second  as  p is  to  q : determine  the  number  of 
sides  in  each  polygon. 

82.  Solve  the  equation  cos  x + cos  7x  = cos  4x. 

83.  Eliminate  a from  the  equations 

x tan  ( a — (3)  = y tan  (a  + (3),  (x  - y ) cos  2a  + (x  + y ) cos  2/3  = 2. 

84.  If  x and  y vary  so  that  their  sum  is  constant,  find  be- 
tween what  limits  sin  x sin  y ranges,  and  its  greatest  value. 

85.  If  A + B 4-  G = 180°,  shew  that 

sin  ^A  + ^j  + sin  ^B  4-  + sin  (x3  + ^ + 1 

, A-B  B-0  C-A 

= 4 cos 7 COS 7 COS 7 — . 

4 4 4 

86.  If  cos2  A + cos2i?  + cos2  C=  1,  cos2a  + cos2/?  + cos2y  = 1, 

and  cos  A cos  a 4-  cos  B cos  /3  + cos  C cos  y - 0 ; 

shew  that 

sin  a sin  2a  ^ sin  (3  sin  2 (3  + sin  y sin  2y  ^ 2 cos  a cos  /?  cos  y ^ 
cos  A cos  B cos  C cos  A cos  B cos  G 

87.  Shew  that  sin  ~ ==  j (1  4-  J2  — J3)  J2  - \/2. 

88.  If  tan  <£  = -^+  ^ tan  6, 

and  tang+|)=^tan0+|), 

2 

then  either  sin  6 = - or  else  cos  0 = 0. 
c 

89.  Find  cos  a;  from  the  equation  cos  2x  + b cos  x + c = 0. 
Investigate  the  conditions  which  must  hold  in  order  that  there 
may  be  at  least  one  admissible  value  of  cos  x,  supposing  b positive. 
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90.  If  y is  not  greater  tlian  - shew  that  sin  6 {1  + sin  (y-  6)} 
continually  increases  as  6 increases  from  0 to  y. 

91.  Shew  that  there  are  eleven,  and  only  eleven,  pairs  of 
regular  polygons  which  are  such  that  the  number  of  degrees  in 
an  angle  of  one  of  them  is  equal  to  the  number  of  grades  in  an 
angle  of  the  other ; and  that  there  are  only  four  pairs  when  these 
angles  are  expressed  as  integers. 

92.  If  sec  a sec  (3  + tan  a tan  (3  = tan  y,  shew  that  cos  2y  cannot 
be  positive. 

93.  Find  the  general  value  of  an  angle  such  that  its  cosine 
is  to  its  tangent  as  3 is  to  2. 

94.  If  a;  and  y vary  so  that  their  sum  is  constant,  find 
between  what  limits  sin  x + sin  y ranges,  and  its  greatest  value. 

95.  Solve  the  equation  cos  6 - sin  0 = J 2.  • 

96.  Express  in  four  factors 

sin3  A + sin2  B + sin3^  — 2 sin  A sin  B sin  C - 1. 


9 7.  Shew  that  cos  ^ = | (- 1 + J2  + J3)  J2  + J2. 

98.  Eliminate  6 between 

aSm(e  + ?)  + 6sm(fl-?)=-X  , 

and  a cos  (O  — '^'j  + b cos  ~(o  + ^ = c sin  (^26  + ^ j . 


99.  If  A,  B,  C be  any  quantities,  and  a,  /?,  y angles  such 


that 


A cot  a + B cot  (3  + 0 cot  y = (.4  + B + 0)  cot  a cot  (3  cot  y, 

and 

(B  + C)  cot  /3  cot  y + (G  + A)  cot  y cot  a + (A  + B)  cot  a cot  [3  - 0 ; 
shew  that  A sin  2a  + B sin  2/3  + C sin  2y  = 0. 
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100.  If 

and 

shew  that 
cos  0+ cos  <f>  = 


cos  0 = cos  a cos  (3  - sin  a sin  (3  ^(1  - c2  sin8  0), 
cos  = cos  a cos  (3  + sin  a sin  /3  J(l  - c2  sin2  <£) ; 


2 cos  a cos  (3 
l-c2sin8asm2j8’ 


andl  + cos0cos<£=- 


cos2  a + cos2  (3 
I — c2sin2asin2/3  * 


6 d> 

Hence  find  sin  0 sin  and  tan  ^ tan  ^ , 


101.  Shew  that  cos  1 1A  + 3 cos  9.4  + 3 cos  7 A + cos  5 A 


= 16  cos3  A cos  + cos  ^4.4  - . 

102.  Find  approximately  the  distance  at  which  a coin  an  inch 
in  diameter  must  be  held  from  the  eye  looking  towards  the  moon 
so  as  just  to  conceal  it,  the  apparent  angular  diameter  of  the  moon 
being  half  a degree. 

3 

103.  Solve  the  equation  cos3  0 sin  30  + sin8  0 cos  30  = - . 

104.  Eliminate  0 and  <f>  from 

c sin  0 = a sin  (0  4-  <£),  a sin  cfj  = b sin  0, 
cos  0 - cos  cfi  - 2m. 

105.  In  any  triangle 

a sin  (Z?  - G)  + b sin  (G  - A)  + c sin  (A  - B)  = 0. 

106.  Shew  that 

cos2 18°  sin2  36°  - cos  36°  sin  18°  = ^ . 

16 

107.  The  perpendiculars  from  the  angles  of  a triangle  on  the 
opposite  sides  meet  at  0 ; and  OA  = x,  OB  = y,  OC  = z ; shew  that 

a b c abc 

— -f — + - = • 

x y z xyz 

108.  The  top  of  a pole  placed  against  a wall  at  an  angle  A 
with  the  horizontal  plane  just  touches  the  coping ; and  when  its 
foot  is  moved  a yards  further  from  the  wall  and  its  angle  of  inch- 
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nation  is  B,  it  rests  on  the  sill  of  a -window : shew  that  the  per- 
pendicular distance  between  the  coping  and  the  sill  is 

±A+B 
a cot  — A — . 

A 

109.  AB  is  the  diameter  of  a circle,  G its  centre;  a straight 
line  AP  is  drawn  dividing  the  semicircle  into  two  equal  parts ; 
6 is  the  circular  measure  of  the  complement  of  the  angle  PC B : 
shew  that  cos  0—0. 


110.  The  sides  of  a regular  pentagon  and  of  a regular  decagon 
inscribed  in  a circle  of  radius  R are  a and  a',  and  the  radii  of  the 
circles  inscribed  in  them  are  r and  r'  respectively:  shew  that 


R\ 


and 


a a ' 2 R 

— t ~ 7 = — r 
r r r 


111.  If  A + B + C = (2 n + 1) 7t,  shew  that 


4-1  4 B 4C 

COS  -jr-  + COS  jr  + COS  A ■ 
AAA 


( aA  3B 

Vcos  2C0S  2 


2B  5C 


+ cos  cos  + cos  cos  2 


, 2A  sB  2 G A 
+ 4 cos2  cos  cos3  2 = 0. 


112.  If  tan2  6 is  less  than  unity,  shew  that 

tan2  6~\  tan4  0 + \ tan6  6 = sin2  6 + ^ sin4  6 + ^sin6  6 + 

A 6 A 6 

113.  Solve  the  equation  cos  6 - cos  26  = sin  3 6. 

114.  In  any  triangle 

sin  (B  - G)  ^ h 3 sin  (G  — A)  + c2  sin  (A  - B)  _ ^ 
sin  A sin  B sin  G 

115.  Solve  the  equation  cos  36  + sin  36  = cos  6 + sin  6. 

116.  If  tan2  x = tan  (a  + a:)  tan  (a  — x)  then  sin  2%  = ^2  . sin  a. 

117.  If 


tan2  A tan  A'  = tan2  B tan  B'  = tan9  G tan  C = tan  A tan  B tan  (7, 
and  cosec  2 A + cosec  2 B + cosec  2C  = 0, 

shew  that  tan  (A  — A')  = tan  (B  — B')  = tan  ( G — C'). 
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118.  If  cos  60°  = sin  36°  cos  A,  cos  3G°  = sin  60°  cos  B,  and 
cos  G = cos  A cos  5,  then  one  value  of  A + B + G is  90°. 

119.  Two  rows  of  houses  of  equal  height  stand  at  an  angle 
to  each  other.  On  a sunshiny  day  the  distance  of  the  corner  of 
the  shadow  from  the  comer  where  the  rows  meet  is  observed  twice 
and  found  to  be  a and  b respectively.  Shew  that  if  A be  the 
height  of  tbe  houses  and  a the  difference  between  the  altitudes  of 
the  sun  on  the  two  occasions 

A2  + A (b  — a)  cot  a + ab  = 0. 

120.  P is  any  point  in  the  arc  of  a semicircle  APB ; two 
circles  are  described  touching  the  semicircle  and  also  touching  AP, 
BP  at  their  middle  points : shew  that  the  rectangle  contained 
by  the  radii  of  these  circles  is  one  eighth  of  the  square  described 
on  the  radius  of  the  circle  which  is  inscribed  in  the  triangle  APB. 

121.  Shew  that 

sin  a sin  (/?  — y)  cos  ((3  + y - a)  + sin  J3  sin  (y  - a)  cos  (y  + a - (3) 

+ sin  y sin  (a  - (3)  cos  (a  + (3  - y)=  0. 

1 22.  Shew  that 

log  cot  6 = cos  26  + ^ (cos  26)3  + ^ (cos  26 )5  + 

123.  If  A + B + G = (2 n + 1)  tt,  shew  that 

cot  A + cot  B + cot  G—  2 (cot  2A  + cot  2 B + cot  2 G) 

^ ^cot  ^ + cot  cot  ^ (sec  .4-1)  (sec  5-1)  (sec  G - 1). 

124.  Shew  that 

sin  A sin B sin  ( A -B)  + sin5  sin  G sin  (5-  G)  + sin  G sin  A sin  ( G -A) 
= 1 {sin  (2.4  - 25)  + sin  (25  - 2G)  + sin  ( 2G  - 2A )}. 


125. 


In  any  triangle 
1 2A  1 eB  1 2 G 

- COS  TT  + 7 COS  — + - COS  ,7 

a 2 b 2c  2 


{a  + b + c )* 
4a6c 
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126.  Find  x from  the  equation 

sec  + ocj  + sec  ^ - x'j  = 2J2. 

127.  Shew  that 

sin  (6  — a)  sin  (6  — (3) 

sin  (a  — (3)  sin  (a  — y)  sin  ((3  - a)  sin  (J3  - y) 

, sin(^-y) 

sin  (y  — a)  sin  (y  - /3 j 

128.  From  each  of  two  stations  on  a horizontal  plane,  at  a 
distance  c from  each  other,  a pillar  on  a distant  hill,  in  the  vertical 
plane  passing  through  the  stations,  is  seen  under  the  same  visual 
angle,  and  the  angles  of  elevation  of  the  top  of  the  pillar  at  the 
stations  are  a and  (3.  Shew  that  the  length  of  the  pillar  is  equal  to 

ccos  (/?  + a) 
sin  ((3  - a) 

129.  If  in  a right-angled  triangle  twice  the  distance  between 
the  centres  of  the  inscribed  and  circumscribed  circles  is  a mean 
proportional  between  the  hypotenuse  and  the  excess  of  the  sum  of 
the  sides  over  the  hypotenuse,  shew  that  the  radius  of  the  in- 
scribed circle  is  equal  to  one  sixth  of  the  hypotenuse. 

130.  In  any  triangle  shew  that 

cos2  i A + cos3  i B+  cos2  i G = 2 + ~ . 

A A A A1 1 

131.  If  = /S^9» , then  tan2 x - tan  A tan B. 

sm  (x  + B)  V sin  223  * 

132.  If  A + B + C = (2n  + 1)  ir,  shew  that 

sin2  2 A + sin2  2B  + sin2  2(7  + 2 cos  2,4  cos  2B  cos  2 G—  2. 

133.  Sum  the  infinite  series 

(1  + 2)  log  2 + (log  2)*  + (log  2)*  + .... 
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134.  Shew  that 


sin  ( A -B)  cos  ( 0 -B)  cos  {A  - G)  + sin  (B  - G)  cos  {A  - G)  cos  ( B-A ) 
+ sin  (0  - A)  cos  (B  - A)  cos  ( G - B) 
= ^ {sin  (2 B - 2 A)  + sin  (2 G - 2B)  + sin  (2  A - 2(7)}. 


135. 


In  any  triangle 


sin  (A -B)  _a2-  b 2 
sin  ( A + B)  ~ c8 


136.  The  diagonals  of  a quadrilateral  figure  are  in  length 
h and  k respectively,  and  inclined  at  an  angle  A : shew  that 
the  area  of  the  greatest  rectangle  which  can  be  drawn  with  its 
four  sides  passing  through  the  four  corners  of  this  quadrilateral  is 


\hk(  1 + sin  A). 


( ^ 137.  A person  standing  at  the  door  of  a house  observes 
that  he  can  just  see  the  top  of  a church  spire  over  the  intervening 
wall  at  an  angle  a;  he  then  ascends  to  the  roof,  whence  he  is 
just  able  to  get  a view  of  the  entire  building,  and  he  observes 
that  the  elevation  of  the  spire  top  is  /?.  Having  given  the  height 
of  the  house,  that  of  the  observer  being  neglected,  determine 
the  heights  of  the  spire  and  the  wall. 

138.  In  any  triangle  shew  that 

1 1 1 g 

acos2^l  + 6cos82  A+ccos^C^s  + 'g. 

139.  A,  B,  C are  three  points  on  a plane  inclined  to  the 
horizon,  G being  the  lowest ; it  is  found  that  CA  is  inclined  to 
the  horizon  at  an  angle  a,  and  GB  at  an  angle  £ ; and  the  angle 
AGB  is  y : if  d be  the  inclination  of  the  plane  to  the  horizon 
shew  that 

sin8  6 sin8  y = sin8  a 4-  sin2  (3  - 2 sin  a sin  /3  cos  y. 

140.  If  a,  V,  c'  are  the  sides  of  the  triangle  formed  by 
joining  the  points  of  contact  of  the  inscribed  circle  with  the  sides 
of  a triangle,  shew  that 
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141.  Find  tan  9 from  the  equation  tan  39  + tan  29  + tan  6=0. 

142,  Shew  that 


(cos  '+  (cos  + (cos  + (cos  £) 


J_  17 
”16* 


cb-\-  b 


143.  If  a cos  0 = b cos  6 then  cot  ^ ( <£  + 0 ) cot  ^ (<£-0)  = — ^ * 


144.  If  .4,  ,5,  0 be  the  angles  of  a triangle,  shew  that 

A.  J3  C 3 /3 

cos  ~ cos  - cos  ^ cannot  be  greater  than  — . 
AAA  o 

145.  In  any  triangle 


a a 

cot  -jr  + cot  — + cot  7r 

Jt  £ & 


a+b  + c 
b + c~a 


146.  The  diagonals  of  a four-sided  figure  are  h and  Jc,  and 
the  area  is  G : shew  that  the  area  of  the  circumscribing  square  is 

h2k2-iC2 
h2  + tf-W 

147.  Shew  that  x,  y,  z can  be  so  taken  that  for  all  values 
of  9 the  following  expression  shall  have  a given  constant  value, 

x sin  (9  -($)  sin(0  — y)  + y sin  ( 9 - y)  sin  ( 9 - a)+z  sin (9- a) sin (9- (3). 


148.  If  from  the  extremities  of  a side  of  a regular  pentagon 
inscribed  in  a circle  straight  lines  be  drawn  to  the  middle  of 
the  arc  subtended  by  the  adjacent  side,  their  difference  is  equal 
to  the  radius  of  the  circle,  their  product  is  equal  to  the  square  on 
the  radius,  and  the  sum  of  their  squares  is  equal  to  three  times  the 
square  on  the  radius. 


149.  If  a flag-staff  at  the  top  of  a tower  of  height  a subtend 
a small  angle  9 at  the  eye  of  an  observer  when  at  the  distance  b 

. a2  + b\ 


from  the  tower,  shew  that  the  length  of  the  flag-staff  is 
nearly. 


T.  T. 


20 
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150.  In  any  triangle 

( s — a)2  sin  A + (s  — b)2  sin  B + (s  — c)z  sin  C 

A \ A B C 

= 4r  (2R  - r)  cos  cos  cos  . 

151.  Shew  that 

2 sin  7.4  cos  A + 16  sin  A cos3  A = sin  QA  + 4 sin  2A  (1  + 2 cos3  2A). 

152.  Find  the  logarithm  of  32  to  the  base  4/4,  and  the 
logarithm  of  81  ^3  to  the  base  £/9. 

153.  If  tan  {A  + B)  = 3 tan  A,  shew  that 

sin  (2.4  + 2 B)  + sin  2.4  = 2 sin  2 B. 

154.  In  any  triangle 

2 ab  + 2bc  + 2 ca  — a?-  b2  - c2 


- sm2lA  +\  sin2 1 B+- sin3i  (7 
a 2 b 2 c 2 


kabc 


155.  The  sides  of  a quadrilateral  figure  are  divided  in  order 
in  the  ratio  of  m to  n,  and  a new  quadrilateral  is  formed  by  joining 
the  points  of  division  : shew  that  the  area  of  this  quadrilateral  is 
to  the  area  of  the  original  quadrilateral  as  m2  + n2  is  to  (m  + nf. 

156.  Shew  that  cos0  = — ~ is  a solution  of  the  equation 

cos  6 + cos  3 0 = \’}  and  find  the  other  values  of  cos  6. 

A 

157.  Shew  that 

cos  1 3 COS  y sin  (y  - J3)  + cos  y cos  a sin  (a  - y)  + cos  a COS  J3  sin  (j8  - a) 
= sin  (a  — /?)  sin  (j3  — y)  sin  (y  — a). 

158.  If  A + B + G = 180°,  shew  that 

sin  A sin  (.4  - B)  sin  (A  — G)  + sin  B sin  (B  - G)  sin  (B  - A) 

+ sin  G sin  (C  - A)  sin  ( C - B) 
- sin  A sin  B sin  C {1  - 8 cos  A cos  B cos  C }. 


MISCELLANEOUS  EXAMPLES. 


307 


159.  A person  with,  his  eye  on  the  level  of  the  ground  close 
to  a pole,  observed  that  he  saw  the  top  of  a distant  window 
over  an  intervening  wall  at  an  elevation  a.  He  then  climbed 
up  the  pole  c feet,  when  he  saw  the  whole  window,  and  the 
elevations  of  the  tops  of  the  window  and  wall  were  then  (3  and  y. 
Shew  that  the  height  of  the  lowest  part  of  the  window  above 


the  ground  was 


c (tan  a - tan  j3  + tan  y) 
tan  a — tan  /3 


160.  ABG  is  a triangle;  straight  lines  bisecting  the  angles 

A and  B meet  the  opposite  sides  at  D and  E respectively : shew 

that  the  area  of  the  triangle  GED  is 

« • A . B 
b sm  sin  Tj- 


~A  G-B * 
cos 


2 2 

161.  If  p = 2 cos  A — 5 cos3  A + 4 cos6  A, 
and  q = 2 sinJ.  -5  sin3^  + 4 sin®  A; 

shew  that  p cos  3 A + q sin  3 A = cos  2 A, 


and 


p sin  3 A — q cos  3 A = sin  2 A. 

A 


(a\cot2- 

cos  - ) when  n is  infinite. 
nj 

^ 163.  Sum  the  infinite  series 

1 


1 + 2 1 + 2 + 22  1 

[2  + [3  +~ 


2 + 22+  23 


|4 


164.  Find  cos  ( x — y)  and  cos  (x  + y)  from  the  equations 

sec  a cos  {x  + y)  = 1 + tan  x tan  y,  sec  [3  cos  (x  - y)  = 1 - tan  x tan  y. 

165.  In  any  triangle 

ncosl(g-0  ^ ' ccos^-i?) 

be  cos  ~{B+G)  ca  cos  ~ (G+A)  ab  cos  ^ (A +B) 

20 — 2 
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166.  0 is  any  point  in  the  interior  of  a quadrilateral  ABCD-, 
OP,  OQ,  OR,  OS  are  perpendiculars  on  the  sides  AB,  BO,  CD,  DA 
respectively : shew  that  the  area  of  PQRS  is 

~ ABGD  - 1 (OA2  sin  2 A + OB2  sin  2 B + OC 2 sin  2 0 + OD2  sin  W). 

167.  In  any  triangle 

. B-0  A _ . C -A  B . A-B  0 A 

a sin  — s — cosec  — + b sm  — s — cosec  - + c sin  — , — cosec  -x  = 0. 

A A A A A A 

168.  Shew  by  the  aid  of  Trigonometry  that  if  x-Vy-Vz-  xyz, 

3x  - x3  3y-y*  3z~z*  (3x  - x*)(3y- y*)  (3z-z3) 

\-3x2  l-3y2  l- 3 z2  (1  - 3sc2)  (1  - 3 y2)  (1  - 3 z2)  * 

169.  If  l,  m,  n be  the  perpendiculars  from  the  centre  of  the 
circumscribed  circle  on  the  sides  of  a triangle,  shew  that 

4 (a  + ^ + c\  °^G 

\l  m n)  Imn' 


170.  If  A,  B,  and  C are  the  angles  of  a triangle,  shew  that 

sin2  \ + sin2  ^4-  sin2^  cannot  be  less  than  ^ • 

2 2 2 4 

171.  Find  the  limit  when  d is  indefinitely  diminished  of 

sin  ad  . „ vers  ad 

~ j-k  and  ot  . 

sm  bd  vers  bd 

172.  Shew  that 

logN/2=l{f7Y+ 2T3  + 375 + ■•■}• 

173.  If  A + B + C = 180°,  shew  that 

A A B C B BOA 
tan  ^ + cos  ^ sec  ^ sec  - = tan  ^ + cos  - sec  ^ sec 

O CAB 
= tan  - + cos  g sec  ^ sec  ^ . 
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174.  If  sin  (it  cot  6)  = cos  (tt  tan  6)  shew  that  either  cosec  26  or 
cot  26  is  of  the  form  ra  + i,  where  m is  an  integer  positive  or  negar 
tive. 


175.  In  any  triangle 

/sin  A + sin  B + sin(7y  _ a cos  A + b cos  B + c cos  C 
\ a + b+c  / ~ 2 abc 

176.  A circle  of  radius  r is  inscribed  in  a sector  of  a circle  of 
radius  a,  and  2c  is  the  chord  of  the  sector : shew  that 

1 1 1 

— = - — I — . 
r a c 

1 77.  If  tan  x 4-  tan  2x  + tan  3x  + tan  4x  = 0,  shew  that  either 
5x  = rnr,  or  2x  --  (2m  + 1)  7 r,  or  8 cos  2x  — 1 ± J 17. 

178.  Shew  that 

sin  (6  - (3)  sin  (6  - y)  sin  (6  - y)  sin  (6  - a) 

sin  (a  - (3)  sin  (a  - y)  sin  ({3  - y)  sin  (J3-a) 

sin  (6  - a)  sin  (6  - (3)  _ ^ 
sin  (y  - a)  sin  (y  - (3) 


179.  ABC  is  a triangle;  straight  lines  are  drawn  bisecting 
the  angles  A,  B,  C and  meeting  the  opposite  sides  at  D,  JE,  F 
respectively : shew  that  the  area  of  the  triangle  DEF 
. A . B . C 

2S  sin  — sm  - sm  - 
AAA 

= " B-C  C-A  T^B  • 

cos  — ^ — cos  — — cos  — 2 — 


180.  From  the  top  of  a mountain  the  angles  of  depression  of 
two  stations  in  the  plane  at  its  foot  are  observed  to  be  a and  (3, 
and  the  difference  of  their  bearings  is  observed  to  be  y : shew  that 
if  c be  the  distance  between  the  two  stations  the  height  of  the 
mountain  will  be 


c sin  a sin  (3 
sin  (a  + (3)  cos  $ 


where 


sin2  $ = 


sin  2a  sin  2 (3 
sin2  (a  + /?) 


008  2 * 
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181.  Find  approximately  the  angle  subtended  by  a target 
two  feet  wide  at  the  distance  of  450  yards. 

182.  Sum  the  following  infinite  series : 

^ 4 _9  16 

|2  + |3  + |4+ |5+"*' 

183.  If  2 sec  6 = sec  ( 6 + 2a)  + sec  (6  — 2a),  shew  that 

cos2  6 = 2 cos2  a. 


184. 

185. 


Solve  the  equations 

2 (sin  26  + sin  2<£)  = 1 = 2 sin  (6  + $). 
In  any  triangle 

(sinJ.  + sin  B + sin  C)  ^tan  - + tan  ^ + tan 


A A - A . B . C 
= 4 + 4 sin  - sm  — sm  - . 

AAA 


186.  A,  B,  C,  D,  E,...  are  the  angular  points  of  a polygon 
inscribed  in  a circle ; from  the  centre  of  the  circle  perpendiculars 
are  drawn  to  the  sides,  and  a second  polygon  is  formed  by  joining 
the  feet  of  the  perpendiculars : shew  that  if  the  area  of  the  first 
polygon  is  double  that  of  the  second, 

sin  2 A + sin  2B  + sin  2G  + sin  2D  + sin  2E  + . . . = 0. 

187.  In  any  triangle 

. B-G  A _ . C-A  B . A-B  G „ 
a sm  — s — sec  — + b sm — = — sec  + csm  — - — sec  ^ = 0. 

A A A A A A 

188.  In  any  triangle 

a2  sm(B  — G)  [ b2  sin  (G—A)  [ Sain  (A-B) 
sin  B + sin  G sin  G + sin  A sin  A + sin  B 


189.  If  a be  the  side  of  a regular  polygon  inscribed  in  a 
circle  of  radius  r,  and  b the  side  of  another  regular  polygon  of  twice 
the  number  of  sides  inscribed  in  the  same  circle,  shew  that 
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190.  If  A + B + G = 180°,  shew  that 
(l  - sm  |)  (l  - sin  |)  o°s  g + (i  - Sm  (l  - sin  fj 

/ . A\t,  . B\  0 ABC 

+ fl-  sm^{l  -sm  cos  ^ j 008  2 °°S  2 ' 


191.  A person  walks  in  a straight  line  towards  a very  distant 
object,  and  observes  that  at  three  points  A,  B,  C,  the  elevations 
of  the  object  are  a,  2a,  3a  respectively:  shew  that  AB  — 3 . BO 
nearly. 

192.  If  x is  less  than  unity  so  also  is 

1 1 

x log  (1  — x)  ’ 

193.  Having  given 

6 sin  A 3 sin  2B  _ 2 sin  3 B 

cos  (A  + B)~  cos  (A  + 2B)  cos  (A  + SB)  ’ 

shew  that  it  is  impossible  that  any  value  can  be  assigned  to  B 
other  than  mr. 


194.  If 


sin  6 _ cos  6 
x ~ y 

general  expression  for  the  value  of  9. 


, sin2  9 cos2  9 
and  — 5—  + - - 

y x 


find 


195.  If  A,  B,  C are  the  angles  of  a triangle,  and  sin  A,  sin  A, 
sin  0 are  in  Harmonical  Progression,  then  1 — cos  A,  1 — cos  B, 
1 — cos  G are  in  Harmonical  Progression. 


196.  If  B be  the  radius  of  a circle  described  about  a regular 

R J fj 

pentagon  whose  side  is  a,  shew  that  - = — nearly. 

cb  20 


197. 


. si  n A m 

In  a triangle  - — ^ = - , and 
° sin  B n’ 


cos  A 
cos  B 


P 

9. 


shew  that 


cos  C — 


mp  — nq 
np  - mq  ’ 
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198.  If  0 be  the  centre  of  the  circle  inscribed  in  a triangle 
ABC,  and  D,  E,  F the  points  of  contact  with  BC,  CA , AB 
respectively,  shew  that 

OA.OB.  OC  (AF  + BE  + CE)  = iR . AF.  BE . CE. 

199.  In  the  semicircle  ABC,  whose  centre  is  0,  and  radius  p, 
the  straight  line  OB  is  drawn  at  an  angle  2a  to  OC.  Circles 
are  inscribed  in  the  triangles  OAB,  OCB.  Shew  that  the  distance 
between  their  centres  is 

pj( 2 - sin  2a) 

+ sin  a)  (1  4-  cos  a) 

200.  A man  walking  along  a straight  road  observes  the 
directions  with  respect  to  the  road  of  two  objects  when  the  angle 
which  they  subtend  is  greatest,  and  then  measures  the  distance 
from  the  point  of  observation  to  the  point  whence  they  appear 
in  the  same  straight  line : find  the  distance  between  them. 

201.  Shew  that  rl+ra  + ra  - r = 4 R. 

i 1 7T 

202.  Shew  that  sin  —A  + cot-  3 =.. 

203.  ABC  is  a triangle ; a second  triangle  is  formed  by  the 
external  bisectors  of  the  angles  of  ABC  ; then  a third  triangle  is 
in  like  manner  formed  from  the  second,  and  so  on  : determine 
the  angles  of  the  nth  triangle. 

204.  Find  in  terms  of  a the  value  of  cos  4 (tan-1  a). 

205.  Find  the  general  term  in  the  expansion  of  eax  cos  (bx  + c) 
in  powers  of  x. 

206.  A circle  touches  the  sides  AB  and  AC  of  a triangle 
produced,  and  touches  the  side  BC  at  D : shew  that 

a (s2  - AD2)  = 4 s(s-  b)  ( s - c). 
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*■"  207.  If  cos-1  (a + f3j-l)  = 0 + <f>  J - 1,  where  the  letters 
denote  real  quantities,  shew  that 


a 

cos2  0 


= 1,  and 


208. 


= 2 


2 _/? 

sin2  0 

Shew  that  log  sec  9 

1 


1 


4-  e~<t>)2  (e^  — e~^)3  4 " 


0- 


sin2  20  + ^ sin2  30 
A o 


sin2  49 


209.  Shew  that  the  sum  of  n terms  of  the  series 
sec  a sec  (a  + /3)  + sec  (a  + /3)  sec  (a  + 2/3)  + sec  (a  + 2/3)  sec  (a  + 3/3) 


= cosec  /3  {tan  (a  + n(3)  — tan  a}. 

210.  In  a regular  hexagon,  one  of  whose  sides  is  equal  to  a, 
a circle  is  inscribed ; and  in  this  circle  another  regular  hexagon, 
and  so  on  until  there  are  in  all  n hexagons : shew  that  the  sum 
of  the  areas  of  the  hexagons  is 

'3N 


6^3  1 


-©>! 


211.  Adapt  the  expression  a cos  A + b cos  B + c cos  C to 
logarithmic  computation,  the  letters  denoting  the  sides  and  the 
angles  of  a triangle. 

212.  A,  B,  C are  telegraph  posts  at  equal  intervals  by  the 
side  of  a rail-road ; t and  t'  are  the  tangents  of  the  angles  which 
AB  and  BG  subtend  at  any  point  P • T is  the  tangent  of  the 
angle  which  the  road  makes  with  PB  : shew  that 

2_  1_  1 
t~  t'  r 

Shew  that 


213. 


ir  . . _i  1 

- = 4 tan 
4 5 


2 tan' 


1 

408 


+ tan" 


1 

1393  ’ 


214.  If  P denote  the  point  of  intersection  of  the  perpen- 
diculars from  the  angles  of  a triangle  on  the  opposite  sides, 
shew  that  PA2  = 4 R2  - a2. 
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215.  If  a = 15°,  find  the  value  of 

(cos  a + AI  sin.  a)  (cos  2a  +^-1  sin  2a) 

-cos  3a  — J — 1 sin  3a 

216.  ABO  is  a triangle;  a new  triangle  is  formed  by  the 
external  bisectors  of  the  angles : shew  that  the  sides  of  the 

new  triangle  are  4 R cos  4 A,  AR  cos  4 B,  and  4 R cos  4 G re- 
A A A 

spectively. 

217.  Shew  that  the  sum  of  the  squares  on  the  sides  of  the 
triangle  formed  as  in  the  preceding  Example  = 8 R (4 R + r ). 

218.  Reduce  to  its  simplest  form 

cos  60  + 6 cos  40  + 15  cos  20  + 10 
cos  50  + 5 cos  30  + 10  cos  0 

219.  If  0 be  a positive  angle  less  than  ~ shew  that  ./cos  0 is 

A 

less  than  cos  . 

\/2 

220.  If  any  point  be  taken  within  a regular  polygon  of 
an  even  number  of  sides  from  which  perpendiculars  are  drawn 
to  the  sides  taken  in  order,  then  the  sum  of  one  set  of  alternate 
perpendiculars  is  equal  to  the  sum  of  the  other  set. 

221.  Shew  that  Jrr1  r2  r3  = S. 

222.  Shew  that  % = 5 tan-1 4 + 2 tan-1  ~ . 

4 7 79 

223.  Assuming  the  expression  for  tan  nQ  in  terms  of  tan  0, 
shew  that  if  n be  an  odd  integer  the  following  two  series  are 
numerically  equal, 


^ n(n  — 1)  n(n—  1}  (n—  2)  (n—  3) 

1 + E 


n (n  — 1)  (n  - 2)  n(n—  1)  ( n — 2)(n—  3)  ( n - 4) 
+ 11 


and  if  n be  an  even  integer  one  of  the  two  series  is  zero. 
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224.  Shew  that  sin4  6 cos5  6 


1 

~ 256 


1 3 

(cos  90  + cos  76)  - ^ (cos  56  + cos  36)  + cos  &• 


225.  Shew  that  sin8  x 


226.  If  <£  = ^ shew  that 

cos  <f>  + cos  3 <£  + cos  9 <fi  =~~^~ 


and  cos  5<j5>  + cos  7<£  + cos  1 1 <£  = 


227.  A point  is  taken  inside  a regular  polygon  and  per- 
pendiculars are  drawn  from  it  to  the  sides  of  the  polygon;  a 
new  polygon  is  formed  by  joining  the  successive  feet  of  the  per- 
pendiculars : find  the  sum  of  the  squares  on  the  sides  of  the  new 
polygon. 


= - 24  sin  {6  - 3(3)  sin  (6  + (3)  cos  (6  + 3(3)  cos  (6  - (3)  (cos  6 + sin  6). 


shew  how  to  determine  6 by  a fbrmula  suitable  to  logarithmic 
computation. 

230.  If  A,  B,  G are  angles  of  a triangle,  shew  that 

sin  A + sin  B + sin  G is  never  less  than  sin  2A  + sin  2B  + sin  2G. 

231.  A regular  polygon  of  n sides  is  inscribed  in  a circle, 
and  from  any  point  in  the  circumference  chords  are  drawn  to  the 
angular  points;  if  these  chords  be  denoted  by  cx,  c2,...cn,  beginning 


228.  Shew  that  i£  (3  = ~ then  cos  56  + sin  56 

Z\j 


229.  Given  sin  6 {1  + tan2  a tan2  (3}*  + cos  6 {1  — tan2  a tan2  (3}* 
= tan  a -1-  tan  (3, 
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with  the  chord  drawn  to  the  nearest  angular  point,  and  taking  the 
rest  in  order,  shew  that  the  quantity 

ClCa  + C2C3  + . . . + Cn_1Cn  - CCj 

is  independent  of  the  position  of  the  point  from  which  the  chords 
are  drawn. 

232.  Two  circular  sectors  have  a common  chord  and  equal 
areas,  and  their  angles  are  as  2 is  to  1 : shew  that  one  of  the 
sectors  must  be  a semicircle  and  the  other  a quadrant. 

233.  If  $ = tan-1  ’ an<^  ^ = tan_1  > shew  that  one 
value  of  - 9 is  ^ . 


234. 


sin  9 863 

11  ~1T  = 864’ 


shew  that  6 contains  very  nearly  5°. 


235.  ABC  is  a triangle,  and  DEF  is  another  triangle  formed 
by  joining  the  centres  of  the  escribed  circles  of  ABC : shew  that 
the  circle  described  round  ABC  is  the  nine  points  circle  of  DEF. 

236.  From  the  expansion  of  sin2n+1  9 in  terms  of  the  sines 
of  the  multiples  of  9,  shew  that  zero  is  the  sum  of  n + 1 terms  of 
the  following  series  : 

, 1Xl2»(2n-3)  2»(2»-l)(2»-5) 

L)+  jj  “ j3  + — 

B 237.  If  cos  (9+  = cos  a + fj—  1 sin  a,  where  the  letters 

denote  real  quantities,  shew  that  sin2  9 = ± sin  a. 

238.  Shew  that 

sinaj  — sin 3a;  + sin  5x-  ...to  n terms  , / n-\  \ 

— — = tan  nx  + — r r . 

cos  x - cos  ox  + cos  ox  - .. .to  n terms  \ 2 / 

239.  ABCP  and  DEFQ  are  two  concentric  circles,  ABC 
and  DEF  being  any  two  equilateral  triangles  inscribed  in  them. 
If  P and  Q are  any  two  points  on  the  circumferences  of  the 
circles,  shew  that 

QA2  + QB2  + QC2  = PD2  + PE2  + PF2. 
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240.  If  tan  d = a s^a  cx_  an(j  r2—l  — 2a  cos  cx  + a2,  shew  that 

1 — a cos  cx 

1 - ~ a cos  cx  + — ^ a2  cos  2cx  -...  + (- 1 )"an  cos  ncx  = rn  cos  nd. 

1 If 

241.  Eliminate  6 between 

sin2  0 —p  sin  6 + 1 = 0 and  cos2  6 — q cos  6 + 1 = 0. 

242.  Shew  that  the  area  of  a triangle 

(a  + b + c)2 

~ * ( ,A  , cy 

4 (cot-^  + cot  + cot  — 1 


243.  If  tan-1  ax  + ^ sec-1  bx  = T , then  one  solution  is 

2 4 

1 

2ai-a*' 

244.  If  0 is  the  centre  of  the  circle  described  round  a 
triangle,  and  P the  point  of  intersection  of  the  perpendiculars 
from  the  angles  on  the  opposite  sides,  shew  that 

OP2  = 2 R2  Q + cos  2.4  + cos  2 B + cos  2G^  . 

245.  If  a,  (3,  y are  the  lengths  of  the  straight  lines  joining 
the  centres  of  the  escribed  circles  of  a triangle  with  the  centre 
of  the  inscribed  circle,  and  x,  y,  z the  lengths  of  the  straight 
lines  joining  the  centres  of  the  escribed  circles,  shew  that 

(3z  4-  yy  yx  + az  ay  + fix 
x y z 


246.  If  7 t-0  denote  the  angle  opposite  to  the  side  b of  a 
triangle,  and  0 be  very  small,  shew  that  approximately 

„ N f,  a62  fa  3 a2  3 a3\  04) 

C = (6-«)|l  -4-^  j. 


247.  Express  sin6  6 cos6  6 in  terms  of  sines  of  multiples  of  6. 
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248.  If  tan  (0  + <f>  J - 1)  = cos  a + J — 1 sin  a,  where  the  letters 
denote  real  quantities,  shew  that  0 = nw  ± ~ where  n is  an  integer. 

249.  Shew  that 

1 1 7 r 1,  7r  1,  7 r 

250.  Shew  that  the  coefficient  of  xn  in  the  product 


(1  + x)  ^1  + ^1  + ...  ad  infinitum  is  ^ 


+ 1 


251.  Shew  how  to  eliminate  0 between 

sin2  0 —p  sin  0 + = 0,  and  cos2  0 - q cos  0 + n = 0. 


252.  The  internal  bisectors  of  the  angles  of  a triangle  are 
produced  to  meet  the  circumference  of  the  circumscribing  circle: 
shew  that  the  area  of  the  triangle  formed  by  joining  the  three 

Its 

points  thus  obtained  = . 

A 

253.  If  sin-1  - + sin-1  \ = sin-1  C— , then 

a b ab 

b2x2  + 2xy  (a2b2  - c4)4  + a2y2  = c4. 

254.  From  a point  P each  of  two  straight  lines  GA  and  CB, 
which  are  at  right  angles,  subtends  an  angle  y.  If  CA  - a,  and 
GB=b,  shew  that 

r,p_  ab  cos  2y 

sin  y J(a2  + b2  — 2ab  sin  2y)  ’ 

255.  Shew  that  the  roots  of  the  equation  tc4  — x3  + x2  - x + 1 = 0 
are  cos  36°  ± i sin  36°  and  cos  108°  ± J -l  sin  108°. 


256.  If  an  angle  of  a triangle  be  30°,  one  of  the  adjacent 
sides  1 foot,  and  the  opposite  side  250  feet,  find  approximately 
the  number  of  minutes  in  the  other  acute  angle. 
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2 57.  Shew  that  the  area  of  the  triangle  formed  by  joining 
the  points  of  contact  of  the  inscribed  circle,  or  an  escribed  circle, 

of  a triangle  is  , where  p is  the  radius  of  the  circle. 

^"258.  If  tan  (8  + <£  J - 1)  = cos  a + J - 1 sin  a,  where  the 
letters  denote  real  quantities,  shew  that  e2^  = ± tan  + 0 • 
a2  a3 

259.  If  s=  1 + z cos  8 +rsCos  20  + r^cos  30  + ... , 


1? 


[3 


z2  £ 

or  - z sin  8 + sin  2d  + sin  30 

Lf  L5 


i 


and 

then  z sin  0 = tan-1  ~ , and  z cos  0 = ^ log  ( s 2 + cr2). 

Find  the  values  of  s and  <r  when  0 = ^. 


260.  Through  a given  point  straight  lines  are  drawn  parallel 
to  the  sides  of  a regular  polgyon ; and  from  another  given  point 
perpendiculars  are  drawn  to  the  straight  lines : find  the  sum  of  the 
squares  on  the  perpendiculars. 

261.  Shew  how  to  eliminate  0 between 

a tan 6 + b seed  = h,  and  a cot  8 + b cos  6 = k. 


262.  Perpendiculars  are  drawn  from  the  angles  of  an  acute- 
angled  triangle  on  the  opposite  sides,  and  the  feet  of  the  perpendi- 
culars joined : shew  that  the  perimeter  of  the  triangle  thus 


formed 


2S 

R * 


263.  The  internal  bisectors  of  the  angles  of  a triangle  are  pro- 
duced to  meet  the  circumscribing  circle  : shew  that  the  area  of  the 
triangle  formed  by  joining  the  points  of  intersection  is  never  less 
than  the  area  of  the  original  triangle. 


264.  Shew  that  iR  - 


(r1  + r8)(r2  + r3)(r3  + r,) 
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265.  The  shadows  of  two  vertical  walls  which  are  inclined  to 
each  other  at  an  angle  y,  and  are  a and  a feet  in  height,  are  ob- 
served when  the  Sun  is  due  South  to  be  b and  b'  feet  in  breadth. 
Shew  that  if  a be  the  Sun’s  altitude  above  the  horizon,  and  /2  the 
inclination  of  the  first  wall  to  the  meridian, 


cot 


(b2  b'*\ 

a~\a2+ a'2) 


2 bb' 


cosec"  y h t cot  y cosec  y. 

' aa!  ‘ n 


ab' 


cot  / 3 — cosec  y + cot  y. 

\/  266.  Shew  that  (a  + b J - l)a+^ _1  will  be  wholly  real  if 

~ log  (a2  + b2)  + a tan-1  - is  zero  or  an  even  multiple  of  ^ . 

2 CO  2 


267.  Apply  the  exponential  values  of  the  sine  and  cosine  to 
shew  that 

log  -2 -L2  » 2/3=^(c  sin2 0 — ^c2 sin2 20  + ^c3 sin2  30  — ...) 

& a cos2  6+b2  sin2  6 { 2 3 J 

. a-b 

when  c = r. 

a+b 

268.  A triangle  is  formed  by  joining  the  centre  of  the  in- 
scribed circle  of  a triangle  with  the  centres  of  the  escribed  circles 
which  are  opposite  to  the  angles  A and  B : shew  that  the  area  of 

this  triangle  is  cot  ~ . 

2s  A 

269.  If  0 be  the  centre  of  the  circle  inscribed  in  a triangle 

ABO,  and  ra,  rb,  rc  the  radii  of  the  circles  inscribed  in  the  tri- 
angles OBG,  OCA , OAB,  shew  that 

a b c n f A B C\ 

- + - -f  - = 2 ( cot  — + cot  -r  + cot  -T  ) . 

ra  rb  rc  \ 4 4 4/ 

27 0.  Sum  the  series 

tan-1  ^ + tan-1  ~ + . . . + tan-1  • 
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271.  If  a series  of  triangles  be  described  of  the  same  area, 
shew  that  the  sum  of  the  cotangents  of  the  angles  varies  as  the 
sum  of  the  squares  on  the  sides. 

272.  Let  I denote  the  centre  of  the  circle  inscribed  in  a 
triangle,  0 the  centre  of  the  circumscribed  circle,  D,  F,  F the 
centres  of  the  escribed  circles  : then  shew  that 

OP  + OF2  + OF2  + OF2  = 12  R2. 

, nf,n  ,,  , _i/  /«  — &,  X\  5 + « COS  £C 

^ 273.  Shew  that  2 tan  ( . / = tan  ^ ) = cos  =■ . 

\V  co  + b 2/  a + b cos  x 


274.  A chord  is  drawn  cutting  two  concentric  circles  whose 
radii  are  as  1 to  n , so  that  the  intercepted  portions  subtend  angles 
2 a and  2/3  at  the  centre  : shew  that  the  chord  is  divided  at  either 
point  of  intersection  with  the  inner  circle  in  the  ratio  of 


n 2 — 2 n cos  (a  - /3)  + 1 to  n2  — 1. 

u"'  275.  Shew  that  (a  + bj  - will  be  wholly  imaginary 

if  ^ log  ( a 2 + b2)  + a tan-1  - is  an  odd  multiple  of  ^ . 

2 cl  2 


276.  Shew  that  the  area  of  the  triangle  formed  by  joining  the 
centres  of  the  escribed  circles  of  a triangle  is 

abc(fl  1\  G (\  1\  A (\  1\  F) 

T { (s  + b) tan  2 + (f  ■ + V tan  2 + (?  + taa  2 } • 

277.  Sum  the  following  series  to  n terms  : 

log (1+2  cos  6)  + log  (1  + 2 cos  3 6)  + log  (1  + 2 cos  33 6)  + ... 


278.  A regular  polygon  of  n sides  is  placed  with  one  of  its 
sides  in  contact  with  a fixed  straight  line,  and  is  turned  about  one 
extremity  of  this  side  until  the  next  side  is  in  contact  with  the 
straighc  line,  and  so  on  for  a complete  revolution : shew  that  the 
length  of  the  path  described  by  any  one  of  the  angular  points  of 

the  polygon  is  cot  ~ wpere  R is  the  radius  of  the  circle  cir- 
r n 2n’ 

cumscribing  the  polygon. 


T.  T. 


21 


322 


MISCELLANEOUS  EXAMPLES. 


279.  Shew  that  the  sum  of  the  areas  of  the  sectors  of  the 
circles  which  correspond  to  the  path  in  the  preceding  Example 
= 2t tE2. 

280.  Sum  the  following  series  to  2 n terms  : 

sin  20  sin  40  sin  60 

sin  0 sin  30  sin  30  sin  50  sin  50  sin  70 


281.  In  an  acute-angled  triangle  let  P denote  the  point  of  in- 
tersection of  the  perpendiculars  from  the  angles  on  the  opposite 
sides ; and  let  AP  = a,  BP  = (3,  CP  = y : then 

S = ^ (aa  + bfi  + cy), 

2abc  = a2  a cosec  A + b2(3  cosec  B + cz y cosec  C. 


282.  Let  P denote  the  radius  of  the  circle  circumscribing  a 
triangle ; and  let  r,  r",  r'"  denote  the  radii  of  the  greatest  circles 
which  touch  the  former  circle  and  the  sides  of  the  triangle,  being 
outside  the  triangle  : then  shew  that 


64  ErW" 


283.  Shew  that  one  value  of 


■W(*2-0  .-tcW-af) 
J (a2  — c2)  x J (a?  — c2) 


is  sin' 


x2—ac 
x (a  — c)’ 


284.  If  the  lengths  of  the  three  straight  lines  drawn  from  the 
angles  of  a triangle  to  bisect  the  opposite  sides  be  denoted  by 
h,  Ic,  l,  shew  that 

4 (h2  + k2  + l2)  = 3(a2+b2  + c2), 

1 6 (h2k2  + Jc2l2  + l2h2)  = 9 (a2b2  + b2c2  + c V), 

16(A4  + &4+Z4)  = 9(a4+&4  + c4). 


285.  The  area  of  any  triangle  is  to  the  area  of  the  triangle 
whose  sides  are  respectively  equal  to  the  straight  lines  joining  its 
angular  points  with  the  middle  points  of  the  opposite  sides,  as  4 is 
to  3. 
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286.  Shew  that  one  value  of 

i 

{a  (cos  9 + J -1  sin  6)  -b  (cos  0 - a + \/  - 1 sin  0 - a)}” 

• 7 n f 9 + / r-  . 6 + f3) 

is  k { cos + V — 1 sin > 

( n n j 


when  k?  = a2  + b2  — 2 ah  cos  a,  and  tan  fl  = 


b sin  a 
a — b cos  a ‘ 


287.  Any  point  is  taken  within  a triangle  ABC ; its  distances 
from  A,  B,  C are  h,  Jc,  l respectively,  and  its  perpendicular  dis- 
tances from  BC,  C A,  AB  are  a}  /3,  y respectively  : shew  that 

h2a  sin  A + k2/3  sin  B + l2y  sin  C = afiy  + by  a + cafi. 

288.  If  D,  B,  F he  the  feet  of  the  perpendiculars  drawn  from 
the  point  in  the  preceding  Example  on  the  sides  of  the  triangle, 
shew  that  a/3y  + by  a + caf3  = 4 B x area  of  DEF. 

289.  Sum  the  following  series  to  n terms  : 

sin  6 sin  3d  sin  59 

cos2  6 + cos2  29  cos2  9 + cos2  39  cos2  29  + 


1^  2 90.  Find  the  general  value  of  9 which  satisfies  the  equation 
(cos  0+V—  1 sin 0)(cos  29  + V — 1 sin 20). ..(cos n9+*J^A.  sinw0)  = 1. 


291.  D,  E,  F are  the  centres  of  the  escribed  circles  of  a 
triangle  opposite  to  A,  B,  C respectively : if  r',  r",  r"  denote  the 
radii  of  the  circles  described  round  BBC,  EC  A,  FAB,  shew  that 


r'r"r'"  = 2B2r. 

292.  If  two  sides  a,  b,  and  the  included  angle  C of  a triangle 
are  given,  and  a small  error  y exist  in  C,  the  corresponding  error 

in  the  radius  of  the  circumscribed  circle  is  cot  A cot  B. 

2c  ~ 


293.  A quadrilateral  is  formed  by  connecting  two  points  in 
the  produced  sides  of  a right-angled  isosceles  triangle,  equidistant 
from  the  vertex,  by  a straight  line  whose  length  is  n times  that  of 
the  base : shew  that  the  angle  between  the  diagonals  of  the  quadri- 
lateral is  2 tan-1  — — — ^ . 

n + 1 


21—2 
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294.  In  the  equation  6 = cos  6,  shew  that  there  must  be  a 
solution,  and  only  one ; and  that  the  value  of  6 is  less  than  — . 


295.  If  (3  is  an  approximate  value  of  6 in  the  equation 


cos  6 = 6,  and  too  large,  shew  that  f3  — 


(3  - cos  (3  . 


1 + cos  (3 


is  a closer  value. 


and  also  too  large. 
ls-  296.  If  tan  (6  + <j>  J — l)  = tan  a + J - 1 sec  a,  where  the  let- 


ters denote  real  quantities,  shew  that  e2^  = ± cot 


2' 


297.  A regular  pentagon  and  a regular  hexagon  are  inscribed 

in  a circle  of  radius  r,  so  as  to  have  an  angular  point  in  common ; 

and  the  other  adjacent  angular  points  are  joined : shew  that  the 

• 4.  ni,  ^ c a ■ 4r  sin  18°  sin  15°  * 

perimeter  of  the  figure  so  formed  is y . 


. 21,  2 3 6 ..  2 36  2 3 26 

cos  6 cos  — 6 cosec  + cos  66  cos  -=  cosec  — - 

Q3.  3 3 *6  s 336 

+ cos 3 “6 <3os  — cosec  + . . . 


299.  A series  of  radii  divide  the  circumference  of  a circle 
into  2n  equal  parts  : shew  that  the  product  of  the  perpendiculars 
let  fall  from  any  point  of  the  circumference  on  n successive  radii 

Tn 

— 9^=1  s^n  where  r is  the  radius,  and  </>  the  angle  between  the 
radius  to  the  given  point  and  one  of  the  extreme  radii. 


300.  There  are  n stones  arranged  at  equal  intervals  round 
the  circumference  of  a circle  : compare  the  labour  of  carrying  them 
all  to  the  centre  with  that  of  heaping  them  all  round  one  of  the 
stones ; and  shew  that  when  the  number  of  stones  is  indefinitely 
increased  the  ratio  is  that  of  ir  to  4. 
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ANSWERS. 

I.  II.  in.  IV. 


I.  page  6. 
4.  *00945. 


5. 


45°. 

6. 


30°,  15°. 
3°. 


7. 


1.  18°,  27°.  2.  15°,  45°.  3. 

50  n°  27  n° 

‘‘IT-*  77  ' 

8.  One  polygon  lias  8 sides,  and  the  other  12  sides ; so  that  an 
angle  of  the  first  is  -f  of  a right  angle,  and  an  angle  of  the  second 
f of  a right  angle.  10.  The  ratio  is  that  of  5 to  162. 

11.  Express  the  given  angle  in  degrees  and  decimals  of  a degree, 
and  then  transform  it  to  grades : thus  we  get  39s  7'  50". 

12.  62°  18' 9". 


II.  pages  13,  14.  2.  x — . 3.  4,  ttx -00505. 

y ° ’ 40  tt  32 

5.  27°,  9°,  18°.  6.  28°-125,  31^-25.  7.  40°,  60°,  80°., 

oZ 

8.  30°,  60°,  90°.  9.  ^~2)7r.  10.  821°,  91fs,  ^ . 

’’  n 2 ’ 3 ’ 24 


III.  pages  22,  23.  5.  Bring  the  left-hand  side  to  a common 

denominator : it  will  thus  be  found  to  be  (s^  ^ * cos  . 

sin  6 cos  0 

7.  6 = ^ . Observe  that  by  the  definitions  of  the  sine  and  cosine 


they  cannot  be  greater  than  unity.  8.  cos  0=1-  sin  6 ; square, 
thus  cos2  6 = (1  — sin  6)2,  that  is,  1 — sin2  6 = (1  - sin  0)2 : hence 

find  sin  6.  We  get  6 = 0 or  ~ ; see  Art.  56.  9.  6 = ^ or  ^ ; 

Z O A 


see  Art.  57.  10.  6 = ~ . 11.  6 = % dr  12.0=^. 

3 6 4 4 

13.  A = 45°;  B=  15°.  14.  A = 52±°,  J3  = 7?. 


IV.  page  41.  1.  The  same  as  for  an  angle  of  225°. 

2.  The  same  as  for  an  angle  of  330°.  3.  The  same  as  for  an 

angle  of  210°.  4.  The  same  as  for  an  angle  of  300°. 

5.  45°,  225°,  405°,  585°,  765°. 
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6.  45°,  135°,  225°,  315°,  405°,  495°,  585°,  67 5°,  765°,  855°. 


7.  0,1-i  X>l  + A,  2. 


1 J 3 


Q _ V _ V 

o > o > o > o' 


\/3 


9.  We  have  sin  0 = - cos  0 ; therefore  0 = 135°,  &c. 

10.  cos  9 = — ^ “}  therefore  9=  120°,  &c.  14.  No. 


V.  page  49.  1.  mr  + - . 2.  (2 n + tt.  3.  2mr. 


4.  2mr=±= 


2 7T 


5.  W7T  ± a. 


9.  W7T  ± a. 


6.  mr  ± ^ 


10.  mr 


7.  mr  ± a. 

12.  2mr+~. 

b 


YI.  page  62.  34.  The  right-hand  side 

= cos2  A + sin2  3.4  - 2 cos  A sin  3 A sin  2A 
= cos  A (cos  A — sin  3 A sin  2 A)  + sin  3 A (sin  3.4  - cos  A sin  2.4) 
= cos  A cos  3 A cos  2A  + sin  3.4  sin  A cos  2.4  = cos  2 A cos  2.4. 


36. 

sin 

50  = 5 sin  0 - 

-20  sin3  0+16  sin5 

0. 

37. 

9 = 

7 r 

917T  ± 77  . 

b 

38. 

*>l§ 

II 

mr  or 

30  . n 

— — (n  4-  g) 

7T. 

39. 

30 

= W7r  or 

40 

= 2mr  =t  ^ . 
o 

40.  0 

-^=2?i7T± 

4 

7T 

3 ' 

41. 

0 = 

mr  or  mr=t 

t 42- 

= (w  + 

7r  or 

/}  O 27T 

0 = 2mr  ± -g-  . 

43. 

20 

= wtt  or 

0 = 

2mr=t^ . 

44. 

20  = 

mr  + (-  1)” 

7 r 

6 * 

45. 

0 = 

(n  + t|)  7r 

or 

40  = mr+ (- 1)”^  , 

46. 

0 + 7=  mr± 

4 

7T 

3 * 

VII.  pages  70,  71.  2.  2 cos-^-=N/(l + sin^)-/v/(l -sinAt). 

3.  2 sin  ^ = - J(l  + sin  A)  -s/( 1 - sin  A). 


4.  2 mr  + — and  2mr  + ~ , 

4 4 

6.  2mr  — - and  2mr  + ~ . 

4 4 


5.  2mr  + — and  2mr  + . 

4 4 


10. 


2 * 


11. 


s/3-1 

' 2^2.  * 
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. 4 ,3  , , 3 ,4 

12.  = cos  A = ; or  sin  A = ±-,  cos  A = =f=. 

oo  oo 

13.  J3-2.  26.  ±1.  27.  4.  28.  -|. 

VIII.  pages  7 8... 80.  Example  20  may  be  deduced  from 
Example  16  by  changing  A into  ^ (ISO0  — ^1)  and  making  similar 
changes  for  B and  G ; Example  21  may  be  deduced  from  Example 
17  in  the  same  way. 

gg  cos  x — cos  a sin1 2  a cos  /? 
cos  x — cos  / 3 sin2  (3  cos  a ’ 

,,  „ sin2  B cos2  a — sin2  a cos3  B cos  a 4-  cos  B 

therefore  cos  x = . „ ~ : — ^ ! 

sin"  p cos  a — sm  a cos  p 1 4-  cos  a cos  p 


then  find 


1 + cos  x 


tan  9 tan2  a . 

39.  — — ]>-/&  = t — 2-7 ; that  is, 
tan'  6 tan  a 


cos  B — cos  a cos/?  — cos  a tan  a „ 

1 . = - — 5—, : therefore 

cos  a cos  a tan  a 

COS  B — COS  a sin2  a cos  a _ sin2  a'  cos2  a — sin2  a cos2  a' 

/=-  2 / ; cos p =—  . 2 , — ^ T 

cos  p — cos  a sin  a cos  a sm  a cos  a — sin  a cos  a 

cos2  a — cos2  a' 


then  find 


cos  a 4-  cos  a 

cos  a — cos  a!  — COS  a cos2  af  + cos  a cos2  a 1 + cos  a cos  a 
1 — cos / 3 


41.  We  have  to  shew  that 


1 + cos  J3  ‘ 

cot  j3  — cot  (a  + 6)  = cot  6 + cot  (a  - /?), 
sin  (a  + 6 — /?)  sin  (a  — /?  + 0) 
sin  /?  sin  (a  + 0)  sin  6 sin  (a  — /?)  ’ 

43.  Find  cos  6 from  the  first  equation  and  substitute  in  the 


that  is 


second : thus  we  shall  get  cos2</>  = - 


; <fcc. 


2 JL  (jy 

48.  Put  — f-f--  for  tan  d> ; then  solve  the  quadratic  : thus 

1 tan2  i(j)  ^ 


we  shall  find  tan  | </>  = 


_ — (cos  6 + sin  6')  ± (1  + sin  6'  cos  6)  _ 


sin  6 cos  0' 


the  upper  sign  gives  the  required  result.  The  lower  sign  gives 


- cot  ~ cot 


G-8 
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52.  By  Example  23,  page  78,  ve  get  cos  A cos  B cos  C — 0,  so 
tliat  one  of  the  three  angles  is  a right  angle. 

59.  cos  50  = 16  cos5  0-20  cos3  0+5  cos  0. 

IX.  pages  91... 93, 

- (^-1)  tan  (ft  _ n - 1 

an  <p)  -j,  + n £an2  ^ j j^n  £an  ^ <£}2  + 2 Jn  ’ 

the  greatest  value  of  this  is  when  the  first  term  of  the  denomi- 


nator vanishes. 


6.  2 sin  0 sin2 


6 + $ 


8.  The  height  in  yards  = 1760  x tan  V ,==■  nearly- 

3 1°  3 7T 

9.  Let  x inches  be  the  distance,  - = tan  — ; thus  - = -vttt; r 

x 4 x 180  x 4 

nearly.  10.  We  get  sin  A ==±=1^(3  — n).  12.  6. 

13.  2 cos2  J.  = 1 + cos  24. ; therefore  4 cos4  4 = 1 + 2 cos  24  + cos2 2 A ; 
but  2 cos2  24  = 1 + cos  44 ; therefore,  by  substitution,  we  have 
8 cos4 .4  = 3 + 4 cos  24  + cos  44  ; square  again  and  reduce.  Simi- 
larly proceed  with  2 sin2 .4  = 1 — cos  2 A.  16.  8. 


17.  0-y=2mr. 
4 


in  f\  3 7T 

18.  0 + ^=2w7T±— . 

3 4 


30  7T  0 30 

20.  y = wr  or  - ~2=  2w7Ti  y . 


19.  = — 20  = 2w7t±  0. 
A 

21.  0 = nir  + ^ or 

4 


20  — mr  + (—  l)n  = 


3 TT 


22.  0 = rar  + y or  sin  20  = 2 (J2  — 1). 


23.  0 = (2n  + 1)  g or  rar  ± - . 

7r  3^. 

25.  0 = W7T±—  or  wtt=±=yq* 


24.  0 = (2w+l)y 


26. 


0 TT 

^ = mr  or  zmr  ± - . 
A o 


27. 


28.  0 = nr  ± y or  mr  =t  ^ . 

4 6 


29.  0 = 9Mr±" 
4 


30.  0 = mtt  or  nir  + — p" . 31.  sin  ^=0,  or  cos  0=0,  or  cos  ^ = 0. 

4 2 2 

32.  cos  0 + sin  30  = 0,  that  is,  cos  0 = cos  ^30  + ^ . 


feb*  ll 
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33.  20 


12  ’ 


6 6 

34.  sin0  = -l,  or  sin-=0,  or  tan- = 2. 

Z Z 


35.  26  = (2n+l)l,  or  79~mr  + (-  l)nJ. 

Z o 

It  should,  be  remarked  tliat  answers  may  be  given  under 
•apparently  different  forms  : thus,  for  example,  suppose  we  have  to 
solve  the  equation  sin  29  = cos  6,  or  2 sin  6 cos  6 = cos  6,  this  gives 

0 = 2mr  =fc ^ and  9 = mr  + (—  1)B  ^ ; but  we  may  write  the  equation 
Z b 

cos  Q"  - 2 0^  = cos  0 ; therefore  --29  = 2mr  ± 6. 

01  34 

X.  pages  104. ..107.  1.^.  2.  243  ®/9  = (JZf  . 3.  7j-4;-l 

4.  1-06.  6.  3 ; — 1.  10. 

12.  2x  — a =■  2mr  - . 13.  x = a cos  (a  — /3)  or  — a cos  (a  + /3). 

14.  X = 2nir  ± ^ or  2mr±^.  15.  cos  (oc  + 1)  a = cos 


16. 

x = sec  fa  - or  - 2 cos  ^ sec  a. 

17. 

We  can  get 

sin  2: 

, . o i o . a— 9 /m\k  . 9 , . 5 

a — sin  3a.  18.  sm  — - — = [ — ) sin  - : this  gives  tan  - . 

2 \nj  2 ° 2 

19. 

0 = W7T  + ^ or  (n  - 1)  9 = 2mir  ± ^ . 

20. 

, A . 9 A 50  . 

cos  0 = 0,  or  sm  = 0,  or  cos  — = 0* 
Z 2. 

22.  -L. 
16 

23.  n = 2. 

24. 

. o 9 a . 30  + a « 
sm  — - — sm — - — =0.  31. 

z z 

"Write  for 

x successively 

— x and  ^ + 34.  By  Art.  1 14,  tan2  A + tan2  B + tan2  G 

1 + | (tan  A - tan  i?)2  + | (tan  A — tan  C)2  + (tan  (7  - tan  A )*. 

36.  cot  B + cot  C — cosec  A 

sin  (B  + G)  1 sin2  A — sin  B sin  C ^ 

sin  B sin  C sin  A sin  A sin  B sin  G ’ 
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37.  If  A + B + G = 180°,  we  have 

cos2  A + cos2  B 4-  cos2  C - 1 — 2 cos  A cos  B cos  C (1). 

Thus,  if  A,  B,  C,  are  all  acute,  the  sum  of  the  squares  of  the 
cosines  is  less  than  unity.  Hence  if  we  require  the  sum  of  the 
squares  of  the  cosines  to  be  equal  to  unity,  one  or  more  of  the 
acute  angles  must  be  diminished,  so  that  their  sum  will  then  be 
less  than  180°. 

38.  From  the  value  of  sin  (A  + B + C),  given  in  Art.  113, 
it  will  follow  that  sin  A + sin  B + sin  G — sin  (A  + B + C) 
= sinA(l—  cos  B cos  C)  + sin  A (1— cos  A cos  C)  + sin  C (1— cos  A cos  A) 
+ sin  A sin  B sin  C ; and  every  term  of  this  expression  is  positive. 

aa 

39.  e 2.  40.  Zero.  41.  It  depends  on  (1  — cos  g)2(l  + 2 cos  g) 

being  greater  than  zero.  42.  Take  the  logarithm  of  the  given 
expression. 

XI.  page  122.  14.  Denote  it  by  u;  then  log  u = ^5  log  5 

-2  J5  log  J5 ; therefore  log  (log  u)  = log  2 + log  J5  + log  (log  J5) 
- -301030  + -349485  + 1-543428  = -193943  ; therefore  log  u 

= 1-562944;  &c. 

XII.  pages  143. ..147.  3.  tang  =~  Sm a * SI-^  . 4.  1 ; l. 

1 ° cos  a cos  (3  } ? 

5.  cot  cot  6 = 6.  1 or  /- — y.  7.  a2  = b2. 

2 sm  6 V e + 1 

8.  a2+b2+J-¥7  = 1.  II.  a2+b2-'2c  = 2.  12.  x2+y2=a2(l  + £). 

sin  g V 

13.  cot  c = - — y . 14.  -J  + C=l*  15.  b2=a2—  2ac  cos2<&  + c2. 

a b a b 

1 7.  Find  x and  y from  the  given  equations ; hence  we  shall  see 
that  x + y = a (sin  <£  + cos  <£)3,  x — y — a (sin  cjj  - cos  </>)3,  &c. 

18.  From  the  last  equation  we  get 

sin2  g sin2  <£  = (sin  /3  sin  y - cos  g cos  <j£>)2. 
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Eliminate  9 and  <f>  by  the  first  two  equations,  and  we  get 
sin2  a-  sin2  j3  - sin2  y = (sin2  a - 2)  sin2  /3  sin2  y ; 
therefore  sin2  a (1  - sin2  J3  sin2  y)  = sin2  j3  cos2  y + cos2  {3  sin2  y. 
Hence  find  cos2  a,  and  then  by  division  tan2  a. 

1 9.  (m»)3  {m*  + n*}  = 1 . 20.  — + ^ = 1. 

22.  We  have  x2  + y2  + (y2  — as 2)  cos  29  - 2 b2  sin2  a ; therefore 
a2  + b2  + cos  29  {(a2  + b2)2  - ia2b2  sin2  a}»  = 2b2  sin2  a ; &c. 


. . . _ „ , , , „9  , . ,9  sin  asm 

29.  sm0  sin  d>  = sina  sm B,  therefore  4 sm“  1 sin  - = — s— — 
r 2 2 sin  c/> 

. . . , a 9 . . „9  ..  1 sin2  a sin2  /3 

therefore  4sin4-s-4  sm2  1 = 1 . - ; 

2 2 snr  </> 


cot2 


and 


sin2  (f>  = ■ 


cot2  ^ + cos2  /3 


; therefore 


2 sin2 ^ - 1 = ± /y/|l  - 4 sin4  ^ ^cot2^  + cos2 / 3 ^ sin2  j3 
this  reduces  to  2 sin2  |-l==t^l— 2 sin2  ^ sin2  fi'j  . 


30.  n must  lie  between  — 2 and  — 1 or  between  1 and  2. 

31.  By  Art.  114  we  may  suppose  x = tan  d,  y = tan  B,  z-  tan  C, 
where  A + B + 0 = 180°.  Therefore  2A  + 2B  + 20  = 360° ; and 

tan  2d.  + tan  2B  + tan  20  = tan  2d  tan  2 A tan  2(7. 


This  gives  the  required  result. 


32.  v sin  c = sin  z = — sin  as  cos  y — cos  as  sin  y 

= — v sin  a cos  y — v sin  b cos  as,  or  sin  a cos  y — — sine  - sin  b cos  as; 

and  sin  a sin  y = sin  b sin  as ; square  and  add,  thus 

sin2  a = sin2  b + sin2  c + 2 sin  b sin  c cos  as ; therefore 

sin2  a — sin2  b — sin2  c 

cos  as  = 0 . ■,  . . 

2 sm  6 sm  c 

Similarly  cos  y and  cos  z may  be  found. 
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33.  e 2/32  . 37.  We  have  universally 

sin2  (A  + B)  = sin2  A + sin2  2?  4-  2 sin  A sin  B cos  (A  + B) (1); 

also  in  the  present  case  sin2  A + sin2  B = cos2  C (2). 

If  A + B is  greater  than  90°,  then  a fortiori  A 4-  B + G is  so  also. 

If  A + B is  less  than  90°,  then  sin2  (A  + B)  is  greater  than 
sin2  4- sin3  2?  by  (1),  that  is,  greater  than  cos2  G by  (2); 
therefore  A + B is  greater  than  90°  - C. 

XIII.  pages  154...  157. 


5.  Let  = a so  that  the  angles  of  the  triangle  are  2a,  4a  and  8a. 

Then  the  ratio  of  the  greatest  side  to  the  perimeter 
sin  8a  sin  8a 


sin  2a  + sin  4a  4- sin  8a  sin  2a  4- sin  4a  4- sin  6a 
2 sin  4a  cos  4a  sin  4a 


2 sin  3a  cos  a + 2 sin  3a  cos  3a  COS  a + cos  3a 
2 sin  2a  cos  2a  ^ . 


2 cos  2a  cos  a 
sin  26  + sin  46  a+  o 
sin  3 6 b ' 


therefore  2 cos  6 = 


21.  sin  6 + sin  <£  = 2 sin  (6  + <£) ; therefore  cos  = 2 cos 


6 + $ 


therefore 

therefore 


6 cf)  „ . 6 . (f) 
cos  - cos  2 = 3 sm  sm  - ; 


O-^fX 


1 - sin2 = 9 sin2|  sin2  ~ : 


therefore  8 sin2  ^ sin2  ^ = 1 - sin2 1 - sin2  ~ ; 

therefore  1 6 sin2  ^ sin2  ~ = 2 - 2 sin2 \ — 2 sin2  ^ = cos  6 + cos  6. 
Z Z Z Z 

u a 0,2  + °2  ji  a + c 

Or  thus,  cos  6 = — and  ® ~ - : 

2a6  2 ' 

a-o  b 5a - 3c 

therefore  cos  6 = — — + «--■  = — -A ; 


COS  (j)  — 


a 2a 
5c -3a 
4c 


4a 


similarly 
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37.  This  will  follow  from  Examples  20  and  21  of  Chapter  viu. 

40.  We  have  to  shew  that  (b  + c - a)  (c  + a — 6)  (a  + b — c)  is  less 
than  aba  except  when  a = b = c.  By  squaring,  this  amounts  to 
shewing  that  {a2  — (c— 5)2}{52  — (e&  - c)2}{c2- (c&— 6)2}  is  less  than 
a2b2c 2;  and  each  factor  on  the  left-hand  side  is  less  than  the  cor- 
responding factor  on  the  right-hand  side  except  when  a = b = c. 

XIY.  pages  168...  171.  1.  A = 30°  or  150°.  2.  30°,  90°. 

3.  45°,  60°,  75°.  4.  The  triangle  is  impossible. 

5.  5=90°,  0 = 72°,  c=4,/(5+  2^/5).  6.  .£  = 45°  or  135°. 

7.  Erom  Art.  235  we  have  c + o'  = 2b  cos  A and  cc'  =b2~  a2. 

8.  52sin  A cos  A.  11.  No ; the  triangle  is  right-angled. 

12.  We  get  sin  6 = ^ iq  . an(t  see  Art.  230. 

13.  c2  = a2  + b2  — 2ab  cos  G = (a  — b)2  + iab  sin2  ^ C ; &c. 

14.  9-6733937.  15.  132°  34' 32".  16.  55°  46' 16". 

17.  78°  27' 47".  18.  119°  26' 51";  5°  33' 9". 

19.  69°  10' 10";  46°  37' 50".  20.  116°  33' 54";  26°  33' 54". 

21.  82°  10' 50";  50° 24'  10".  22.  124° 48' 59";  33°  11' 1". 

24.  48°  11'  23" ; 58°  24'  43" ; 73°  23'  54". 

25'  cos  A = 6^3  ’ fterefore  ; 5 = r 29"‘ 

26.  70°  53' 36";  49°  6' 24".  27.  38°  12' 48"  ; 21°  47' 12". 

28.  26°  33' 54".  29.  69°  49' 35";  50°  10' 25".  30.  30°  or  150°. 

XY.  pages  17 7...  18 3.  In  order  to  solve  some  of  these  ex- 
amples the  student  must  be  acquainted  with  the  Mariner’s  Com- 
pass. In  the  Mariner’s  Compass  the  circumference  of  a circle  is 
divided  into  thirty-two  equal  parts,  so  that  each  part  subtends 

at  the  centre  of  the  circle  an  angle  of  degrees,  that  is,  an 
angle  of  1110.  The  following  names  are  assigned  to  the  points 
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of  division  of  tlie  circumference,  North,  North  by  East,  North 
North  East,  North  East  by  North,  North  East,  North  East  by 
East,  East  North  East,  East  by  North,  East,  East  by  South,  East 
South  East,  South  East  by  East,  South  East,  South  East  by  South, 
South  South  East,  South  by  East,  South,  South  by  West,  South 
South  West,  South  West  by  South,  South  West,  South  West  by 
West,  West  South  West,  West  by  South,  West,  West  by  North, 
West  North  West,  North  West  by  West,  North  West,  North 
West  by  North,  North  North  West,  North  by  West. 


1.  20^3;  20.  2.  880(3+^3). 


o 100  , 

S.  yards. 


5.  r cosec  - sin /?. 
A 


8. 


The  distance  of  the  eye  from  the  foot  of  the  tower 


= b 


-2  h\i 
b~)' 


10.  Let  x denote  the  required  height;  then  eliminate  6 between 

x = b tan  6,  a + x—b  tan  (6  + y). 

11.  107(115)  feet;  neglecting  the  height  of  the  observer’s  eye 

from  the  ground.  12.  40  73  feet. 


13.  Height  40  JQ  feet ; distance  40  {7(14)  + J2)  feet. 

15.  Let  h be  the  height  of  the  tower  in  yards;  r the  radius  of 
the  circular  arc  which  the  observer  walks  over,  also  in  yards: 

then  — 100,  ^ = tan  15°.  18.  8 + 4 miles  per  hour. 

22.  Let  h'  be  the  height  of  the  higher  hill,  h of  the  lower;  then 

^ _ (c  + 1)  sin  a sin  (3  A h!  _ h!  cot  a — c 
sin  (/3  — a)  ’ h~  h cot/?+  1' 

23.  180  73  feet;  tangent  of'the  altitude  = . 

0 

25.  B-  60°  or  120°;  approximate  error  6". 

2c  sin  a sin  (3  sin  (a  + (3) 
sin2  a + sin2  (3- 2 sin  a sin  (3  cos  (a  + (3)  ’ 


26. 
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27.  Let  AB  denote  a side  of  the  fort,  G the  position  due  South 
of  A ; let  D be  the  second  position,  so  that  CD  = a,  and  the  angle 
AGD  = 90° ; let  E be  the  third  position,  so  that  E is  on  CD 
produced,  BE  = b,  and  the  angle  BED  = 90°.  Let  <£  be  the  angle 
between  AB  produced  through  B and  CE  produced  through  E. 
Then  a + b = AB  cos  </>;  BE —EG  tan  BCE  and  = ED  tan  BDE ; and 
BDE  = BAG,  for  a circle  would  go  round  A,  B,  D,  and  C,  so  that 
(a  + b)  tan  (90°  - a)  = b tan  (90°  — </>). 

29.  J(a2  + 2ab  cos  /3  + b2),  where  (3  = a or  tt  - a.  30.  Suppose 
both  straight  lines  OG  and  O'G  to  fall  within  the  angle  AGB.  Let 
AC  = a,  AGO  = 4> ; then  from  the  triangles  AGO  and  BOO  we  get 
n a sin  (cj>  + a)  a cos  («£  — (3) 
sm  a sm  p 

Hence  tan  <£  is  known  and  then  sin  <f>  and  cos  </>.  Thus  we 

shall  get  OG2  = — . 2 f- ™S\(a  + ft  . ^ . 

° sm  a + sm  (3  — 2 sm  a sm  (3  sm  (a  + j3) 

A similar  expression  can  be  found  for  O'G2  in  terms  of  a and  (3'. 

Then  O'G2  = 0G2+d2.  This  finds  a and  then  AB  = aj2. 

Or  thus  ; find  as  above  tan  <£  = ^an  — ^an  . 

tan  [3  (1  — tan  a) 

a-  m i x in™  tana'  (1  -tan (3')  , . 

Similarly  tan  AGO  = —.A — tan  d>  say. 

J tan  jS'  (1  - tan  a)  ^ J 

Then  000'=$'  - <£,  and  OG  = d cot  OCO'  =d  cot  (<£'  — ^>). 

Thus  OG  is  found ; and  then  a can  be  determined. 

31.  63°  26'  &■'.  32.  104*93  feet.  33.  30°  40' 37". 

34.  269-40031  feet. 

XVI.  pages  194. ..201.  1.216.  2.  25( V3  ~ 3.  G. 

7.  The  area  is  proportional  to  ghkl  {Me + gl)  (Jil-gle).  8.  7 to  3;  1 2 0°. 
49.  See  Art.  230.  82°  24'  39";  22°  24'  39";  75°  10'  42". 

54.... 5 9 follow  from  53. 
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XVH.  pages  205... 207.  1.  2,  73  - 1,  - 73  - 1. 

4.  -2,  272  cos  9°,  2 72  cos  63°,  2 72  cos  81°,  2 72  cos  153°. 

7.  Let  x be  the  height  of  the  balloon,  and  a,  b,  c the  sides  of 
the  triangle  ABC ; then  4 c3x4  — 36a2b2x2  + 9a262cz  = 0. 

9.  About  lg  inches.  12.  Suppose  h the  height  of  the 
tower,  r the  radius,  x the  distance  of  the  first  place  of  obser- 
vation from  the  centre  : then  - = cosec  - , - — — 1 cosec  C , 

h = x tan  a,  h — (x  — a)  tan  a'.  From  these  four  equations  we 
may  eliminate  x,  and  find  h and  r,  and  also  the  required 
relation  between  a,  a',  (3,  /3'.  13.  From  the  preceding 

question  * = cosec  ~ — cosec  ^ . If  we  suppose  that  an  error 

S of  the  same  sign  is  made  in  (3  and  (3 ' these  errors  tend  to 
compensate  each  other ; the  greatest  possible  error  in  r will  be 
determined  by  supposing  that  errors  of  opposite  signs  are  made 
in  / 3 and  (3 Suppose  then  that  instead  of  (3  we  ought  to  have 
(3  - 8,  and  instead  of  (3'  we  ought  to  have  (3 ' + 8.  Then  by 
Art.  194  we  shall  find 


Divide  by  the  value  of  — and  the  required  result  is  obtained. 


14. 


If  PQ  = a and  QR 

1 

SQ 


b,  it  may  be  shewn  that 


(a-by 

4a262 


(a  + by 

Wbz 


tan2  /3 ; 


then  the  change  in  SQ  arising  from  a small  change  in  [3  can  be 
calculated. 
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XYIIL  pages  209.. .211.  2.  1.  7.  — ^ . 18.  (5  - 2J2). 


19.  x 


1-ab 

461 


20.  x = 0 or  ± A. 


21.  x = 0 or  ± 


22.  x = — • 23.  a:  = ±l  or  ±(1±  J2). 

24.  x = aova2-a+l.  28.  x = 2.  30.  £c=l,?/=2;  as  = 2, y=  7. 

34.  W7r  + (-l)m+’*^,  or  (ra+w)7r  + (-!)" 35.  (2w  + m) -n- ± ^ . 

36.  nir  + (—  l)m  ^ . 


XIX.  page  222.  6.  The  expression  on  the  left-hand  side  is 

7T  02 

sin  % cos  6 + cos  - sin  6 ; then  put  6 for  sin  6 and  1 - ^ for  cos  6. 
oo  A 

COS  (/3  + y—  2a)  sin  (J3  + y - 2a) 


10.  A = 


B = 


4 cos  (a  r-  fi)  cos  (a  — y)  * 


4 cos  (a  — 1 3 ) cos  (a  — y) 

XXII.  pages  248... 251. 

1.  Use  sin2  a = ^(l  — cos  2a).  2.  Usesin3 4a  = ^(3sina  — sin  3a). 

10.  i (cos  26  - cos  2'*+1  6). 
13.  i (eFn  0 + e-sin  d)  cos  (cos  6). 


n cos  (26  + na)  sin  na 


5.  » cos  a 4-  0 . 

2 2 sin  a 

11.  eC03~d  cos  (6  + cos  6 sin  6) 

cos  6 


, . cos  6 i . /sin 26\ 

14.  - — -q  — log  (1  - cos  6).  15.  eC03“d  sm  ( — ^ — \ . 


1 - cos 

1 6.  gsinflcosO  cos  (Q  + gin2  0). 

A -1 

21.  2n~2  sin  ^3  — ^ sin  26. 


20.  See  Art.  129. 

6 


22.  tan  6 - tan 


2"  ’ 


23. 


2n~ 


24.  cosec  6 {cot  6 - cot  (n  + 1 ) 6\. 


2 sin2  1 6 sin2  2 n~l  6' 

25.  cosec  ^ 6 + ^ |tan  (n  4-  1)  ^6  + ^ - tan  ^6  + ^ j . 

26.  v — tan-1  — — - . 27.  tan-1  nx.  28.  ^ fcoS7^L-„  — cos  IcA  . 

4 n + 1 2 \ 2'*  2 J 

29.  \ cosec  6 {tan  (n  + l)6-  tan  6). 


T.  T. 


22 
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30.  -7  cosec  -pr 

4 2 


6 ( Zn  + l 


2 e-sec2 


1 rcot|-3ncot^ 


32.  cot  ^ — cot  — ~ — a. 


33.  cos  6 — sin  6 cot  2"  6. 


i o • log  2 sin  2"+1 0 K sin0f  0 

34.  log  2 sin  20  ~ — ^ ' 35'  -y-|cot2^i-cot  2(* 


XXIXI.  pages  266...269.  1.  j.  2.^.  3.^.  4.^. 

The  four  preceding  results  are  obtained  by  expanding  the  values 
of  log  and  log  cos  6,  which  are  given  in  Arts.  274  and  320, 
in  powers  of  6,  and  equating  the  coefficients  of  like  powers. 

14  — . 

120* 


15. 


XXIY.  pages  286... 289.  4.  We  have 

(tan  x + cot  x)3  — 3 (tan  x + cot  x)  = m3  — 3 m ; &c. 

1 


(i  + xsy 


{1-15^  + 15^ -a6}. 


Miscellaneous  Examples.  Pages  290... 324.  1.  20°;  4^. 

2-  lOfias)’  K1-®)-  3-  aoib ■ a 1- 

1 0.  a2  tan  ^ = (b  + c tan  (c  + b tan  ^ . 11.  22^°,  67 1°. 

4^/2  + 7^/3  , Q /0  , ix71"  1 /0  2x\ 

. Tg^-.  19.  *=(2»+l)5  or  3 


18, 


V5  -1 
2 


23.  x = mr±-7. 

4 


25.  1.  27.  0=  (2m  + 1)tt  or  0 = +(-!)"  |J. 


29.  aj  = W7r±:.  31.  60°, 45°,  135°,  120°.  33.  ^ = «Tornjri?. 

6 6 
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fl./  w 1 

t(r3  + cy  1 

3 6.  The  other  values  are  to  be  found  from  cos2  x + cos  x sin  a = cos2  a. 
39. 


. . A+B  + C . B + G-A  . C + A-B  . A + B-G 
4 sm — sin sin sm , 


5tt 


41.  150  degrees,  16 6§  grades, -g- . 47.  x2  (b-a)  = b2(2c  — a-b). 


48.  cos 


S-0- 


2 cos  (7j  ^ 


51. 


162 


V4 


54.  tf=(2n+l)|  or  +■«)}. 


55.  (n  sin0+  m cos  6)2=2m  (m  + n).  56.  20  + ^ = mr  + (—l)n  . 

57.  0 j . 61.  In  the  first  polygon  3,  4,  or  5 ; and  in 

the  second  4,  8,  or  20  respectively.  62.  2x  = mr  + (—1)"—  . 
63.  p (ns  — 2m2)  = qmn.  64.  0 + -^  = 2mr^  ^a+ . 


nri  1 cos  a — cos  1 3 

70.  _■  a 3 

cos— -cos  — 


71. 


60a + 6 100jt?  + g' 

60x90“  100x  100’ 


72.  x=  (2m+  1)^  or(277i  + l)^.  74.  x = mrov  ||%ir  + (-l)"^| 

81.  mx  and  nx  respectively  where  x = - • 

r J mn  ($q  - lOp) 

82.  £c=  (2w+ 1)  g or  ^|2^7t  83.  z2  + ixy  = 2z  (x  + y)  cos2/?. 

- cos3  ~ and  sin2  -t 
93.  nir  + (—  1)”  g 


A . A 

84.  The  value  of  sin  x sin  y ranges  between  — cos3  ^ an(^  9 > 


where  A is  the  constant  sum. 
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94.  The  value  of  sin  x + sin  y ranges  between  — 2 sin  — 


and 


A 

2 sin  — , where  A is  the  constant  sum. 
A 


95.  e + -j  = 2nv. 
4 


96.  - 4 cos  ^2-  ^ cos  ^2-^4  + ^ cos  ^2-2?  + ^ cos  ^2- (7+^  , 


where  2 =,~  (A  +fi  + (7). 

A 


98.  c2  = a2  + b2 


1ri/,  . , cos2  a -cos 2 3 , 0 , 4>  cosa-cos/? 

100.  sin  0 sm  <p  = ± ^ . ■»  , tan  - tan  4.  = ± 


1 — c2  sin2  a sin2  (3 ' 


9 2 cosa+cos/3‘ 

7 r 

8 


104.  (a2  — b2)  (a  + b)  = (a,  — b)  c2  — iabcm. 

~ 0 30  7T  0 30  -i  i k o/i  7r  n //,  tt\ 

113.  -g  = mr,  or  - — — = 2w7r  =*=  . 115.  30—  ^ = 2w?r=t(  0— jj  . 


126.  2x  = 2mrd=x.  133.  4.  141.  0 or  ± „/3  or 


*/2‘ 


152. 


15  13 


156. 


162.  e~7&.  163.  e2-e. 


, . . , . 2 cos  a ./cos  (3  , . 2 cos  /?  \/cos  a 

164.  cos  (x  -f  y)  = -j=~-  - — lL  , cos  (%  — y)=  AT  = 
^/cos  a+^cosp  ^ cos  a +,7  cos  p 


171 


181.  5 minutes. 


182.  e-  1. 


b’  b2' 

184.  0 + <£  = mr  + ( — l)n  g , and  0 — = 2m?r  =*=  ^ • 

194.  0 = mr^,  or®*'.  203.  J+ (-4 -g)  (-5)  , 

s+M(-s)-'s+(°-5)(-sr 2w-  iiw- 


+ - ^ cos  (nO  + c ) where  0 is  such  that  tan  0 — - . 


205. 
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211.  The  given  expression  = 2a  sin  B sin  C.  21 5.  J-  1. 

218.  2cos0.  227.  Let  n be  the  number  of  sides  in 

the  polygon,  r the  radius  of  the  inscribed  circle,  c the  distance 

of  the  assumed  point  from  the  centre  of  this  circle,  (3  — — : 

then  the  required  sum  is  4 nr2  sin2  @ + no3  sin2  (3. 

A 

241.  + =pM- 3)  + 3). 

247.  ^5  {sin  110  + sin  90  - 5 (sin  70  + sin  50)  4-  10  (sin  30  + sin  0)}. 

256.  Nearly  7. 

260.  If  n be  the  number  of  sides  of  the  polygon,  and  c the 

77/C^ 

distance  between  the  two  points,  the  required  sum  is  — . 


259.  If  0 = jr-  we  have  s = cos  s and  cr  = sin  z. 
A 


270.  tan' 


n+  1 ‘ 


28°- 

2 cos  0 (sm 


otTtr  , . 3"0  . .0 

277.  log  sm  — — logsm^r. 

2 2 


289.  cosec  0 tan2  nO. 


290. 


0 sin  (4 n + 1)  0J 

^ti>«  = 2 nr.  298.  {(  1 — 

2 4(l-cos0  1— cos3  0J 
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